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Pythagoras theorem is the one of the first few theorems taught in schools. It is fascinating to many that
a triangle with sides 3, 4 and 5 will form a right angle triangle. Other than similar triangles with sides 3,
4 and 5, what other triangles are there with sides of integer values? Triangles with sides of integer
values will form a Pythagorean triplet. In particular, a triangle of sides 3, 4 and 5 will be written as (3,4,5)

or (4,3,5). We aim to find a 1-parameter Pythagorean triplet generator in the form (f(t), g(), h(t))

2 2 2
such that both f(¢) and g(¢) are polynomials and [f(t)] + [g(t)] = [h (t)] for rational values of £. On
top of that we shall also prove the existence of a Pythagorean triplet generator that can generate all
Pythagorean triplets.

We first derive a 2-parameter Pythagorean triplet generator, which we then reduce to a 1-parameter
generator and which is linked to the 7-formula in trigonometry.

2
By using the formula (a + b) = a? + 2ab + b*and replacing a by u?, b by v2, we can easily show that
2 2
(u2 S v2) + Quv)* = (u2 + v2)

Hence, it follows that (u2 — v2, 2uv, u® + v2) is a Pythagorean triplet generator. In order to ensure that
the three sides of the right-angled triangle are positive, in addition to both © and v being positive
integers, the additional condition u > v is needed.

2

As the right angle triangle with sides (u — v2, 2uv, u’> + v2) is similar to a scenario where all the three

2 2
% % %
lengths are divided by u2, the Pythagorean triplet can be simplifiedto | 1 — <—> ,2—, 1+ <—>
u u u

v
By substituting = — , the 1-parameter Pythagorean triplet (1 — #2,2¢, 1 + £%) is derived.
u

This should be familiar to many. Recalling when the t-formula is used, substituting = tané results in
2

5 Hence, the sides of the right-angled triangle with an acute angle

) 2t
sin26 = 7 and cos20 =

+ 12
26 will coincide with the 1-parameter Pythagorean triplet (1 — 72,2z, 1 +12).

Thus far, we should bear in mind that 7 is a positive rational number. To ensure that the three sides are
positive quantities, we only need to consider the case when 0 <t < 1.

Now that a 1-parameter Pythagorean triplet has been successfully generated, this raises the question: Is
it possible that other Pythagorean triplet generators exist? Since the 1-parameter Pythagorean triplet
generator can be obtained from the 7-formula by considering a right-angled triangle with an acute angle
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0, intuitively this should extend to cases of general right-angled triangles with an acute angle of n 6
(wheren =34,5,..).

In that case, it seems plausible that an ‘ultimate’ Pythagorean Triplet generator that can generate all
possible Pythagorean triplets exists.

In this article, we make an attempt to answer that question. To this end, we investigate the 1-parameter

Pythagorean triplet generator (1 — 72, 2¢, 1 + £%) in greater detail first.

v
In the table below, only the values of = —, where v and u are both positive integers and coprime such

u
that v < u are considered. If these values are not coprime, the fraction can still be reduced to a case
2 1
where the numerator and denominator are coprime for example, t = g = ?

Using the Pythagorean Triplet generator (2t, 1-22,1+ tz) or (1 —t2.2t,1+ tz), Pythagorean
triplets as shown in Table 1 can be generated:

t Pythagorean Triplets (P.T) Primitive P.T Remarks t Pythagorean Triplets (P.T) Primitive P.T Remarks
1 35 1 2 80 82 4
7| (%3) (34.3) 5| Gaw) | owa | =5
1 2 8 10 1 2 4 77 85

E (5,; ?) (3,4,5) t = E a (;,a,a) (36,77,85)

2 4 5 13 4 8 65 97

3 (5,;,7) (5,12,13) 3 (6’5’5) (65,72,97)

1 2 15 17 5 10 56 106 2
Z (Z,B,?) (8,15,17) 6 (K,a,?) (36,77,85) t =7
3 6 7 25 7 14 32 130 1
Z (Z,B,E) (7,24,25) 6 (K,a,?) (16,763,65) 1 =§
1 2 24 26 2 8 16 17 145

sz (EEE) (512,13) | t= 3 3 <?,§,—1) (17,144, 145)

