CROSSING NUMBER OF JOIN PRODUCT OF SOME GRAPHS

MARIO TANLJAYA

1 Introduction

Finding the crossing number of a graph is known to be a difficult problem, with the exact values
of crossing numbers known only for specific families of graphs. In particular, it is conjectured that
the crossing number of the complete bipartite graph K, , is Z(m,n) = | 5| 2511 5]| 25|, and
has been proven for min(m,n) < 6[1], and cases (m,n) = (7,7),(7,8),(7,9), (7,10), (8,8), (8,9),

(8,10).[2] More recently, it has been shown that lim,, CTZ((I;T";L’)L) > 0.83-". [3]

In this report, we establish some bounds on the crossing number of the join product of two graphs,
in particular, graphs G, G of order 6 and nK7, the graph with n vertices and no edges. The join
product of two graphs G; and G4, denoted by G1 + G, refers to the graph obtained from vertex
disjoint, copies of G and G5, and adding all edges between each vertex in G; and each vertex
in Gy. In other words, V(G1 + G3) = V(G1) UV(G2), E(G1 + G2) = E(G1) U E(G2) U Ky, 1,
where |V(G1)| = m, |V (G2)| = n.

We also use a counting argument to establish some inductive bounds (inducting on n) for join
product of a general graph G and nkKj.

We assume that in a drawing:

1. Each edge only passes through two vertices, namely its end points
2. No two edges touch each other (and do not cross)

3. No three edges cross at the same point

Note that in an optimal drawing of some graph G with minimum crossing number, we must also
have:
1. No edge crosses itself

2. Any two edges cross at most once
3. Any two edges that share an end point do not cross

2 Definitions

Consider some drawing D of a graph G. Let crp(G) be the number of crossings between edges
in G, and for any edge disjoint subgraphs Hy and Hs of G, let ¢rp(Hy, Hy) be the number of
crossings between an edge of H; and an edge of Hs.

3 Graph G

The graph G is is the union of two vertex disjoint C5, with no edge between the cycles.

JANWA

G

We use z; to denote the vertices of G1, and z; to denote the vertices of nK;. Let T; be the
subgraph of the six edges from vertex z; to each vertex of G;.
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3.1 Upper bound
For all n, we show cr(G1 +nKy) < Z(6,n) +2|5].

Drawing of G + nK;

This is clear from the drawing above, where there are | %] vertices of nK; on the right and

[5] vertices of nK; on the left. There are Z(6,n) crossings from the bipartite graph K ,, and

another 2| % | crossings on Gi.
In addition, for odd n, we show cr(G1 +nkKy) < Z(6,n) +2| 5] — 2.

Drawing of G + nK; for odd n

Consider the drawing above, where there are | %52 | black vertices of nK; on the right and [252]
black vertices of nK; on the left. Let the vertices of Gy from top to bottom be z1,--- ,zg re-
spectively, and the red vertex in the centre and the right be z1, zo respectively.

There are Z(6,n — 2) + 2| 252 ] crossings between the edges of the black vertices.

The edges between z; and s, x5 as well as zo and xo, x5 each cross one edge from each black
vertex on the left, so they contribute 4[252] crossings in total.

The edges between z; and z1,x¢ as well as zo and x3, x4 each cross two edges from each black
vertex on the right, so they contribute SL"T_zj crossings in total.

The red edges cross each other twice, so for this drawing,
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Note that when n is even, number of crossings of this drawing is Z(6,n) +2 |2 ].
Thus, we propose the following crossing number.

Proposition 2.1: ¢r(Gy + nKy) = Z(6,n) + 22| — 2 for odd n, and cr(Gy + nK;) =
Z(6,n) +2|2| for even n.

3.2 Small cases
Lemma 2.2: cr(Gy +2K;) =2

Proof:
We show cr(G +2K7) > 2.

Consider one C3 of G and the two vertices z1, z».
If the subgraph induced by z; and vertices of the C3 has at least two crossings, we are done.

