Finding Colourful Trails

Jamie Lim Jia Sin

Introduction

We investigate a problem related to route inspection, named “Finding Colourful Trails”.

1.1 Definitions

Consider a diagram made up from points and lines that connect some pairs of those points. An
example is shown, where points are labelled v; for 1 <17 < 6.
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A graph

Such a diagram is called a graph. The points are known as the vertices of the graph and the
lines are known as the edges of the graph.

A walk is an alternating sequence of vertices and edges in a graph, such that the sequence starts
with a vertex and ends with a vertex. The length of a walk is the number of edges in the walk. A
trail is a walk in which no edge is traversed more than once. A path is a trail in which no vertex
is visited more than once.

For example, consider the graph shown above. wvyvivy is a trail of length 2, vyvqv,v5 is a trail of
length 3, voviv4vsvy is a trail of length 4 and vev1v4v5v104 is a walk of length 5 (it is not a trail,
because edge vyvy is repeated).

(—(—) () —(—()
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voU1v4Usv; 18 a trail of length 4 (left), vov v 50104 is a walk of length 5 (right)
Note: the graph considered in this example only has 1 edge between vy and v4. There is 1 blue arrow for each
time that this edge was traversed in the walk.

There are various classes of graphs, for example bipartite graphs and regular graphs. In
this report, the focus is on complete graphs. Complete graphs are graphs in which every pair of
distinct vertices is connected by a unique (and undirected) edge. A complete graph with n vertices
is commonly denoted by K,.
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A complete graph with 4 vertices, Ky

We say that two edges are adjacent if they share a common vertex. For example, in the graph
above, v1vy is adjacent to vovs, v1v4 and vy vs.
An edge colouring of a graph is an assignment of “colours” to its edges such that each edge receives
one colour and no two adjacent edges have the same colour.
Let C be the set of colours that are allowed to be used in a graph. We define a valid colouring of
this graph to be an assignment of colours to its edges such that each edge has exactly one colour
and each colour from C' is used at least once. Note that two adjacent edges may have the same
colour in a wvalid colouring of a graph.
For all integers 1 < ¢ < |C], we define an i-colourful trail in a graph G to be a trail of length 7 in
G such that no two edge colours in the trail are the same.
For example, the set of colours in the diagrams below is C' = {1,2,3}. In the diagram on the left,
we have v1vy, v103, V304 as colour 1 (blue), vovy, vov3 as colour 2 (red) and vyvy as colour 3 (green).
In the diagram on the right, colour 3 (green) is not used so the colouring is invalid.

@v@ @v@
@A@ @A@

Examples of K4 with valid (left) and invalid (right) colouring for |C| = 3.
An example of a 3-colourful trail in the graph on the left is viv v9v;.

1.2 Problem Statement

Our research focuses on colourful trails in complete graphs. Let C' = {1,2,...r} be the set of
colours for a graph of n vertices, where vertices are labelled vy, vs,..v,. We wish to determine
the minimum and maximum possible n (i.e. the range of values n could take) such that there
always exists an r-colourful trail for all valid colourings of K. (There must be at least 1 valid
colouring of K,,.)

1.3 Inspiration and Rationale

The inspiration for this research topic comes from the route inspection problem, which is to find
a shortest closed path or circuit that visits every edge of an undirected graph.
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Our research aims to study graphs that have their edges coloured, and determine the size of the
graph needed to guarantee that there exists an r-colourful trail. This may possibly be useful
in areas where graph modelling with edge colouring can be seen, for example in round-robin
tournaments, scheduling or fibre-optic communication.
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Complete Graphs

2.1 Preliminary Observations

2.1.1 Observation on Possible Upper Bound on n

By considering the following construction, we can bound n < r — 1, for » > 5. However, the
tightness of the bound, especially for larger r, has not been proven. For n > r, we can construct
as follows:

A visualisation of a construction to bound n <r —1

There is a connected graph of blue edges among all vertices excluding v;. In addition, for
r+1<1i<n, v is blue.