2 4 21 29 1 2 99 101

g 572525 (20,21,29) E 10’ T00° 100 (20,99, 101)

3 6 16 34 1 3 6 91 109

g (g,g,g) (8,15,17) t = Z ﬁ (B,m,m) (60,91,109)

4 8 9 41 7 14 51 149

3 3'725° %5 (9,40, 41) 0 ST ) (51,140, 149)

1 2 35 37 9 18 19 181

- (E’%’%) (12,35,37) o (B’W’ﬁ) (19,180, 181)

5 10 11 61 1 2 120 122 5
1 2 48 50 3 2 4 117 125

= (7,5,5) (7.24,25) | 1= " m (ﬁﬁﬁ) (44,117,125)

2 4 45 53 6 112 130 4
= (—,—,—) (28,45,53) 2 (———) (33,56,65) | ==
7 7 49 49 11 11 121 121 7
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5 (E 20 5—8) _2 + (i 105 ﬁ) 88,105, 137

7 7°29° 29 (20,21,29) | 1=75 I 121 121 (88,105,137)

4 8 33 65 5 10 96 146 3
5 10 24 74 1 6 12 85 157

= (7,5,4—9) (12,35,37) | t= : mn (ﬁﬁm) (85,132,157)

6 12 13 85 7 14 72 170 2
7 (7,@,@) (13,84, 85) ﬁ (ﬁ,m,m) (36,77,85) t = 6
1 2 63 65 8 16 51 185

5 (§’§’§) (16,63,65) I (F’E’ ﬁ) (57,176, 185)

3 6 55 73 9 18 40 202 1
3 (gaa) (48,55,73) T (ﬁmﬁ) (20,99, 101) = 0
| (b w) I I EORETRETA R e

) 864 64 (39.80,89) 11 117121 121 (21,220, 221)

7 (ﬂ b E) 15,112,113 ! (i el E) 24,143,145

8 864" 64 (LRER PR 12 127144 144 (PRt

Table 1. Examples of Pythagorean Triplets using the generator (27,1 — 2. 1 +¢2) .

We first observe that different values of 7 can lead to the same primitive Pythagorean triplet.

Lemma 1.

v
The choicest = —andf =
u u-+v

generate the same primitive Pythagorean triplet.

In particular, u = 2 is the only case where u is an even number because of the aforementioned
condition that v and u# must be coprime.

Proof of Lemma 1.

v
We need to show that the 1-parameter Pythagorean triplet generator (1 — tz, 2t, 1+ tz) witht = —is

u
u-—v
equivalent to the 1-parameter Pythagorean triplet generator (1 — #2,2¢, 1 + %) with = —
u+v
i . 7 2 1% i u-—v
We shall first start with (2¢, 1 — ¢, 1 4+ ¢“) where t = — then with ¢, = .
u u—+v

2 2 2_ 2 2.2
22vu) 2w —v?) 2 +
A <1> 1+ <1> = (2vu, u* —viu* +v?) = ( vu)z, (u vz), (u Vz)
L u u w+v)” m+v) (u +v)

_ U+l —w—=v)?> 2 —-v) w+v)?+@u—-v)? _ 1_<u—v>22<u—v> 1+<u—v>2
B (u +v)* Tu+v (u +v)* B u+v) Nu+v) u+v

N——

u—v
= (1-r120, 1+167)ie 2,1 =1}, 1+ D) withr; = :
u—+v
\% u—v
Hence, we have shown that 1 = — generates the same primitive Pythagorean triplet as = .
. u+v
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For the sake of brevity we denote the 1-parameter Pythagorean triplet generator by (2t, 1-— tz, 1+ tz)

in what follows.

