
ABSTRACT
In the face of a pandemic, public health measures are essential in slowing the spread of the 
disease and getting it under control to prevent healthcare facilities from being overwhelmed. 
However, with the wide range of measures, it can be difficult to choose which to implement. 
Mathematical modelling provides a statistical method of answering similar questions, 
allowing the relationships between measures and statistics to be clearly visualised. As such, 
this essay aims to use the data from Singapore’s response to the COVID-19 pandemic, and 
plot a series of differential equations to see the change in the basic reproduction number, 𝑅𝑅

0
, of the virus over time. With the change in being related to when the measures were𝑅𝑅

0

implemented, their effectiveness in decreasing the spread of COVID-19 can be compared
and utilised when addressing future pandemics.
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SECTION 1: INTRODUCTION
Over the course of the COVID-19 pandemic, the rate of transmission of the virus has

varied due to the various public health measures that have been put into effect such as
masks being mandatory, or the implementation of the phase system. The basic reproductive
number of a virus, , is equal to the number of people each infected individual infects each𝑅𝑅

0

day, and is essential when studying and modelling pandemics. While standard
Susceptible-Infected-Recovered (SIR) models assume , to be constant, public health𝑅𝑅

0

measures change in reality. This paper will propose a method to quantitatively assess the𝑅𝑅
0

effectiveness of the aforementioned healthcare measures in mitigating the spread of
COVID-19 by modelling and analysing how varies as safety measures are implemented𝑅𝑅

0

or relaxed by the government.

at any time during the pandemic will be obtained by modelling existing data on�𝑅𝑅
0
�

COVID-19 using the equations of an SIR model:

.…………..(1)Ս՜
Ս՝ ࡧ � ࡡ Ɲ՜ഉ՝ഊՒഉ՝ഊ

…………..(2)ՍՒ
Ս՝ ࡧ �Ɲ՜ഉ՝ഊՒഉ՝ഊ ࡡ ƞ

……….…………..(3)Ս՛
Ս՝ ࡧ ƞՒഉ՝ഊ

Where is the number of days after the start of the pandemic, , and are՝ ՜ഉ՝ഊ Ւഉ՝ഊ ՛ഉ՝ഊ
the susceptible, infected and recovered fraction of the population respectively, while and�Ɲ ƞ
are the infection rate and the recovery rate. refers to the fraction of the infected populationƞ
who recover each day, and will be analysed as a constant for the purposes of the model. Ɲ
measures the number of people that an infected individual potentially spreads the disease to
per day [1].

Through determining at any given time, the effectiveness of healthcare measures𝑅𝑅
0

can be estimated based on the change in after the implementation of said measures,𝑅𝑅
0

providing insight into the efficacy of measures for reference when tackling future pandemics.
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SECTION 2: MODEL
2.1. Assumptions

No. Assumptions Rationale

1 Upon recovery, the patient cannot
become reinfected

Recovered patients have antibodies to fight
off the covid-19 virus and hence have an
immunity against the virus.

2 The death of an infected person
counts as a recovery

The infected count is based on those with
currently detected and active cases of
COVID-19, while the recovered number
indicates those who had COVID-19 in the
past and can no longer be infected. As
such, as a dead infected person is no
longer an active case and cannot become
reinfected, they are counted as a recovery

3 The infected and susceptible
individuals are mixed equally
throughout society

With clusters of infected or susceptible
people, the spread of the disease would
not be impacted by the current number of
infected

4 The recovery rate, , is constantƞ ɘ
ɘɛ

A patient takes maximum 14 days to
recover [2], so we assume that ofɘ

ɘɛ
infected recover each day.

Additionally, since the model aims to provide a retrospective analysis of safety
measures, only the period between the start of the pandemic, 15th February 2020, and 15th
August 2020 ( to ) were considered.՝ ࡧ 0 ՝ ࡧ ɘɟɚ

2.2. Developing the Model
The approach taken for developing the model was to work backwards from real-world

data to find the equations for an SIR model accurate to the COVID-19 pandemic in
Singapore. Since is given by [3] and is assumed to be constant, an expression of�𝑅𝑅

0
Ɲ
ƞ ƞ Ɲ

in terms of must first be found.՝

Equation (2) was used to obtain the expression of since it accounts for .Ɲ ƞ

By manipulating (2),
Ɲ ࡧ ɘ

՜ഉ՝ഊŵՒഉ՝ഊ ഍
ՍՒ
Ս՝ ࡠ ƞՒഉ՝ഊഎ

……………..(3)Ɲ ࡧ ɘ
՜ഉ՝ഊ ഍

ՍՒ
Ս՝

Ւഉ՝ഊ ࡠ ɘ
ɘɛ എ

Hence, to find for any given , , and need to be found.Ɲ ՝ ՍՒ
Ս՝ ՜ഉ՝ഊ Ւഉ՝ഊ�
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2.2.1 Finding andՒഉ՝ഊ� ՍՒ
Ս՝

A table of number of infected over time was made [4], then the fraction of infected
over time ( ) was found by dividing the number of infected by 5,850,000, the approximateՒഉ՝ഊ
population of Singapore [5].