Let the vertices be vy, vs,...v,. Let the edge from v to v; be colour 4, for 2 < i <r. For all of
the remaining edges, let them be colour 1.
Suppose there exists an r-colourful trail in this graph. In order to have an r-colourful trail, we
must traverse each of the edges coloured 2,3, ...r (that is, edges vv; for 2 < i < r) exactly once.
Hence we visit vertex vy at least [“51] times.

However, we claim that we can only visit vertex v; at most 2 times.

Proof. On any trail from v; to itself (that passes through other at least 1 other vertex), we must
repeat a colour or traverse at least one edge of colour 1. This is because the trail either contains
2 vertices (v to v; to vy, meaning the colour of vyv; is repeated), or we must traverse from some
v; to v; (i,7 > 1) without passing through v, hence traversing at least one edge of colour 1.

Thus, to avoid repeating colours, if we visit v; k times, we must use an edge of colour 1 at least
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k — 1 times. If £ > 2, then we use an edge of colour 1 more than 1 time, so an r-colourful trail is
no longer possible. O

r—1

Since [*5=] > 2 for 7 > 5, we cannot have n > r for r > 5.

2.1.2 Examples for Small r

r || Minimum n | Maximum n
1 2 00

2 3 00

3 3 00

4 4 5

5 4 6

6 5 5)

P

A 1-colourful trail is just an edge. Thus for an edge to exist in the complete graph K, the
minimum n is 2 and the maximum n is oco.

n=2

A 2-colourful trail requires 2 edges that are connected at the same vertex with different colours.
We claim that a 2-colourful trail exists as long as it is possible to have at least 2 colours in the
graph (i.e. n > 3). This would imply the minimum 7 is 3 and the maximum 7 is co.

Proof. Suppose otherwise, and without loss of generality consider edge e connecting vertices v,
and vy. We assume e is colour 1. All edges connected to v; must be colour 1, otherwise if vyv; is
colour 2, then there exists a 2-colourful trail, v;u;v,. Therefore each vertex has an edge connected
to it that is colour 1, vyv;. Since the entire graph must contain at least 1 colour 2 edge, let v;v;
have colour 2. Then v;v;v; is a 2-colourful trail, a contradiction. O

P13

Clearly the minimum n is 3, because the only way to colour K3 using 3 colours is to colour each
edge a different colour. We claim that the maximum n is infinity.

Proof. Suppose otherwise, that is for r = 3, there exists a construction for some sufficiently large
n such that a 3-colourful trail does not exist.

Lemma 2.1.1. In this construction, among edges connected to a vertex, there are at most 2
colours.

Proof of Lemma 2.1.1. Otherwise, WLOG assume v, is connected to v; by an edge of colour i —1,
where 2 < ¢ < 4. Then consider edge vovs. If vovz is colour 1, then wovszvivy is a 3-colourful
trail. If vovs is colour 2, then vsvev vy is a 3-colourful trail. If vevs is colour 3, then vjvyv3v, is a
3-colourful trail. This is a contradiction because vovs must have a colour ¢ where 1 <7 <3. [
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By the lemma, such a setup cannot exist

Now notice that in a valid colouring, there must exist at least 1 vertex such that there are 2
edges with different colours connected to it, otherwise the whole graph is the same colour. So,
WLOG let v; be one such vertex, vjvy is colour 1, vyvs is colour 2. By the lemma, vyv; cannot
be colour 3 for 4 < i < n. Also, vov; cannot be colour 3 for 4 < ¢ < n, otherwise v;vv,v5 is a
3-colourful trail. Similarly vsv; cannot be colour 3. Since there must exist at least 1 colour 3 edge
in the graph, let v;v; be colour 3, where 4 < ¢ < j < n.

But now edge v,1v; cannot be any of the 3 colours. If v1v; is colour 1, v3v,v;v; is a 3-colourful trail,
and similarly there is a contradiction if v;v; is colour 2. As previously mentioned, v,v; cannot be
colour 3 by Lemma 2.1.1.