Otherwise, the possible drawings of C3 and the three edges from z; to the vertices of the cycle
are shown below.

Drawings of one C3 and z;

Assume it is the first drawing, then if zo lies within the Cj3, consider the other three vertices
of G1. For each of them, one of the two edges between them and z1,z5 will cross the Cj in
the drawing (depending on whether it is inside or outside the C3), then there will be at least 3

MATHEMATICAL MEDLEY - VOLUME 48 ISSUE 1/2 - DECEMBER 2022



crossings.
Otherwise, zo must lie in some other region, which all have at most two vertices of the C3 on
their boundary, thus the edge from 25 to the vertex of C's not on the boundary will have at least
1 crossing.

If it is the second drawing, there will be at least 1 crossing in this subgraph.

Similarly, we can consider the other C5 of G, and either we get crp(Gy + 2K1) > 3, or there is
at least 1 crossing in that subgraph, so c¢rp(Gy +2K1) > 2.

Thus er(G1 + 2K,) > 2.

From the construction earlier, cr(Gy + 2K;) < 2, and so cr(G1 + 2K;) = 2. ]

Lemma 2.3: cr(G1 +3K1) =6

Proof:
Since K (6,3) is a subgraph of G + 3Ky, cr(G1+3K1) > cr(K(6,3)) = 6. From our construction
above, cr(Gy 4+ 3K1) < 6, and so cr(Gy + 3K;) = 6. O

We have also obtained lower bounds for n = 4,5,6,7,8 in Section 3.4, using the properties of
cyclic permutations.

3.3 Results

We suppose cr(G1 + nKy) < Z(6,n) + 2| 5| for some even n > 4, and cr(Gy + nk;) <
Z(6,n) + 2[5 | — 2 for some odd n > 5.

Lemma 2.4: There exists i such that crp(T;,G1) =0

Proof:
Suppose otherwise. Then crp(T;,G1) > 1 for all s.

i=1 i=1
> Z(6,n) +n
> Z(6,n) + 2 gJ

which is a contradiction. O
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Lemma 2.5: ¢rp(Gp) =0

Proof:
Consider i such that erp(T;,G1) = 0.

We can draw T; as above, and let the vertices of G be x1, 2, 23, x4, 5, xg from top to bottom
respectively.

fo

Drawing of T;

Consider each grouping of the 6 vertices of G; into two triples, with each triple of vertices forming
one cycle.

(1,2,3),(4,5,6)
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(1,2,4), (3,5,6) (1,2,5),(3,4,6) a‘nd (1,3,4),(2,5,6)
& G
(1,2,6),(3,4,5) a?d (1,5,6),(2,3,4) (1,3,5),(2,4,6)
e} o}
(1,3,6),(2,4,5) and (1,4,6),(2,3,5) (1,4,5)7'(2,3,6)

Figure 1: Drawings of T; U G,
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For all drawings except (1,2, 3), (4,5,6) and (1,2,6), (3,4,5)/(1,5,6),(2,3,4), we have crp(G1) >
1, and each region has at most two vertices of G; on its boundary, so crp(7},T; UG1) > 4 for
all j # 4.

crp(Gr +nKy) =crp (G UT;) +crp GluTi,UTj +crp UTj
J#i J#i
>14+4(n—1)+Z(6,n—1)
=n+3n—-1)+2Z(6,n—1)
> Z(6,n)+n
> Z(6,n) +2 {%J

which is a contradiction, so the drawing is either (1,2, 3), (4,5,6) or (1,2,6),(3,4,5)/(1,5,6), (2, 3,4).
Notice these drawings are the same, so we can assume the drawing is (1,2, 3),(4,5,6), and as a
result, erp(Gp) = 0. O

3.4 Cyclic permutations

We now use the properties of cyclic permutations, which have been used in [4] [5], to obtain some
more results.

Let rotp(T;) be the clockwise order in which the edges leave vertex z; to the vertices of Gj.
Cyclic permutations are considered to be the same, and so we assume all rotp(T;) start from .

