SIMO 2022 NATIONAL SELECTION TEST

Singapore International Mathematical Olympiad 2022
National Team Selection Test
Day 0
1. Let n be an integer, and let A be a subset of {0,1,2,3,...,5"} consisting of 4n+2
numbers. Prove that there exist a,b,c € A such that a < b < ¢ and ¢+ 2a > 3b.

2. Let S be an infinite set of positive integers, such that there exist four distinct
a,b,c,d € § with ged(a,b) # ged(e,d). Prove that there exist three distinct
x,y,z € § such that ged(z,y) = ged(y, 2) # ged(z, x).

3. Let ABCD be a parallelogram such that AC' = BC'. A point P is chosen on the
extension of the segment AB beyond B. The circumcircle of the triangle AC'D
meets the segment PD again at (), and the circumcircle of the triangle APQ
meets the segment PC' again at R. Prove that the lines CD, AQ and BR are

concurrent.

4. Determine all integers n > 1 for which there exists a pair of positive integers (a, b)

such that no cube of a prime divides a® + b + 3 and

ab+3b+8_
a?+b+3

Time allowed: 4 hours
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Singapore International Mathematical Olympiad 2022
National Team Selection Test
Day 1
. Let n > 3 be an integer. An integer m > n + 1 is called n-colourful if, given
infinitely many marbles in each of n colours C,Co, ..., C,, it is possible to place
m of them around a circle so that in any group of n + 1 consecutive marbles there
is at least one marble of colour C; for each i = 1,... n. Prove that there are only
finitely many positive integers which are not n-colourful. Find the largest among

them.

. Determine all positive integers n whose positive divisors can be arranged as
(dq,dg,...,dg) such that for every i = 1,2,...,k, the number d; + --- + d; is

a perfect square.

. Let ABCD be a cyclic quadrilateral whose side lengths are distinct. Let O be
the circumcentre of ABCD. The internal angle bisectors of ZABC and ZADC
meet AC' at By and D1, respectively. Let Op be the centre of the circle which
passes through B and is tangent to AC' at Di. Similarly, let Op be the centre
of the circle which passes through D and is tangent to AC' at By. Assume that
BD; || DBy. Prove that O lies on the line OpOp.

Time allowed: 4.5 hours
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Singapore International Mathematical Olympiad 2022
National Team Selection Test
Day 2
8. Let ABCD be a quadrilateral inscribed in a circle 2. Let the tangent to € at
D intersect the rays BA and BC at points E and F', respectively. A point T is
chosen inside the triangle ABC' so that TE || CD and TF || AD. Let K # D be
a point on the segment DF such that T'D = T K. Prove that the lines AC, DT

and BK intersect at one point.

9. Given a positive integer n, find the smallest value of L%J + L—J + e+ L—J

over all permutations (ay,as,...,a,) of (1,2,...,n).

10. Let n and k be two integers with n > k > 1. There are 2n + 1 students standing
in a circle. Each student S has 2k neighbours - namely, the k students closest to
S on the right, and the k students closest to .S on the left.

Suppose that n+ 1 of the students are girls, and the other n are boys. Prove that

there is a girl with at least k& girls among her neighbours.

Time allowed: 4.5 hours
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Solutions to National Team Selection Test 2022

1. Let n be an integer, and let A be a subset of {0,1,2,3,...,5"} consisting of 4n+2
numbers. Prove that there exist a,b,c € A such that a < b < ¢ and ¢+ 2a > 3b.

Solution. We prove by way of contradiction. Suppose that there exist 4n + 2
non-negative integers xg < x1 < --- < T4n+1 that violate the problem statement.
Then in particular x4,4+1 + 22; < 3241 for all i =0,...,4n — 1, which gives

3
Tani1 — X5 = §(x4n+1 — Tiq1).

By a trivial induction we then get

4dn—1i
3
Tani1 — X5 = <§> (Tan+1 — Tan),

which for ¢ = 0 yields the contradiction

3 4n 81 n
Ton+1 — To > <§> (Tan+1 — Tapn) = (E) (Tant+1 — Tap) > 5" - 1.
2. Let S be an infinite set of positive integers, such that there exist four distinct
a,b,c,d € § with ged(a,b) # ged(c,d). Prove that there exist three distinct
x,y,z € § such that ged(z,y) = ged(y, z) # ged(z, x).