Table 1. Table of number and fraction of infected population over time.

is tabulated instead of for presentation purposes. A scatterplot ofՒഉ՝ഊ ࡣ ɘ0 ɚ Ւഉ՝ഊ Ւഉ՝ഊ
was plotted and divided into sections at the local minimum points. Local minimums were
chosen as partitions to allow accurate approximation of each section since each wave of a
pandemic roughly follows normal distribution[6]. This allows best-fit Gaussian curves[7]
plotted in LoggerPro to accurately model . The domains of the 3 sections obtained areՒഉ՝ഊ

, and .  The small wave present at0 ࡬ ՝ ࡬ ɘ0ɟ ɘ0ɟ ࡪ ՝ ࡬ ɘɜɝ ɘɜɝ ࡪ ՝ ࡬ ɘɟɚ
was not considered as a separate section since it was relatively smallɘɛɟ ࡪ ՝ ࡬ ɘɜɝ

compared to the other waves, and was considered as part of the second section. The best-fit
Gaussian curves of each section of the scatter plot provided the equation for in eachՒഉ՝ഊ
domain.
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Figure 1. Scatter plot of active COVID-19 cases over time split into 3 sections.

Figure 2. Scatter plot of active COVID-19 cases over time modelled using 3 Gaussian
curves.
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From the graph, the split function for was obtained:Ւഉ՝ഊ

Using the derivative calculator from Wolfram Alpha, the differentiated form of the split
function was obtained:

2.2.2. Finding ՜ഉ՝ഊ
can be expressed in terms of and using the principle that the sum of՜ഉ՝ഊ Ւഉ՝ഊ ՛ഉ՝ഊ

fractions of infected, recovered and susceptible is equal to one, the total population of
Singapore.

Ւഉ՝ഊ� ࡠ �՛ഉ՝ഊ� ࡠ �՜ഉ՝ഊ� ࡧ �ɘ
…………(6)��������������������՜ഉ՝ഊ� ࡧ �ɘ ࡡ Ւഉ՝ഊ� ࡡ �՛ഉ՝ഊ

Thus, must be found. The method used to find was used to find and .՛ഉ՝ഊ Ւഉ՝ഊ ՛ഉ՝ഊ Ս՛
Ս՝

Since data on the fraction of recovered over time was not available, a dataset for this metric
was extrapolated using the data on infected over time, newly infected per day and the
assumptions of the model. The total number of recovered over time is equal to the sum of the
number of recovered per day, so one way to create the necessary dataset is to find the
dataset of fraction of recovered per day and sum them for each day. To find these values, the
following relationship was used:

Ըഉ՝ഊ� ࡧ �Ըഉ՝ ࡡ ɘഊ� ࡠ �Ը
Ս
�ഉ՝ ࡡ ɘഊ� ࡡ �𝑅𝑅

Ս
�ഉ՝ ࡡ ɘഊ

………….(7)���������������������𝑅𝑅
Ս
�ഉ՝ ࡡ ɘഊ� ࡧ �Ըഉ՝ ࡡ ɘഊ� ࡠ �Ը

Ս
�ഉ՝ ࡡ ɘഊ� ࡡ Ըഉ՝ഊ

Where denotes number of newly infected in dayԸ
Ս
�ഉ՝ഊ ՝

and denotes number of newly recovered in day𝑅𝑅
Ս
�ഉ՝ഊ ՝

Data on the number of newly infected per day (Worldometers, n.d.) was tabulated into
table 2, then substituted into (6) along with data from table 1 to find the dataset of .՛ഉ՝ഊ
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Table 2. Table of number of newly infected individuals per day.

Table 3. Table of data on recovered individuals.

is tabulated instead of for presentation purposes. Although data for՛ഉ՝ഊ ࡣ ɘ0 ɚ ՛ഉ՝ഊ
day 183 is missing, the same approach was taken to find as since the loss of one՛ഉ՝ഊ Ւഉ՝ഊ
data point is unlikely to cause significant inaccuracy.

From Table 3, a scatter plot of fraction of recovered over time was plotted and split
into sections spanning the same domains as in the fraction of infected. This is to ensure that
the values of produced by the model are accurate.𝑅𝑅

0
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Figure 3. Scatter plot of fraction recovered over time.

Figure 4. Scatter plot of fraction recovered over time modeled using 3 Gaussian curves.

Like with , Gaussian curves were used to approximate a split function for ,Ւഉ՝ഊ ՛ഉ՝ഊ
then differentiated to obtain .Ս՛

Ս՝
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From the graph,

Using Wolfram Alpha derivative calculator,

Once the equations for , , and are obtained, can be found.Ւഉ՝ഊ ՛ഉ՝ഊ ՍՒ
Ս՝

Ս՛
Ս՝ ՜ഉ՝ഊ

By substituting (4) and (8) into (6),

2.2.3. Finding andƝ 𝑅𝑅
0

After obtaining , the split function for can be found and plotted.՜ഉ՝ഊ Ɲ

By substituting (4), (5), and (9) into (2),
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Figure 5. Split function of over .Ɲ ՝
Finally, using the split function of , at any point in time can be found by dividingƝ 𝑅𝑅

0
Ɲ

by , .ƞ ɘ
ɘɛ

Figure 6. Split function of over .𝑅𝑅
0

՝
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SECTION 3: DISCUSSING THE MODEL
To discuss the relationship between and safety measures, significant changes to𝑅𝑅

0

safety measures and their date of implementation were tabulated.