Define rot4 as the reverse permutation of rot4, and d(rots,rotp) to be the minimum number
of swaps between adjacent elements, to get from rot s to rotg.

It is known that cr(T;,T;) > d(rotp(T;),rotp(T})). [2]

We now establish the possible permutations of T; for ¢ such that er(T;, G1) < 1.

Assuming the drawing of GG; above, z; must be in the region with all 6 vertices of G; on its
boundary (in view of the subdrawing of G7), otherwise if it is inside one of the cycles, say
r1x9x3, then z;xy, z;x5, ;24 Will each cross the cycle zixox3 at least once.

Thus rotp(T;) with respect to each cycle is fixed (up to rotation).

Consider the subgraph induced by z; and the cycle zizox3.

If any 2 of x4, x5, z¢ are in different regions in view of this subgraph, the edge between them
must cross some edge in this subgraph. From Lemma 2.5, it cannot cross an edge of Gy, so it

must cross an edge between z; and one of x1, xo, x3.

If x4, x5, 6 are not all in the same region, there must be at least 2 pairs of them in different
regions, and so cr(T;, G1) > 2, which is a contradiction, thus they must all be in the same region.

For each j = 4,5,6, the edge between x; and z; must start in the same region as x4, s, 6.
Otherwise, since the edge must leave the region it started in, and cannot cross any edge with
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endpoint z;, it must cross one of the edges of the cycle x1zox3. This means the edge enters the
region inside the cycle z1 2223, but z; is outside this cycle, so the edge must cross the boundary
of the region again, thus this edge crosses G twice, which is a contradiction. (Note that by a
similar argument, the entire edge must be contained in this region)

Similarly, each edge of the cycle z4x506 must be fully contained within this region, otherwise
since it must leave and enter the region, and it cannot cross an edge of (G, it must cross the

edges of T; at least twice.

There are 3 ways to choose which region x4, z5,z¢ are in, and 3 ways to permute x4, x5, xg.
(rotation matters here, for example 123456 compared to 123564)

We have 9 possible values for rotp(T;), namely 123456, 123564, 123645, 124563, 125643, 126453,
145623, 156423, 164523. We label them Py, Ps,--- , Py respectively.

Using a program (can be found in Appendix), we obtain the following table of values for each

P P P53 Py P B P B3 Dy
P 6 4 4 4 2 2 4 2 2
Py 4 6 4 2 4 2 2 4 2
Pl4 4 6 2 2 4 2 2 4
P, | 4 2 2 6 4 4 4 2 2
Ps 2 4 2 4 6 4 2 4 2
Py 2 2 4 4 4 6 2 2 4
P 4 2 2 4 2 2 6 4 4
Pl2 4 2 2 4 2 4 6 4
Pl2 2 4 2 2 4 4 4 6

Lemma 2.6: cr(G; +4K;) > 14

Proof:

Case 1: For all i = 1,2,3,4, erp(T;,G1) < 1.

Thus rotp(T;) is one of P;, and from table above, we can check that for any 4 P;, the sum of

their pairwise distances is at least 16, which means crp(T) U Ty U T3 U Ty) > 16.

Case 2: There exists i such that c¢rp(7T;, G1) > 2.
Then we have c¢r(Gy +4K1) > Z(6,4) + 2 = 14. O

Lemma 2.7: cr(G; +5K;) =26
Proof:
Case 1: For all i = 1,2,3,4, erp(T;,G1) < 1.

Thus rotp(T;) is one of P;, and from table above, we can check that for any 5 P;, the sum of
their pairwise distances is at least 28, which means crp(T; UTo UT3 UTy U T5) > 28.
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Case 2: There exists i such that crp(T;, G1) > 2.
Then we have c¢r(Gy + 5K1) > Z(6,5) + 2 = 26.

