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59'''lntenn.uo#t English (eng), day 1

Mmhclrnartcal C)\rnpiad
CluFNapoc¤r Flornenia

IlIorrrl,rt q. ,l u,l,q 9. 201E

Problem 1. Lct I l>c tlte r:it'r'tttrrcil'le of u<'rrtr'-trnglt<l triarrglc AB('. Points l) au<l E lir'orr
sogulelrts,,{B artcl /(1. 1'lrspec'tively. srx,h t}rat /D : AE. 'l'lrt'1lr:r1>crrrli<:rrltrr lrisrr:toLs of BD tur<[
CE irrtersrr't tlrt' rnitror ar<'s AB rurrl AC of f trt poirrts .F arrrl G, resprx'tivt'lv. Prrx,t' that tlre liru's
DE artrl f(,'arc paralk'l (or art. tltc sirrrrc liut').

Problern 2. I"irr<l rrll irtt'gt't's rr ) jl Iol rr'lri<lr tlrclc t'xisl lt'al rrrrrrrlr<.r's.rt./r,.
(lrt I I : {r1 :IIItl (l tt +2 -- /12. il.lltl

(t;tt;11*l:tt;*:

ftrl l:1.2.....rr.

u rt +,2. StlclI t lrtrt

Problem 3. At o,tt,t:i.-Po.stn,l trirut4lc is arr txlrrilat<,ral triturgrrltrr nrrav of rururbcrs srr<'h thilt. 1'11'1r1rt

fiu thtr tuttrrlt<.rs itr tlx' lrottoln r'()rv. r'a<'h ruurrllcr is the alrsolutc valrrc of thc clifft'rcrr<r. of the t'*'<r
ruurrbers irrrrrrtrliatelv bt'lorv it. F<rr t'xaur1;le. tlrc f<rlkrrving aLrav is arr arrti-Pas<'al trianglc n'ith f<lrr
rorvs u,hi<'h <'orrtaius crr'r't' irrtegcr firrrrr I to 10.

I

'2 (i

itTl
,\ :i l0 1)

I)o<'s tltcrt t'xist an irtrti-l)ascirl lriarrgk' n'itlr 20 1,\ r'<lrr's rlltit lr <rrrrlrrirrs t'rtlr- irrlcgcl lloru I lo
l+2+...I201E1

Lrr,rt,t1 u(Lq(' : lirt ql i,slt T\itrt,r': y' lt,ott,t'.s (nt,d, ,'J0 nt:itt,tr,t r:,s
Eru:lt, plobl,ern, zl.s tilorth 7 poi,rrts
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Ci wi,
59"'lntrennttio#l

English (eng), day 2
Mm,Frcrnsocd Olyrnpiad

CluFNepocEr Rornenie

Tu,e,sda'y, .lu\1 1 0, 201 I

Problem 4. A .site is atty 1;oint (:r'. y) in the plane srrch that :l: rurd u are both positive irrtcgers less
tharr r>r cqual to 20.

Initiall.y, eadt of the 400 sites is ttuoct:rtpied. Arny and Bcn take trrrrrs plar:irrg stones with Arrry
going first. Orr lxlr turrr. Anly pla<:cs a new red storrc on arr rrrroccul>iecl site sudt that tlrtr {istarxx.
betrl'eetr inry two sites o<x:rrltied bv rcd stones is uot e<1rral to 16. On his trrrn. Bcrr ltlaces a rrert bhtt:
stotter ott ally ull()(:(:upied site. (A site occupit:rl by a blue stone is allowcrl to be at any distnrrce frorrr
any otlurr occul>ie<l site.) Thev stoP tus soon iLs a plavcr carru()t 1>lace a stone.

Firrrl the greatest lT srr<lt that Arnv can (rnsure that she plar:es at krtust K re<l stones. uo uratter
Irow Bcrr places his ltlue stones.

Problem 5. Lt't rrl .o.:....lre arr itrfirrit('s(\[ll(,lr(('of lrositirr'irrtt'gcrs. Srryrposc t]rat tlx'rc is arr
intt'gcr'-\- > I srrclr that. Iol ctr<.h n ).\-. tlrt'tnrrrrlrcr

(l I (12 (l tt _ | (t,,

_, a +...+ u *i
is att irtt<'gcr'. PLov' that llrclc is a positirt irrtcger. -\l srrclt thal rr,,, : ut, tt frrr all rrr l ll.

Problem 6. A convex quadrilateral ABCD satisfies AB.CD : BC.DA. Point X lies inside
ABCD so that

/-X AB - /-XC D
Prove that /BX A + IDXC - 180".

AIXI ZX BC - IX DA.

Tirn,e: /, hou,r'.s and ,90 minu,te;s
Each, problern, is uorth 7 point.s

I-,o,rt,qtt,(r,(J (' : Enql,'i,,slt
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Solutions

1. Let f bc the circunrcircle of acrrte tritrrrgle ABC. Points D antl E are otr segttrcttts
AB a,rxl AC rcspectivcly such that AD : AE. Tltc perpctrdicrtltrr l;isectors of BD
and C.E interscct rrriuor arcs AB nnd ,4C of I at points F arrd G rcspectivell'. Prove
tlrat lirres DE ald, FG are eithcr parallcl or thcy trre tlte saurc litte.