There are in fact other possible 1-parameter Pythagorean triplet generators; for example, those
generated by using tan3d and tan46.
3tand — tan’d 3t — 1

1—3tan29  1-37
find that the hypotenuse of the right angle triangle with sides 3¢ — > and 1 — 3¢ has length

2
[1—3t2]2+[3t—t3]2=1—6t2+9t4+9t2—6t2+t6=1+3t2+3t4+t6=< (1+t2)3>

We first consider tan36 = where t = tanfl. From Pythagoras’ theorem, we

3
Hence, the corresponding Pythagorean triplet generator is <3t —13,1 -3¢, (1 + tz) > However,

3
the term (1 + 3t2) is irrational in general. This indicates that using tan36 will not result in an ideal

Pythagorean triplet generator.

4tand — 4tan’0 4r — 413

1 — 6tan20 + tan%0 1 — 6¢2 +
find that the hypotenuse of the right angle triangle with sides 41 — 4 and 1 — 612 + t* has length

(1+2)°.

We now try tan46. From tan46 =

and Pythagoras’ theorem we

2
[4r =4 + [1 =62+ 14 = .. = 1 +42 4 6r* + 45 + 1 = [(1 +t2)2]

2
Hence, results in the Pythagorean triplet generator <4t — 473 1 — 612 + 14, (1 + tz) ) We denote this

2
new generator by <4t — 47 |1 — 6% + 14, (1 + tz) )

. <4t -4 1 —6t2+t4,(1 +t2)2> RemarkS(ztvalueszin
Pythagorean Triplet (PT) Primitive P.T (Zt, 1—-¢%,1+1¢ ) )

! 3 7 25 S

2 (E’ - 1_6’E> (7,24,25) = or=

1 32 28 100 N

3 <E§8_1> (7,24,25) T

2 40 —119 169 P

3 (ET@) (119,120,169) = or—
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10

99 119

1 99 9401 10201 (3960,9401,10201) 20 or ﬁ
250" 10000 10000

2
Table 2. Examples of Pythagorean Triplets using the generator <4t — 4,1 — 612+ 14, (1 + t2) ) .

2
It turns out that various values of ¢ in <4t — 43 1 — 6% + 14, (1 + t2) ) correspond to 7 values in

(2t, 1 - t2, 1+ t2) as well. We now explore whether the reverse holds true, that is, whether every

2
value of 7in (Zt, 1-¢2,1+ t2) has a corresponding value of 7 in <4t — 473 1 — 62 + ¢, (1 + t2) )

For instance, (3,4, 5) is a well-known primitive Pythagorean triplet, where the corresponding value of ¢

1 1
in (2t, 1-— t2, 1+ t2) are Eand ? We now find the corresponding value of ¢ in

<4t — 483 1 — 62 + ¢, (1 + t2)2> to generate the Pythagorean triplet (3,4, 5) .

1412
Essentially, there are 4 cases to consider: g SR 2 or = 2
4t — 413 3 4
1+12)°
Case 1: g=i =>t4+§t3+3t2—§t+1=0
4t — 413 3 3 3
3 \/ 3—4/10
(t2+6t—1)<t2+§t—1>=0 =>t=-3-4/10,-34+4/10 il N
(1+2)* s 34410 3-4/10
Case 2: m——g =>...=>t—3+\/10,3—\/10, 3 or 3
1+2)° 1 145
Case 3: %=% =>..> 5, —2+\/_ +\/_ 2\/_

(1+t2)2 5 1++y/5 1-4/5
Case 4: m——z =>...=>t—2—\/§,2+\/§, > or )

None of these four cases result in rational values of t. Hence, this shows that

2
<4t — 43 1 — 6% + 14, (1 + t2) ) is unable to generate all the elements in (2t, 1—231+ t2) )

This seems to suggest that while (2t, 1-— t2, 1+ t2) is able to generate all the elements in

2
<4t — 413 1 — 6% + 1, (1 + t2) ), the reverse is not true.

Next, we show that (ZT, 1- Tz, 1+ Tz) can generate all the elements in
2
<4t —4r 1 =62 + 1%, (1+12) )

2t

Let T =
1 —1¢2
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(2r,1-T%1+T1?) 2t 2t \? 2t \?
=(2 1= 1+
1—-¢£ 1—1¢2 1—1¢2

= (2e0(1-7), (1-2)" = @0%, (1-2)* + 20?)