Solution. There exists a € S so that {ged(a, s) | s € S,s # a} contains at least
two elements. Since a has only finitely many divisors, there is a d | a such that
the set B={p € S | ged(a, 8) = d} is infinite. Pick v € S so that ged(a,y) # d.
Pick 31, B2 € B so that ged(B1,7) = ged(Ba,vy) =: d'. If d = d’, then ged(a, B1) =
ged(y, f1) # ged(ayy). If d # d', then either ged(a, 1) = ged(a, f2) = d and
ged(B1, B2) # d or ged(v, B1) = ged(y, B2) = d' and ged(B1, B2) # d'.

3. Let ABCD be a parallelogram such that AC = BC'. A point P is chosen on the
extension of the segment AB beyond B. The circumcircle of the triangle AC'D
meets the segment PD again at (), and the circumcircle of the triangle APQ
meets the segment PC' again at R. Prove that the lines CD, AQ and BR are

concurrent.

Solution. Let the circle of APQR be «. First /CRA = 180° — ZARP = 180° —
LAQP = /DQA = Z/DCA = ZCBA, so that the points A, B,C, R lies on some
circle v. Let X be the intersection of AQ and C'D. We wish to prove that B, R, X
are collinear. By means of the circle o, we have ZRQX = 180° — ZAQR =
/ZRPA = ZRCX, which means that the points C,Q, R, X lie on some circle
0. Using the circles § and v, we obtain /XRC = /XQC = 180° — ZCQA =
/ADC = /BAC = 180° — ZC RB, that proves the desired collinearity.
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Figure 1: CD, AQ and BR are concurrent.

4. Determine all integers n > 1 for which there exists a pair of positive integers (a, b)

such that no cube of a prime divides a® 4+ b+ 3 and

ab+3b+8

a?+b+3

Answer: The only integer with that property is n = 2.

Solution. As b = —a? — 3 (mod a? + b+ 3), the numerator of the given fraction

satisfies
ab+3b+8=a(—a®>—3)+3(—a®> —3)+8=—(a+1)> (mod a®+0b+3).

As a? + b+ 3 is not divisible by p3 for any prime p, if a® + b + 3 divides (a + 1)3
then it does also divide (a + 1)2. Since 0 < (a + 1)? < 2(a® + b+ 3), we conclude
that (a + 1)2 = a® + b + 3. This yields b = 2(a — 1) and n = 2. The choice
(a,b) = (2,2) with a® + b+ 3 = 9 shows that n = 2 indeed is a solution.

5. Let n > 3 be an integer. An integer m > n + 1 is called n-colourful if, given
infinitely many marbles in each of n colours Cy,Co, ..., C,, it is possible to place
m of them around a circle so that in any group of n+ 1 consecutive marbles there
is at least one marble of colour C; for each ¢ = 1,...,n. Prove that there are only
finitely many positive integers which are not n-colourful. Find the largest among
them.

2

Answer: my,q. =n°—n — 1.
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Solution. First suppose that there are n(n — 1) — 1 marbles. Then for one of the
colours, say blue, there are at most n — 2 marbles, which partition the non-blue
marbles into at most n — 2 groups with at least (n — 1) > n(n — 2) marbles in
total. Thus one of these groups contains at least n + 1 marbles and this group

does not contain any blue marble.

Now suppose that the total number of marbles is at least n(n — 1). Then we may
write this total number as nk+j with some £ >n—1and with 0 <7 <n—1. We
place around a circle k — j copies of the colour sequence [1,2,3,...,n] followed by

j copies of the colour sequence [1,1,2,3,...,n].