Solution by Luco,s Boo Tse Yang. If. AB : AC. then the triangla ABC is

isosceles and it is obvioru that DE is pnrallel to FG. We mav assume without loss

of gerrerality that AB > AC. Let / ber the tarrgent at A. Cotstruct the point J
such that J, A are orr the same si<le of the line BF and AFBJ : LFDA. Sirrilarly
construct thc point 1( such tlrtrt K. A irre on the satne side of the linc CG zrrrcl

LGCK : LGEA. Sirce IB,IF : IBAF atxl ICKG : ICAG, the poirrts J' K
lie orr f. Therr BJ : DA: EA: CK irnplies that BCK,/ is an isosceles trapeziuut
with.//( partrllcl to BC. Also F,4 : F,I inrplics IAGF : IFG,I and GA : GIi
inrplies IAFG : IGJ K.

I'

lr

,l
I.'igtrre 1.1

Tlrc trrrglt'lrt'tstt.tt / lrul F(i : l-4,G1" - l:lFG : ll"GJ - lG.lIi: tlrt'attglt'
lrt'1,wt't'lr F(,' rr,rr<l ,I Ii : tltt' iltrglc lrt'tu'tttt F(,' ir,rr<l B('.
Tlrc irrrglc lx'lu'r,t'tt 1 irrrtl DE- : l-4ED - l^'lLJ(: l-'lDE - l^4BC': tltt'ttttglt'
lrt'tnrtrr DE atxl B('.
This irrrpli<'s tlrat lrotlr FCI trrr<l DE irx'pitrrtllt'l to tltt'lrist'c'tot'o['/'art<l RC'.

'2. Firr<l tll irrt<'gt.r's 71 ) li lbl wlri<:h tlrcx'cxist, ttal tttttttlrt'l's {t,1. u'2.....rt,, satisf'yittg
(ln*l : (ll. (ln F2: fl2 illl(l

uie.i+t ! l: trirr,2.

lor l: 1.2.....rr.

Solu,tion by Cheng Pu,lrua. We shall prove that z is a rrmltiple of 3. For cottvenience,
exterrd the sequence (rl. a2,...,an to an infinitc pericldic seqllcnce with period n..

Then we shall prove that the shortest periocl of the sequence is 3. Note that the
equation 12 +I: r lrtus no real solution, so tlte nurnbers at,o21 ...,att cannot be

all equtrl, hence the shortest period cattnot be 1.
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Bv tlrt'l'('('llr'r'('ll('('t'r'latiotr firr r arrrl i + 1. s'e ltlu'(o;,.2 - l)rti12: uiui+tui+.2:
tt;(rt11:t - l) so that rrf*, - {ti{t;1;1 : (ti+2 - rr;. By sttttttttittg 1;y'r I :1.2..... rr. w('
get

;{,,,-oi*;t)2-0.
i: I

TIrtts rr; - oi+:l Iirt't'r,crt' irr<lt'x i. so tltt' s('(lllcll('(' ut.u2.... is pct'iorli<: witlr pcriorl
ll. Nott'tlrat u,lu'rr rr is a ulrltilrk'of ll. (rrt.(r2....) : (-1.-1.2.-1.-1.2....) is a
solttt iorr.

;t. An iurli-l)irsca.l 1,r'irrrrglt'is irrr trlrrilalcrirl triarrgrrlirl arrtn'oI ruru]rcls srrr'h thal,.
t,xct'1rl lilr tlrt' trtttrrllt't's itr tlr<' llott<lur Iou'. r'ar'lr Irturrlrt'r is tlrc irlrsohrtt' r'irlru'of tltt'
<lifli'r't,rr<'r'o1'tltr,turr tuutrlrt't's irrrtrrt'rliirtt'h'lrclou'i1. Iior cxarrrplt'. tlrt'lirlkxvirrg is
att rurti-l'ir.s<'itl triirtrglt'rvitlr lorrr rclu's u'lrich r'orrt,ir.irrs cvt'r'\'irrlci+'r'firrrrr I to 10.

.l

26
lt7l

8 :] 10 9

Does there exist an anti-Pa^scal triangle with 2018 rows which cclntains everv integer
from 1 to 1 * 2 + 3 +... + 2018?

Parti,al Sol'uti,on by Lee Ker Yang and Official Solu,ti,on. No, such an arrti-Pascal
triangle <loes not exist. Suppose it exists. Let 7 bc an anti-Pascal triarrgle with n
rows, coutaining cvery integer from 1 to I * 2+...* n, and lct a1 be the topmost
rrunrber in 7 as in figure 2.1. The two numbers below ot are soute 02 and b2 : a1lo,2,
the two trtrmbers llelow b2 are som¤ 03 and b3 : ol * a2 la3, and so on and so forth
all tlre way dowtr to the bottonr row, where some on and br, : o,L * az * ... -f a,
are two neighbours below btt-r : a1 * o,2 + ...+ nr,-1. Silce the a1 are pairwise
distinct positive integers whose sum does not exceecl the largest number in 7, which
is 1 * 2 + ...* n, it follows that they forrn a perrnutation of 1.2,....n,.