This is a contradiction, hence no construction exists. Maximum n for r» = 3 is thus oo. O

r=4

First we show that the minimum n is 4. Since there are 6 edges in Ky, let a and b be edges such
that the remaining 4 edges are of 4 distinct colours. (¢ and b may or may not be the same colour;
for simplicity in diagrams, they are blue while the other edges are black.) We consider 2 cases.

Case 1 (left diagram): a and b share a vertex. Start from the bottom right vertex and traverse to
the bottom left vertex first.

Case 2 (right diagram): a and b do not share a vertex. Start from any vertex in the diagram.

Constructions for r =4,n =4

Now we show that the maximum n is 5.
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Notice that for n > 6, we can simply let v1v2 be colour 1, v3vs be colour 2, vsvs be colour 3
and the rest of the edges be colour 4. Then we clearly cannot traverse all the edges of colours 1
to 3 without traversing more than one colour 4 edge.

O O

A setup which results in no r-colourful trail for » = 6, where n = 6. A similar idea can be applied
for n > 6.

We are to show there exists an r-colourful trail for all valid colourings for r = 4,n = 5.

Proof. Suppose otherwise, that is there exists a construction for n = 5 for which there is no
4-colourful trail.

Lemma 2.1.2. In such a construction with no 4-colourful trail, the following setup cannot exist.
That is, it is not possible for vive, v1vVs, V1V4, V45 to have pairwise distinct colours.

@\@@

)
©

We claim that such a setup cannot exist.
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Proof of Lemma 2.1.2. Refer to the above diagram.

First we consider vyvy. If vovy is green, then vsv vivvy is a 4-colourful trail. If vyv, is red, then
V54020103 18 a 4-colourful trail. If wov, is purple, then vzvivevsvy is a 4-colourful trail. So vovy
must be blue, and similarly vzv, must be green.

U1
@

We realise vyv4 must be blue and v3vy must be green to avoid 4-colourful trails.

Next we consider vovs. If vovs is green, then viv,vsv9v4 is a 4-colourful trail. If vowvs is red,
then v3v vsv904 1s a 4-colourful trail. If vyvs is blue, then vyvsv vivs is a 4-colourful trail. If vovs
is purple, then vsvyv,v1v3 is a 4-colourful trail. This is a contradiction. O

WLOG, v1vs is colour 1 and vyvs is colour 2. At least one of vy, vo, v3 must have a colour 3 or
4 edge connected to it, otherwise since colour 3 and colour 4 must exist in the graph, v vs will be
both colour 3 and colour 4 which is impossible.

Case 1: vy is connected to v4 or vs by an edge that is neither colour 1 nor 2. WLOG, v,v4 is colour
ok

If any of vovs, oy, V3v4 is colour 4, then it is clear by the construction in Figure 3, by considering
v1, V2, U3, V4. Otherwise, one of vsvy, vsvs, VsV, VsV, 18 colour 4.

Case 1(a): vsvy is colour 4. Then we have the following setup:

Case 1(a)

vou3 cannot be colour 3, otherwise vvov3v1v5 is a 4-colourful trail. Similarly vevs cannot be
colour 4. WLOG let vyvs be colour 1. Similarly let vyvs be colour 3. Then vevzvivsvy is a 4-
colourful trail. Thus there is no way for there to be no 4-colourful trail, contradiction.

Case 1(b): WLOG wsv; is colour 4. Apply Lemma 2.1.2.
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Case 2: Otherwise; that is, at least one of vy, v3 must have an edge that is neither colour 1 nor 2.
WLOG, v has a colour 3 edge.

Case 2(a): WLOG, w903 is colour 3. If any of vy, v, v3 has a colour 4 edge connected to it, WLOG
V104 18 colour 4. v,v9v30104 1S a 4-colourful trail.

Otherwise, v,v5 is colour 4. Consider v;vy.

v1v4 cannot be colour 1, otherwise vsv, v1v3v9 must be a 4-colourful trail. Similarly, v,v, cannot
be colour 2.

v1v4 cannot be colour 3, otherwise there is a setup as shown in Lemma 2.1.2.

v1v4 cannot be colour 4, otherwise vyv1v9v3v1 is a 4-colourful trail.