From the two cases, we have cr(Gy + 5K7) 26, and from our construction in section 3.1,

>
cr(Gy +5K1) <26, s0 er(G1 +5K1) =26. O
As a result of Lemma 2.7, we have the following result.
Lemma 2.8: ¢r(Gy +6K;) > 39,¢cr(Gy + 7K;) > 55,cr(G1 + 8Ky) > 74

Proof:
This follows directly from Lemma 2.7 and Lemma 4.1 below. O

4 Graph G5

The graph G5 is the union of two vertex disjoint C's, and with one edge between the cycles.

JAWA

Ga

We denote the vertices similarly.

4.1 Upper bound
For all n, we show cr(Gy +nkKi) < Z(6,n) +2|5].

Drawing of Gy + nK;

This is the same drawing as for G; + nK;, but with one more edge in the centre that does not
result in any additional crossings.

Since G'1 + nK; is a subgraph of Go + nKy, we have c¢r(Gs + nKy) > cr(Gy +nky).
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4.2 Small case

Lemma 3.1: ¢r(Gy +2K;) =2

Proof:
From the construction, cr(Gy + 2K1) < 2, and er(Go + 2K,) > cr(Gy + 2K,) = 2. O

4.3 Results

Consider the graph G5, which is G5 but with one additional edge between the cycles, forming a

| A

Gs

It is known that cr(Gs +nky) = Z(6,n) + 2| 5 |.[6]
Lemma 3.2: If cr(G2 +nK1) < Z(6,n) + 2| 5], then the two cycles of G2 do not intersect.

Proof:
This follows from Lemma 2.5, since G is a subgraph of Ga, and we suppose cr(Gs + nK;) <
Z(6,n) + 2[5 | here as well. O

Theorem 3.3: cr(G2 +nKy) > Z(6,n) + | 5]

Proof:

Suppose otherwise.

WLOG let the edge between the cycles be between vertices x3 and x4, and let x5 be adjacent to
x1,r2 and x4 be adjacent to x5, xg.

We add an additional edge, by starting from vertex x1, and tracing along the edge xix3, x324,
then along the edge from x4 to either x5 or xg, only crossing edges that these three edges cross.
We thus have a drawing of the graph G3 + nkKj.

Notice this new edge has at most as many crossings as G, and c¢rp(G) + crp(G,UT;) < |5,

so we have crp(G3+nkKy) < Z(6,n)+ 5] +|5] = Z(6,n)+2| % |, which is a contradiction. [

Lemma 3.4: If cr(G1 +nK1) > Z(6,n) + x, then cr(Ge +nkKy) > Z(6,n) + [ 5] +

=8

Proof:
Suppose otherwise.

Similarly, let the edge between the cycles be between vertices x3 and x4, and let z3 be adjacent
to x1,x2 and x4 be adjacent to x5, xg.

10
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JANWA

Tracing edges of Go

Let rotg(x;) be the clockwise order in which the edges leave vertex x; to the other vertices of G,
and cyclic permutations are considered to be the same. Let rotg(z3) = 124 and rotg(x4) = 356.
Let the number of crossings on the edge between the two cycles in G be a. a < |[§] + § — =,
otherwise we can remove this edge and get c¢rp(Gy +nKy) < Z(6,n) + x.

After removing the edge between the cycles, there are at most [ 5| + § — a crossings on Go,
and the remaining edges of G2 do not cross each other from Lemma 3.2. Consider the edges
x123, v476 and the edges xox3, 426, which in the diagram are the blue/red edges. One of these

[3]+5—a
2

pairs have at most edges on them, say x1x3, r42¢.

By adding an additional edge from x; to xg, along this pair of edges and x3x4, we get at most

ng—i_%_a—r-a: 5] +5+a
2 2
L2Asl-3
- 2
n T
—lg

more edges, so in total, crp(Gs +nkKy) < Z(6,n) + 2| 5], which is a contradiction. O

We now obtain some slightly improved lower bounds for small n.
Lemma 3.5: cr(Gy +nkKy) > Z(6,n) + 5| + 1 forn =4,5,6,7,8.