= <4t —4r  1—62+1%, (1 +t2)2)

2
Hence, the Pythagorean triplets generated by <4t — 483 1 — 612 414, (1 + t2) ) are all subsets of
(26,1 = 12,1 +1%).

This suggests that (2T, 1-7T%,1+ Tz) can generate all existing Pythagorean triplets.

Firstly, let a Pythagorean triplet generator be expressed as (k, g(t), f (1)), where k € Q/{0} . Then,
(kt)* + [g@)]” = [£(©)]*and
(k)" = [f0) = s @] [f@©) + )]
Based on the following table, there are 3 possibilities when deg(k)” = 2:
Case 1:deg|f(¢) — g(t)] = 1 and deg|[f () + g(1)] =1
Case 2:deg[f(t) — g(1)] =2 anddeg|f(t) +g(1)] =0
Case 3: deg[f (1) — g(1)] = Oand deg[f(r) + g(1)] =2
Case 1
Letf(t) —g(t) = at + fandf(t) + g(t) = oyt + B,. Then 2f(t) = (a + at + (S + )
Hence, deg (f(1)) = 1 anddeg(g(1) < 1

Letf(¢) = a;t + b, g(t) = a,t + b, and note that g(t) = a,t + b, covers both cases of
deg(g(?)) <1

If deg(g(¢)) = 1, then g(¢) = a,t + b, and
k2% = [(a1 —a)t+b, - bz] [(a1 +a)t +b, +b2]
Compare the constant term:
0=b-byie.b =xb,
Comparing the coefficient of t:
(by —by)(a;+ay) + (a; —ay) (by+b,) =0 (1)

If by = b,, then (1) will become (al — az) (bl + bz) = O resulting a; = a, since b; + b, # 0.
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Ifa, = a,and b; = b,, then f(t) = g(t) = k = 0 (not applicable)
If by = —by, then (1) will become (bl — bz) (al + a2)0 resulting a; = —aj, since b, — b, # 0.

Ifa; = —azand by = —by, thenf(t) = — g(t) = k = 0 (not applicable)
.. Case 1is not possible.

Since Cases 2 and 3 are similar, we only consider Case 3

Letf(t) — g(t) = c; and f(¢) + g(t) = ag + byt + cyt*
1 2 1 2
Hence,f(t)=E(a0+cl+b0t+cot )andg(t)=5(ao—cl+b0t+6'0t )

Let (1) = ¥y + Byt + ayt* and

g) =y +pit + ayt?
Since deg[f (1) + g(t)] = 2 and deg|f (1) — g(1)] =0
S.ag=apand fy = B

Kt = (yo —11) 200> + 280t + 7o + 11
Compare the constant term:

0=r’-rlieyp==r

If yo =7, thenf(t) = g(t) = k = 0 (not applicable)
fro=—7rn

By comparing the coefficient of t:

0=20y—r)boiefy=0

By comparing the coefficient of 2
k* = 2“0(7’0 - 71) = 4oy,
k =2\/MOrk = —2./aYo
Without loss of generality, we just need to consider k = 2, /a7,
Recalling that yy = — 7, g = @; and fy = f; = 0, thus

f@) = a0t2 +yyand g(t) = a0t2 %
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Thus we have expressed the Pythagorean triplet generator as (kt, g(t),f(t)), where k =2, /oy,
f(@©) = agt® +ygand g(1) = apt® =y,

Hence, the Pythagorean triplet generator is (21 /Yot a0t2 - )/O,aotz + )/0) and by factoring out ¥,

. Qo 0 \.2 Q) \ » .
the Pythagorean triplet generator becomes | 2, /|—t,| — |t~ — 1, — }#“ + 1 |. However, if
70 70 70

_ 20 . 2 2 ST .

=, /—t1, then it can be expressed as (2T, T-—1,T+ 1), which is equivalent to
70

<2T, -T2 1+ TZ).

Hence, <2T, 1 - Tz, 1+ T2> is the ultimate 1-parameter Pythagorean triplet generator that will

generate all existing Pythagorean triplets.
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