This is a contradiction because v1v4 cannot have any colour.

Case 2(b): WLOG, wvyvy is colour 3.

If any of vyv4, vov3, V304 is colour 4, then it is clear by the construction in Figure 3, by considering
V1, Vg, U3, V4.

If v3v5 is colour 4, then v Vv V35 is a 4-colourful trail, so v3 cannot have a colour 4 edge. Similarly,
v, cannot have a colour 4 edge.

So either v; or vy has a colour 4 edge to vs. But this is not possible by Lemma 2.1.2.

Therefore, there exists no construction for » = 4,n = 5 such that there is no 4-colourful trail. [J

Py

First we show that the minimum n is 4. Since there are 6 edges in K4, one of the colours is appears
exactly 2 times while the rest of the colours appear exactly 1 time. Suppose we remove one of
the edges in the graph that has repeated colour (in the diagram, it is the blue edge). Then we
obtain a Semi-Eulerian graph, and an Eulerian trail exists in this modified graph. Hence, there
is a b-colourful graph in K,. Refer to the diagram. (The 5 black edges have distinct colours, and
the repeated edge is not in the trail.)

Construction for r = 5,n = 4 (start from bottom right vertex and traverse to bottom left vertex
first)

Now we show that the maximum n is 6. For n > 7, we can let v;v9 be colour 1, vevs be colour
2, vqvs be colour 3, vgur be colour 4 and the rest be colour 5. Then we clearly cannot traverse all
the edges of colours 1 to 4 without traversing more than one colour 5 edge.

We are to show that for all valid colourings for r = 5,n = 6, there exists an r-colourful trail.
We use the following C++ code to find all valid colourings (WLOG, vyvs is colour 1 and vyvs
is colour 2), then check whether there exists an r-colourful trail in each of them using Dynamic
Programming.

Dynamic Programming is a method for solving a complicated problem by recursively breaking it
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down into simpler subproblems, solving each of those subproblems just once, and then storing
their solutions in a data structure. This ensures that the answer for each subproblem is computed
at most once, reducing the time taken to solve the problem.

The first function, checkTrail, is passed two variables x and bitmask. x is the current vertex
number (0-indexed). bitmask is an integer that acts as a boolean array (i.e. an array of ‘0’s
and ‘1’s), which stores for each colour whether it has been traversed yet (1) or not (0). Suppose
bitmask has p colours that have not been traversed yet. checkTrail checks whether there exists a
p-colourful trail that starts at x and traverses the remaining p colours that have not been traversed.
It does so by considering all possible vertices that can be reached from x. Suppose some vertex
y can be reached from x, and the colour of the edge xy has not been traversed before. Then we
recursively call checkTrail, but with different input variables; the current vertex number becomes
y and the bitmask is modified to indicate that the colour of edge xy has been traversed.

The second function, checkValid, checks whether a colouring given by the construct function
(see below) is valid, by counting the number of occurrences of each colour in the colouring that
has been constructed. For every vertex, checkValid then calls checkTrail starting at this vertex
(since the trail could start at any vertex), where all colours have not been traversed before. If
any of these calls to checkTrail indicate that a r-colourful trail exists, checkValid terminates.
Otherwise, there exists a valid colouring in which an r-colourful trail does not exist, and a matrix
representing the colours of the edges will be printed.

The third function, construct, assigns colours to the edges in the graph and stores the colours in
a matrix. For every possible assignment of colours generated (regardless of whether it is valid or
not), construct calls checkValid when all edges have been assigned a colour.

construct is called in the main function to assign colours to all the edges except v1v2 and vyvs,
which have already been assigned colours WLOG.