. Determine all positive integers n whose positive divisors can be arranged as
(di,ds,...,dy) such that for every i = 1,2,...,k, the number dy + --- + d; is

a perfect square.

Answer: n =1 and n = 3.
Solution. For ¢ = 1,2,... k, let dy +--- +d; = 5?, and define sg = 0 as well.

Obviously 0 = 59 < §1 < 89 <« -+ < Sk, SO

s; >4 and d; = s? — 51-2,1 = (s;i+si—1)(si —8i—1) > si + 81 >2i—1. (6.1)

The number 1 is one of the divisors of dy, ..., d; but, due to d; > 2i — 1, the only
possibility is d; = 1.

Now consider dy and sy > 2. By definition, dy = 53 — 1 = (s2 — 1)(s2 + 1), so the
numbers sg — 1 and s2 + 1 are divisors of n. In particular, there is some index j
such that d; = so + 1.

Notice that

82+$1:52—|—1:dj ZSj—l-Sj_l; (62)

since the sequence sg < s1 < --- < s increases, the index j cannot be greater
than 2. Hence, the divisors s — 1 and ss + 1 are listed among d; and dy. That

means s9 — 1 =d; = 1 and sy + 1 = ds; therefore so = 2 and dy = 3.
We can repeat the above process in general.
Claim. d; =2t — 1 and s; =i fori =1,2,... k.

Proof. Apply induction on i. The claim has been proved for i = 1,2. Suppose
that we have already proved d; = 1,dy = 3,...,d; = 2i — 1, and consider the next

divisor d;yq:
2 2 _ 2 2 . .
dip1 = sipy — 87 = iy — 1 = (sig1 +8)(si41 — 1)

The number s; 1+ is a divisor of n, so there is some index j such that d; = s;;1+4.

Similarly to (6.2), by (6.1) we have
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Sip1 + 8 = Sip1 +i=d; > 55+ 5j_1; (6.3)

since the sequence sy < s1 < -+ < s increases, (6.3) forces j < i+ 1. On the
other hand, d; = s;41 +1 > 2i > d; > dj—1 > --- > di, so j < i is not possible.
The only possibility is j =4 + 1.

Hence, s;41+i=d; = diy1 = S?H — 52 = 312+1 — 2, so that 822+1 —8ir1 =i(i+1).

By solving this equation we have s;11 =i+ 1 and d;;.1 = 2i + 1, that finishes the

proof.

Now we know that the positive divisors of the number n are 1,3,5,...,n — 2, n.
The greatest divisor is dp = 2k — 1 = n itself, so n must be odd. The second
greatest divisor is dx_1 = n — 2; then n — 2 divides n = (n —2) + 2, so n — 2

divides 2. Therefore, n must be 1 or 3.

The numbers n = 1 and n = 3 obviously satisfy the requirements: for n = 1 we
have k = 1 and d; = 1%; forn =3 wehave k =2, d; = 1?2 and d1 +dy = 1+3 = 22

7. Let ABCD be a cyclic quadrilateral whose side lengths are distinct. Let O be
the circumcentre of ABCD. The internal angle bisectors of ZABC and ZADC
meet AC at By and D1, respectively. Let Op be the centre of the circle which
passes through B and is tangent to AC' at Dq. Similarly, let Op be the centre
of the circle which passes through D and is tangent to AC at B;. Assume that
BD; || DBy. Prove that O lies on the line OgOp.

Solution. Let 2 be the circle circumscribing the cyclic quadrilateral ABC'D, and
let v5 and yp denote the two circles from the problem statement with centres Op

and Op respectively. Clearly all three centres Op, Op, and O are distinct.

Assume, without loss of generality, that AB > BC. Suppose that AD > DC,
and let H be the intersection of AC and BD. Then the rays BBy and DD lie
on one side of BD, as they contain the midpoints of the arcs ADC and ABC,
respectively. However, if BD; || DBy, then By and D; should be separated by H.
This contradiction shows that AD < CD.