No. Change to safety measure Date of implementation Day of
implementation
(in terms of )՝

1 Safe distancing measures March 20th 34

2 Circuit breaker April 7th 52

3 Stadiums closed April 10th 55

4 Compulsory mask-wearing April 14th 59

5 Circuit breaker extended,
number of essential
businesses reduced, entry
restrictions in wet markets and
supermarkets

April 21st 66

6 Restrictions eased - essential
businesses reopened

May 5th 80

7 Circuit breaker ended June 1st 107

8 Phase 2 June 19th 125

Table 4. Table of changes to safety measures and their date of implementation
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Figure 7. Split function of over with black lines to show times of safety measure𝑅𝑅
0

՝

implementation and yellow lines to show times of safety measure removals.

The first safety measure was implemented at = 34, as is increasing. The՝ 𝑅𝑅
0

maximum at 2.44 occurs on 7th April ( = 52), and the circuit breaker is implemented on𝑅𝑅
0

՝

the same date. Compulsory mask-wearing was also implemented on April 14th. The
effectiveness of the circuit breaker and compulsory mask-wearing as a healthcare measure
can be seen clearly as decreased by 2414% from = 52 to = 107, indicating that the𝑅𝑅

0
՝ ՝

virus will not be able to continue its propagation amongst susceptible individuals since
at 0.0927.𝑅𝑅

0
ࡪ ɘ

However, immediately upon the ending of circuit breaker at = 107, when is at its՝ 𝑅𝑅
0

minimum of 0.0927, rapidly increases. This suggests that the removal of circuit breaker𝑅𝑅
0

could have been delayed or made more gradual to avoid the another wave of the pandemic
which is indicated by the spike in .𝑅𝑅

0

Following this, reaches a second minimum at 0.236 when = 127. No safety𝑅𝑅
0

՝

measure can be directly attributed to this change, so it is possible that the surge in and𝑅𝑅
0

the resultant spike in caused the population to reduce their contact with othersՒഉ՝ഊ
independent of safety measures.
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The effect of ending circuit breaker can be seen again from = 127 to = 148, as՝ ՝ 𝑅𝑅
0

reaches 2.184, indicating that the pandemic will worsen if no measures are taken since
. This supports the conclusion that the circuit breaker was removed too early.𝑅𝑅

0�
࡫ ɘ

Subsequently, starts to steadily decrease until = 183 to 0.05, which is likely a result of𝑅𝑅
0

՝

implementing Phase 2 measures at = 125. This proves the effectiveness of phase 2՝
measures in mitigating the spread of COVID-19, though a better management strategy would
be to implement it earlier. The drastic increase in from = 148 to = 149 is likely an error𝑅𝑅

0
՝ ՝

of the model and will be discussed in its limitations.
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SECTION 4: EVALUATION OF MODEL

4.1 Limitations

One limitation of the model is that it does not allow comparisons of healthcare
measures in isolation, causing ambiguity when evaluating individual safety measures since
changes in are caused by multiple measures. Furthermore, our model only covered the𝑅𝑅

0

first 183 days and did not expand to include other measures implemented later.

The use of split functions to model introduces inaccuracy in interpreting the𝑅𝑅
0

model. is unable to vary as drastically as indicated at the upper and lower limit of each𝑅𝑅
0

domain in the split function, potentially causing values of near these regions to be𝑅𝑅
0

inaccurate.

4.2 Advantages

Typical SIR models assume to be constant, but this is rarely the case in reality.𝑅𝑅
0

Our model allows for a more dynamic situation, where the infectivity of the disease can vary
over time, providing a more realistic approach. Additionally, the model allows for the study of

as opposed to , allowing for direct analysis of infectivity rates, the quantity that safety𝑅𝑅
0

Ւഉ՝ഊ

measures aim to reduce.

The use of real world data and the partitioning of the model makes it more accurate
than conventional SIR models which only provide rough approximations of a pandemic’s
course because they cannot represent complex changes, such as the presence of multiple
maximum and minimum points in .Ւഉ՝ഊ

4.3 Conclusion

Through evaluating the model, it can be concluded that circuit breaker was the most
effective measure in managing the pandemic, as it caused the largest decrease in .𝑅𝑅

0

However, the closeness at which the measures were implemented resulted in difficulties
knowing which measure was the most impactful. However, the trend was that measures
aimed at reducing contact between the population were the most effective. In order to obtain
more accurate results, it would be necessary to compare the measures in isolation, but this
would likely be unethical in reality. As such, constructing a simulation based on the contact
and infection rates would be the next step towards obtaining the best measure.
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