#include <bits/stdc++.h>

using namespace std;

int r, n;

int col[10][10]; //array to store edge colours

int memo[10][1000]; //stores results of previous calculations to prevent
recalculation and speed up the program
bool checkTrail(int x, int bitmask){

if (memo [x] [bitmask] !'= -1) return memo [x][bitmask];
if (bitmask == (1 << r) - 1) return 1;
bool ans = 0;
for(int 1 = 0; i < n; i++){
if(i == x) continue;
if ((1 << (col[x][i] - 1)) & bitmask)continue;
ans = (ans || checkTrail (i, bitmask + (1 << (coll[x][i]l - 1))));
}
if (ans) return memo [x] [bitmask] = 1;
return memo [x] [bitmask] = 0;

}

int countColours[10];
void checkValid (){
memset (countColours, 0, sizeof (countColours)) ;
for(int 1 = 0; i < n; i++){
for(int j = 0; j < n; j++)countColours[col[i][jI]++;
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}

}
for(int 1 = 1; i <= r; i++){

if (countColours[i] == 0) return;
}
for(int 1 = 0; i < n; i++){

if (checkTrail (i, 0))return;
}
//if the function has not terminated by now, it means that there is no
possible vertex to start from that produces an r-colourful trail.
printf ("The following valid colouring does not produce an r-colourful trail
:\n");
for(int 1 = 0; i < n; i++){

for(int j = 0; j < n; j++){

printf("%d ", col[il[j1);
}
printf ("\n");

void construct(int x, int y){

int

if(x == n){
checkValid () ;
return;

}

if (y >= n){
construct(x + 1, x + 2);
return;

}

for(int i = 1; i <= r; i++){
col[x][y] = 1i;
coll[yl[x] = 1i;
construct(x, y + 1);

main () {

r = 5; n=6; //initialisation of variables

memset (memo, -1, sizeof (memo));

//note: vertices are O-indexed in this program

col[0][1] = 1; col[1][0] 1; //without loss of generality, this edge is
colour 1

col[0][2] = 2; col[2][0] 2; //we set the edge between 0 and 2 to be a
different colour from the edge between O and 1. (this is because somewhere
in the graph, there exists 2 edges of different colours connected to the
same vertex. so WLOG it is here.)

construct (0, 3);

Since the program terminated without output or errors after approximately 130 seconds, we con-
clude that an r-colourful trail exists in all valid colourings for r = 5,n = 6.
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r==06

The minimum n cannot be < 4, otherwise K,, has < 6 edges.

If n = 4, there is only one possible colouring for » = 6, where each edge is a different colour.
However, there is no Eulerian trail in K, because 4 is even, so there is also no 6-colourful trail in
K,. Hence minimum n > 5.

Now consider the observation in section 2.1.1. From this observation, we see that n < 5 for r = 6.

We claim that for all valid colourings for » = 6,n = 5, there exists an r-colourful trail. We can use
code that is almost exactly the same as the code shown above for r = 5, n = 6, except a minor
change in line 62 of the code above (initialisation of variables):

r = 6; n = 5; //initialisation of variables

The modified code terminates after approximately 0.15 seconds without output or errors. Hence,
an r-colourful trail exists in all valid colourings for r = 6,n = 5. So minimum and maximum n is
5 for r = 6.
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2.2 Partial Solutions (Loose Bounds)

For r < 6, the minimum and maximum n have already been proven above. For this section, we
assume 7 > 6. Note that the tightness of the bounds in this section have not been proven.

2.2.1 Minimum n

Let M be the integer such that (M;) <r< (];I)

If r = (]2\4) and M is even

Minimum n > M + 1 in this case.
If n < M, then r = (A; ) > (;‘), so there is no valid colouring with r colours.
Since M is even, we see that there is no Eulerian trail in K. r = (];I ) is the number of edges in

Ky, so it is impossible to find an r-colourful trail (which is an Eulerian trail) for n = M.

Therefore, the minimum n > M + 1.

Otherwise

If n < M, then r > (MQ_ 1) > (Z), so there is no valid colouring with r colours. Therefore, the
minimum n > M.