Proof:
This follows from Lemma 3.4, and the results in Section 3.4. ]

4.4 Cyclic Permutations

Similar to Section 3.4 above, we establish possible permutations of rot(T;) for i such that
cr(T;, G2) < 1, supposing that cr(Go +nkK1) < Z(6,n) +2|5].

We follow the arguments of Section 3.4, since G7 + nK; is a subgraph of G5 + nKk7, and so we
have also supposed here that cr(G1 +nk;) < Z(6,n) + 2[5 ].

Consider the region, in the view of the subdrawing of the subgraph induced by z;,x1,x2, x3,
where the vertices x4, z5, xg are.

11
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WLOG assume that there is an edge between x4 and x;. By adding the edges z4z1 and z;x4,
the region will be split into two regions. Note that the point where x;24 crosses the boundary of
the region (the point circled in blue in the diagrams) can be on any edge of the boundary, and
also possibly the vertices of G2 on the boundary.

Tracing edges of G,

We consider two cases.

Case 1: z1x4 does not cross any edge of the cycle x x5x4

If erp(T;,G2) = 0, 5,26 must be in the same region (between the two regions created by the
addition of x4z and z;24), otherwise xsxg either crosses x4aq or z;x4.

Depending on which region x5, x¢ are in, there is only one possible permutation for the order in
which the edges z;x4, 2;75, 2,16 leave z;, namely 456 and 564 respectively.

Case 2: zix4 crosses an edge of the cycle z z5x4

T124 cannot cross x4Ts Or x4Tg, SO it must cross rsxg (once).

If erp(T;, G2) = 0, x5, 26 must be in different regions (two regions which region that x4, x5, 26
are in the view of subdrawing induced by z;,z1, z2, 23 has been divided into by the addition of
xz421 and z;x4), and so there is only one possible permutation for the order in which the edges
Zi%4, 2;T5, 2;Te leave z;, namely 645.

We attempt to obtain some restrictions on the drawing, if cr(Ga + 3K7) < 8.

We must have crp(T;, Go) < 1 for all 4.

For case 2 above, if crp(T;, G2) = 0 for all ¢, then rotp(T;) must be one of Ps, Ps, Py in the table
above and we can check that for any 3 of them, the sum of their pairwise distances is at least 12
(code used can be found in Appendix). Thus erp(Ty U T, UT5) > 12.

Otherwise, there exists ¢ with crp(T;, G2) = 1, and erp(Gs) > 1, so erp(Go + 3K;) > 8.

For case 1 above, if ¢rp(T;, G2) = 0 for all 4, then rotp(T;) must be one of Py, Ps, Py, Ps, P7, Py

in the table above and we can check that for any 3 of them, the sum of their pairwise distances
is at least 8. Thus crp (71 UTy, UT3) > 8.

12
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Otherwise, there exists i with ¢rp(T;, G2) = 1, then crp(Gy) = 0, and so 24 must be one of the
vertices on the boundary of the region that x4, x5, 26 is in (in the view of subdrawing induced
by z;, x1, %2, x3), and the edge z124 is fully contained within this region.

rotp(T;) cannot be one of Py, Py, Py, Ps, P7, Pg, otherwise we can follow a similar argument as
above, and so rotp(T;) is one of Ps, Ps, Py.

5 Counting Argument

Consider some graph G of order 6, and suppose we know ¢r(G +nKi) > Z(6,n) + = for some n
and x > 0.

Consider some drawing D of G + (n + a)K; where a > 0, with erp(G) = m. We want to
find a lower bound for ¢rp(G + (n + a)Ky), so we let crp(G,U"T;) = k, and suppose
crp(G+ (n+a)Ky) < Z(6,n+ a) + m + b, which means k <.

We sum the crossings across all subgraphs G +nK1, and the total is at least (") (Z(6,n) +z).

Each crossing between two edges of G are counted (”:“) times. Each crossing between an edge

of G and an edge of T; is counted (”:i;l
n+a—2
n—2

) times. Each crossing between and edge of T; and edge

of Tj is counted ( ) times.