Let vp and vp meet €2 again at Tz and Tp, respectively. The common chord BT
of ) and g is perpendicular to their line of centres OpO; likewise, DTp | OpO.
Therefore, O lies on OpOp < OpO || OpO < BTgp || DTp, and the problem
reduces to showing that

BTg || DTp (7.1)

Let H be the intersection of AC' and BD. Consider the homothety h centred at
H and mapping B to D. Since BD; || DBy, we have h(D;) = Bj.

Let the tangents to 2 at B and D meet AC' at L and L p, respectively. We have

/LpBBy, = /LgBC+ /CBBy = /BALp + £/B1BA = /BB Lp,
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Figure 2: O,0p,Op are collinear.

which means that the triangle LpBB; is isosceles, LpB = LpB;. The powers
of Lp with respect to  and vp are LpB? and LBB%, respectively; so they are
equal, whence Lp lies on the radical axis TpD of those two circles. Similarly, Lp

lies on the radical axis T B of 2 and 5.

By sine rule in the triangle BH L, we obtain

HLy _  BLy Bl 73
sin/HBLg sin/BHLp sin/ZBHLpg’ ’
similarly,
HL, DL, DiLp (73)

sin/ZHDLp sin/DHLp sinZDHLp'

Clearly, /BHLp = ZDHLp. In the circle §2, tangent lines BLp and DLp
form equal angles with the chord BD, so sin /HBLp = sin/HDLp. (This

equality does not depend on the picture). Thus dividing (7.2) by (7.3), we get

HLp  BiLg HLy HLp— BLp HB;, .
HLp ~ Dilp T HI, = HLp DLy _ HD, >neeMDi) =B, the

obtained relation yields h(Lp) = Lp, so h maps the line LpB to LD, and these

lines are parallel as desired.

. Let ABCD be a quadrilateral inscribed in a circle 2. Let the tangent to ) at
D intersect the rays BA and BC' at points F and F', respectively. A point T is
chosen inside the triangle ABC so that TE || CD and TF || AD. Let K # D be
a point on the segment DF such that T'D = TK. Prove that the lines AC, DT

and BK intersect at one point.
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Solution. Let the segments T'E and T'F cross AC at P and @, respectively. Since
PE || CD and ED is tangent to the circumcircle Q of ABCD, we have

/EPA=/DCA= /EDA,

and so the points A, P, D and F lie on some circle a.. Similarly, the points C, Q, D

and F' lie on some circle ~.

We now want to prove the line DT is tangent to both a and v at D. Indeed, since
LFCD+ ZEAD = 180°, the circles o and ~ are tangent to each other at D. To
prove that 7" lies on their common tangent line at D (i.e. on their radical axis),
it suffices to check that TP -TE =TQ - TF, or that the quadrilateral PEF(Q is

cyclic. This fact follows from

/QFE = /ADE = /APE.

Figure 3: AC, DT and BK are concurrent.

Since TD = TK, we have /TKD = /ZT'DK. Next, as T'D and DFE are tangent

to a and 2, respectively, we obtain
/TKD=/TDK = /EAD = /BDE,

which implies TK || BD.

Next we prove that the five points 7', P, , D and K lie on some circle 7. Indeed,

since T'D is tangent to the circle a we have

LEPD = /TDF = /TKD,
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which means that the point P lies on the circle (T'DK). Similarly, @ lies on the
circle (TDK).

Finally, we prove that PK || BC. Indeed, using the circles 7 and v we conclude
that
/PKD =/PQD = /DFC,

which means PK || BC.
Triangles TPK and DC B have pairwise parallel sides, which by the converse of

Desargues’s theorem implies that T'D, PC' and K B are concurrent, as desired.

. Given a positive integer n, find the smallest value of [%J + L%J 44 La—nJ
n

over all permutations (ay,as,...,a,) of (1,2,...,n).