The tightness of this bound can be easily seen when r = (Jg[ ) and M is odd. This would mean
that K, is a complete graph with odd number of vertices, and the only possible colouring is when
each edge is coloured with a different colour. Hence, in this graph, there exists an Eulerian trail
which is also an r-colourful trail.
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2.2.2 Maximum n
Suboptimal Bound
A suboptimal bound with similar ideas to the better bound was found. Its proof makes use of

previous observations to lead to the better bound, as the thought process may not be obvious.

Suppose r = 6,n > 6 and the following setup is an induced subgraph of a K,, with valid colouring.
The edges not drawn in the diagram from these 6 vertices are all colour 1 (blue in the diagram).
Then it is impossible to find a 6-colourful trail, by using a similar proof as in section 2.1.

A setup which results in no r-colourful trail for » = 6, where n > 6

Let L be the integer such that (Lgl) <r—6< (g) (Note the different definition of L compared
to in section 2.2.2.)
We claim the maximum n < L 4+ 5. We show that for all n > L + 6, there exists a construction
such that there is no r-colourful trail.

Proof. Suppose n > L + 6. Consider vy, vs, ...v5. Let v1v; be colour ¢ for 2 <4 < 6.

Next we consider v7, ...v,. Notice that since n > L + 6, there are at least L vertices from v; to vs,.
Since r — 6 < (g), there are enough edges among these vertices to use colours 7 to r, such that
there is exactly 1 edge of each of these colours.

All the remaining edges are colour 1. Since no trail can traverse all of colours 2 to 6 without
traversing a colour 1 edge more than once, there is no r-colourful trail. O

x 24

An example of the above construction for » = 10
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Better Bound

For the better bound, we use a similar idea as the one mentioned in the previous section. (That is,
the graph is considered in two “parts” with only 1 colour used for all the edges that cross between

the two “parts”.) Consider this setup:
50

r = 6,n = 4 results in no r-colourful trail

Now suppose r > 7. If r > 7, let L be the integer such that (Lgl) <r—-7< (é) Ifr=17,set
L = 1. (Note the different definition of L compared to in Appendiz B.)

We claim the maximum n < L 4+ 3. We show that for all n > L + 4, there exists a construction
such that there is no r-colourful trail.

Proof. Consider vy, vq,v3,v4. Colour the edges v;v; (1 < i < j < 4) each with a different colour
from colour 1 to colour 6, as shown in the diagram above.

Next we consider vs,...v,. Notice that since n > L + 4, there are at least L vertices from vs to
Up. Since r—7 < (5), there are enough edges among these vertices to use colours 7 to r — 1, such
that there is exactly 1 edge of each of these colours.

Colour r has not been used in the above construction. We use colour r for all the remaining edges.

Suppose there exists an r-colourful trail in this construction. Let G be the induced subgraph given
by vertices vy, vs, v3, v4. Since there is no Eulerian trail in G, and there are distinct colours 1 to 6
in G that do not appear anywhere else in K, all the vertices in G' cannot be visited consecutively.
That is, for some 1 < 41,4 < 4 and 5 < ji, jo < n, there exists some edge v;,v;, being traversed
before some other edge v;,v;,.

However, these two edges are both colour r, which is a contradiction. Hence there does not exist
an r-colourful trail for n > L + 4. O

x12

i
o

An example of the above construction for r = 10

Mathematical Medley - Volume 46 Issue 1/2 - December 2020 3 5



FinpinGg CoLourruL TRAILS

Other Graphs

Though the focus of the project is complete graphs, as a by-product, we have extended the study
of r-colourful trails to some other classes of graphs. The results are detailed below.

Note that in this section, we assume r > 3. This is because the bounds for r = 1 (n > 2) and
r =2 (n > 3) have the same proof as in section 2.1.2.

3.1 Paths

We claim that n = r + 1 if the graph is a path.
Clearly, n > r because a path of n vertices has exactly n — 1 edges.

If n > r 4+ 1, then the number of edges is strictly greater than the number of colours, so there
exists a repeated colour. It is easy to see that the following construction results in no possible
r-colourful trail:

U1 (%) Up—(r—2) Un

colour 1 colour 2 colours 3 to r

If n = r 4 1, then there are exactly r edges so each edge is a different colour, and we just
traverse from one endpoint of the path to the other.