Thus we have

n—+a n+a
crp (G+ (n+a)Ky) =crp (U E) +ecrp (G, U E) + crp (G)

i=1 =1

n—+a
=crp (U TZ> +k+m

> ﬁi;:«n:a)(zw,n)jtx)— (":a)m— ("Zi;l>k> +k+m

Lemma 4.1: If ¢r(G1 +nKy) > Z(6,n) + x, then c¢r(G1 + (n+1)K;1) > Z(6,n) +x — 2 when n
is even, and ¢r(G1 4+ (n+1)K31) > Z(6,n) + = + 1 when n is odd, assuming the crossing number
is less than proposed for even and odd n respectively.

Proof:
Suppose otherwise.

From Lemma 2.5, we have cr(G1) = 0. Putting in m =0 and a = 1, we get

L (04 1)(Z(6,m) + ) — k) + &

(n+1)(Z(6,n) +z) — k

cerp (Gr+ (n+1)Ky) >

n—1

MATHEMATICAL MEDLEY - VOLUME 48 ISSUE 1/2 - DECEMBER 2022 @



For even n, when k < b < xz — 2 then

(n+1)(Z(6,n)+z)—k
n—1
(n+n(&¥;9+x)+3—x
n—1
5(8n* =3n? —6n) +nz+z+3 -
n—1
3n?  (r—3)n+3
T+ n—1
3n? r—3+3

:7"—(1’—3)4‘

crp (Gr+(n+1)Ky) >

AV

n—1
32

>%+(m—3) since x > 0

=Z6,n+1)+2-3

>Z(6,n+1)+0b

This is a contradiction, so k > x — 2.

For odd n, when k£ < b < z + 1 then

(n+1)(Z(6,n)+2x)—k
n—1

(n+1) (M—i—x)—x)

n—1

crp (Gl + (n + 1)K1) >

>

This is a contradiction, so k > = + 1.

Note that this implies if Proposition 2.1 holds for some n which is even, it holds for n + 1.

14
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Appendix A Code for Cyclic Permutations

The following code was used to generate the table of distances for the permutations in Section
3.4 and Section 4.4, as well as to find the minimum pairwise sum of distances for some sets of
permutations.

The adjacency matrix between permutations was found by iterating through each permutations
and doing all possible swaps. The Floyd-Warshall algorithm is then used to find all pairs shortest
paths.

#include <bits/stdc++.h>
using namespace std;

string reverse(string s){

string ans = "1";
6 return ans+s[5]+s[4]+s[3]+s[2]+s[1];
7 }

9 int main () {

12 freopen("input.txt", "r", stdin);

[T]

13 freopen ("output.txt", "w", stdout);

15 string s = "23456";

16 sort(s.begin(), s.end());

17

18 //permutations as strings

19 string permutations [120];

20

21 permutations [0] = "1"+s;

22

23 int count = 1;

24

25 while (next_permutation(s.begin(), s.end())){
26 permutations [count] = "1"+s;
27 count ++;

28 }

29

30 //permutations index

31 map<string, int> m;

34 for (int i=0;i<120;i++)
35 m[permutations[i]] = i;

37 //initialise distances
38 int distance[120][120];

40 for (int i=0;i<120;i++){

41 for (int j=0;3j<120; j++){

42 if(i!=j)distance[i][j] = 1000000;
43 else distancel[i]l[j] = 0;
44 }

45 }

46

47 //find adjacency matrix

48 for(int i=0;i<120;i++){

49 for(int j=0;j<4;j++){

50 s = permutations[i];

15
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58
59

60

61

65

75

85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109

swap(s[j+1],s[j+21);

distance[i]l[m[s]] = 1;
}
s = "1v;
s = s+permutations[i] [2]+permutations[i] [3]+permutations[i] [4]+permutations[i
J[5]+permutations [i][1];
distance[i]l[m[s]] = 1;
s = "1";
s = s+permutations[i] [6]+permutations[i] [1]+permutations[i] [2]+permutations[i
J[3]+permutations [i] [4];
distance[il[m[s]] = 1;