Answer: The minimum of such sums is [logyn| + 1; so if 28 < n < 2¥+1 the

minimum is k£ + 1.

Solution. Suppose 2¥ < n < 2F+! with some nonnegative integer k. First we
show a permutation (aj,as,...,a,) such L“le + L%QJ + -+ L%"J =k +1; then
we will prove that L“le + L%QJ 4+ L%J > k+ 1 for every permutation. Hence

the minimal possible value will be k + 1.

Consider the permutation
(al) = (1)7 (a27a3) = (372)7 (a47a57a67a7> = (7747576>7
Aoty age_q) = (2F — 1,281 ok=L 1 . ok —9),
2 2k —1
(agh, ... an) = (0, 28,28 1, n—1).

This permutation consists of k + 1 cycles. In every cycle (ap,...,aq) = (¢,p,p +
1,...,9—1), we have ¢ < 2p, so

>1%) =14+ 3 [ =

i=p i=p+1

The total sum over all cycles is precisely k + 1.

Now we prove the lower bound.

a a+1
Lemma. L—J > log, L, for every pair a, b of positive integers.

b b
Proof. Let t = L%J, sot < 3 and a—zl < t+1. By applying the inequality 2¢ > t+1,
we obtain

1
L%J =t >logy(t + 1) > log, a—;)— .

By applying the lemma to each term, we get

n n

Z L%J > Zlogg i :— 16 zn:logz(ai +1) — znjlogg i
i=1 i=1 i=1

=1
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Notice that the numbers a;+1,as+1,...,a,+1 form a permutation of 2,3, ..., n+
1. Hence in the last two sums all terms cancel out, except for logy(n + 1) in the

first sum and log, 1 = 0 in the second sum. Therefore,

n
Z L&J > logy(n+1) > k.
i
i=1
As the left-hand side is an integer, it must be at least k + 1.
10. Let n and k be two integers with n > k > 1. There are 2n + 1 students standing
in a circle. Each student S has 2k neighbours - namely, the k students closest to
S on the right, and the k students closest to .S on the left.

Suppose that n + 1 of the students are girls, and the other n are boys. Prove that

there is a girl with at least £ girls among her neighbours.

Solution. We replace the girls by 1’s and the boys by 0’s, getting the numbers
(ai,a2,,...,as,+1) arranged in a circle. We extend this sequence periodically by

letting agn4+14% = ay for all k£ € Z. We get an infinite periodic sequence
cee s @1,02, ., Q201,041,025 A2n 41y - -

Consider the numbers b; = a; + a;—x—1 — 1 € {—1,0,1} for all i € Z. We know
that
bm+1 + by + - F bpaont1 =1, m € 7. (10.1)

In particular, this yields that there exists some i¢ with b;, = 1. Now we want to

find an index ¢ such that
bi=1 and bjy1 +biso+ -+ bir > 0. (10.2)
This will imply a; = 1 and
@ik + aipr1+ -+ aio1) + (a1 + a2 + -+ air) >k
as desired.

Suppose to the contrary, that for every index ¢ with b; = 1 the sum b; 1 + b;12 +
-+ + b1k is negative. We start from some index ig with b;, = 1 and construct
a sequence ig, i1,1%2, ..., where ; (j > 0) is the smallest possible index such that
ij > ij—1 + k and b;; = 1. We can choose two numbers among ig, 1, ..., %2n+1
which are congruent modulo 2n + 1 (without loss of generality, we may assume

that these numbers are ig and ir).

On the one hand, for every 5 with 0 < 7 <T — 1 we have

Sji=bi; +bi;41+bi;qo+ -+ i1 <bi; +bi;41+ b2+ + b4k <0

since bj, 4 k+1,---,bi;,,—1 < 0. On the other hand, since (2n + 1) | (ir — o), from
(10.1) we deduce that
S ip—i
So+-+8r_1=3 bi=o—2>0.
0 AT Z 1
=0

This contradiction finishes the solution.
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