3.2 Cycles

A cycle is a nonempty trail in which the only repeated vertex is the first vertex, which is also the
last vertex.

We claim that » <n < r 41 if the graph is a cycle.

Clearly, n > r because a cycle of n vertices has exactly n edges.

If n =r, each edge is a different colour so we just traverse around the cycle.
Notice that given a cycle, we can ignore 1 edge to make a path.

If n = r+ 1, there is a repeated colour. So we ignore one of the edges that has that repeated
colour to obtain a path with the same number of vertices and colours, where n = r + 1. Hence
there always exists an r-colourful trail for a cycle with n = r + 1 vertices.

If n > r + 1, there is more than 1 edge whose colour appears more than once. We ignore any of
these edges to obtain a path with the same number of vertices and colours, i.e. n > r + 1. Hence
there exists a construction for cycles with n > r 4 1 vertices, where there is no r-colourful trail.
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3.3 Bipartite Graphs

A bipartite graph is a graph whose vertices can be divided into two disjoint, independent sets such
that every edge connects a vertex in one set to a vertex in the other set. We denote the size of
the larger set by wu.

Here we wish to determine the minimum and maximum possible n such that there always exists
an r-colourful trail for all possible valid colourings of all possible bipartite graphs with n vertices.
We see that if either set of vertices contains > r vertices and the other set is nonempty, then there
is a construction for an r-colourful trail. For 1 <i <7, u+1 <j <mn, v;v; is colour i, and for
r+1<i<uu+1<j<n,vwv;is colour r. We cannot traverse through more than 2 colours
without repeating a colour.

Hence, the maximum n will be < r + 1.
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Conclusion

4.1 Summary of Results

Overall, we have realised that the ideas used to prove some results were useful in finding tighter
bounds or proving other similar results. We hope to work on proving the tightness of the bounds
provided.

4.1.1 Complete Graphs
Tight bounds have been found for r < 6:

r || Minimum n | Maximum n
1 2 0’9

2 3 00

3 3 00

4 4 5

5 4 6

6 B} 5

It is worth noting that the minimum and maximum n are not necessarily monotonically in-
creasing.

We notice that if r =7, then n < 4 and n > 5, so there is no possible n.

For r > 8, some bounds have been found. The tightness of these bounds have not been proven in
general.

Ifr = (A;) for some even M, then the minimum n > M + 1.
Otherwise, the minimum n > M, and this bound is tight when r = (J;I ) and M is odd.
The maximum n < L + 3 where (L;I) <r—-7< (g)

4.1.2 Other Graphs

Considering r > 3, we have:

‘ Class of Graph ‘ Bounds ‘
Paths n=r+1
Cycles r<n<r+41

Bipartite Maximum n <r +1
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4.2 Applications

Applications of this problem would involve complete graphs where edges are coloured.

A possible application of this problem could be during a round-robin tournament. Suppose teams
are represented by vertices, games are represented by edges and the different rounds are represented
by different edge colours. A reporter may start reporting about one team, report about the team’s
game, then move to follow the other team to their game in the next round. If the reporter wants
to report about 1 game in each round, our research could help to bound the number of teams in
the tournament.

Another application, especially for more general graphs, is in a situation where a person wants to
review some r airlines operating among n airports, using the least number of flights (i.e. r flights).
Our research bounds the number of airports that the person will have to stop at.

4.3 Further Investigation and Extension

In the future, we hope to investigate the tightness of the bounds provided above. We would also
like to consider the following questions:

1. Does there exist an r-colourful trail for all K, for all positive integers n between the minimum
and the maximum found (inclusive)? (That is, is the range continuous?)

2. What if the trail must have its colours in a specific order?

3. What if the graph is a general graph? Is it possible to bound the number of edges in the
graph given n and r?

4. What if it must be a path instead of a trail, i.e. vertices cannot be repeated?
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