}
//find all pair shortest path

for (int k=0;k<120;k++){
for(int i=0;i<120;i++){
for(int j=0;3j<120;j++){
distance[i][j] = min(distance[i][j],distance[i][k]+distance[k][j]);

}
+

//possible permutations
int index[9];

index [0] = m["123456"];
index [1] = m["123564"];
index[2] = m["123645"];
index[3] = m["124563"];
index [4] = m["125643"];
index [6] = m["126453"];
index [6] = m["145623"];
index [7] = m["156423"];
index[8] = m["164523"];

//print table
int table [9][9];

for (int i=0;i<9;i++){
for (int j=0;j<9;j++){
table[i][j] = distancel[index[i]][m[reverse(permutations[index[j11)1];
cout<<table[i] [jI<<" ";
}
cout<<"\n";
}

//find minimum total of pairwise distance for 4 permutations
int four = 1000000;

for (int i=0;i<9;i++){
for (int j=i;j<9;j++){
for (int k=j;k<9;k++){
for (int 1=k;1<9;1++){
for(int z=1;z<9;z++){
four = min(four, table[i][jl+table[i][k]+table[i][1]+table[j]l[k]+table
[jl1[1]+table[k][1]+table[z] [i]l+table[z][jl+table[z] [k]l+table[z][1]);
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110 }

111 }

112 }

113 }

114 }

115

116 cout <<four<<"\n";

117

118

119 //find minimum total of pairwise distance for 5 permutations
120 int five = 1000000;

121

122

123 for(int i=0;i<9;i++){

124 for (int j=i;j<9;j++){

125 for(int k=j;k<9;k++){

126 for(int 1=k;1<9;1++){

127 for(int z=1;z<9;z++){

128 for (int q=z;q<9;q++){

129 five= min(five, table[i]l[jl+tablel[i][k]+table[i]l[1]l+table[j][k]l+

table[jl[1]+table[k][1]+table[z] [i]l+table[z][jl+table[z][k]l+table[z][1]+tablel
ql[il+table[ql[jl+table[q] [kl+table[ql [1]+tablelql[z]);
130 i
131 }
132 ¥
133 }
134 }
135 }
136
137 cout<<five<<"\n";
138
139
140 //new index for G2
141
142 int index1[9];
143 index1[0] = m["123456"];
144 index1[1] = m["123564"];
145 index1[2] = m["124563"];
146 index1[3] = m["125643"];
147 index1[4] = m["145623"];
148 index1[5] = m["156423"];
149 index1[6] = m["123645"];
150 index1[7] = m["126453"];
151 index1[8] = m["164523"];
152
153
154 //print table
155 int table1[9]1[9];
156

157 for(int i=0;i<9;i++){

158 for (int j=0;j<9;j++){

159 tablel1[i][j] = distance[index1[i]][m[reverse(permutations[index1[j]1]1)1];
160 cout<<tablel [i][jl<<" ";

161 }

162 cout<<"\n";

163 }

164

165

166 //find minimum total of pairwise distance for 3 permutations among restricted

set of 6 permutations
167 int threel = 1000000;
168
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169
170
171
172

174
175
176
177
178
179
180

189
190
191
192
193
194
195
196

for(int i=0;i<6;i++){
for(int j=i;j<6;j++){
for(int k=j;k<6;k++){
threel = min(threel, tablel[il[jl+tablel[i][kl+tablel[j][k]);
}
¥
}

cout <<threel<<"\n";

//find minimum total of pairwise distance for 3 permutations among restricted
set of 3 permutations
threel = 1000000;

for (int i=6;i<9;i++){
for(int j=i;j<9;j++){
for(int k=j;k<9;k++){
threel = min(threel, tablel[i][jl+tablel[i][k]+tablel[j][k]);
}
¥
}

cout <<threel<<"\n";

}
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