F'igrrre ll.l Figtrrt, il.2: Therc aro I nurnl)crs
itr t.lrt' l>ottom row ()f 7/.

Cotsitlcr tlte trvo cclttilateral srtlrtriauglcs of 7 wltclst' lrottotrr rows conttrirr thc nuru-
bers to thc left, rt".spcctivelv riglrt. of thc ptrir {tr,,,b,, as in Figrrro 3.2. Onc of t}resc
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subtriangles could be empty. At lea^st one of these subtriangles, say T', has side
lengtlr (21("-2)121. Since 7/ is also an anti-Pascal triangle, it contains / pair-
wise distinct positive integers a\,a!2,...,a't, where a/, is at the apex, and a/6 and
b'k: a\+alr+ "'*o'k are two neighours below bty-rfor each k :2,3,...,/. Since
the a6 all lie outside 7/, and they form a permutation of 1,2, . .. , n, the a'o are all
greater n. Consequently,

b'2 2 (n+ 1) + (n + 2)+ . . . + (n + t) : a#fl > L. + (zn + ff + 1) : !oq=z,
which is greater than 1*2* . . .*n : ry for n : 2018 resultirrg in a contradiction.

Remark.In the literature, arr anti-Pascal triangle is called an exact difference tri-
angle. It has been proved in [1] that an anti-Pascal triangle with n rows formed by
the rrumbers from l to 1 +2 +... *nexists if and only if n I 5.

[1] Chang, Hu, Lih and Shieh, Eract Difference Triangles, Bulletin of the Institute
of Mathematics, Academia Sinica, Vol. 5, pp 191-197 (1977). The paper is available
at http : / / u3. math . s ini ca . edu . tw,/bullet inlbullet in-old / d5t / 5L2O . pdf .

4. A site is any point (r, g) in the plane such that r and g are both positive integers
less than or equal to 20.

Initially, each of the 400 sites is unoccupied. A-y and Ben take turns placing stones
with Amy going first. On her turn, Amy places a new red stone on an unoccupied
site such that the distance between any two sites occupied by red stones is not equal
to t/i. On his turn, Ben places a new blue stone on any unoccupied site. (A site
occupied by a blue stone is allowed to be at any distance from any other occupied
site.) They stop as soon as a player cannot place a stone.

Find the greatest K such that Amy can ensure that she places at least K red stones,
no matter how Ben places his blue stones.

Solution by Shi Cheng. The answer is K : 100. Colour the sites of the grid black
and white in a checkerboard fashion. There are 200 black sites and 200 white sites.
As the distance between any 2 black sites is not equal to r,/5, A-y can place a red
stone orr any of these black sites. Since Amy and Ben take turn to place a stone on
the grid and there are 200 black sites, Amy can place at least 100 red stones on the
black sites. Thus K > 100.
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Figure 4.2: Partition thc 4 x 4
grid into 4 groups.

ll
l)

Figure 4.1: Clolour the sites of the grid
black and white in a checkerboard fashion

Next we shall show that Ben can prevent Amy from placing more than 100 red
storres on the grid. Divide the 20 x 20 grid into 25 sub-grids nf size 4 x 4. In each
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subgrid of size 4 x 4, group the sites into 4 groups each having 4 sites as in Figure
3.2. In eaclt group, the 4 sites are labelled by the same letter, and they form the
vertices of either a square or a rhombus. Note that the length of a side of such a
square or a rhombus is r/5. AIso the distance between 2 sites within the same group
which are diagonally opposite is not equal to t/5. lt Amy places a red stone on a
site of the 4 x 4 grid which belongs to one of the groups with labels say A, then Ben
can place a blue stone on the diagonal site within the same group. This prevents
Amy from placing a stone on the other 2 sites in that group. As such Amy can
place at most 4 red stones on the 4 x 4 grid. Therefore, if Ben adopts this strategy,
then Amy can place at most 100 red stones on the 20 x 20 grid. This proves that
K: 100.

5. Lct n1.u.2. ... bc tttt irrfirrite s('(lll('ll('('of positixr intt'gcrs. Srrpposc tlrut tlu'r't'is arr
irrtcgcr ,N > 1 srrch that,. fbr ca.r'h rr ) ,Ay'. tlrt' rrrtrnbcr

(l.l u2 Qrt I ilrt-T- '-r
(12 (l:l (l rt (l I

is an integer. Prove that there is a positive integer -&/ such that a*: am*7 for all
m) M.

Solution by Tan Junyao, Joel and Official Soluti,on. Let sr, : #+ff+.. .+ T+ff,wheren)N. Then
sz+1 - sn:lL+ry-? (b.1)An*t At O,1

is an integer. Multiplying it by a1, we see that a1anfa241 is an integer, so that
an+r I o4an for all n ) N. This implies that an I a!-Nay. Thus all the prime
factors of an are among those of ataN. It suffices to prove that the exponent of each
of them in the prime factorization of an is eventually constant. This implies all the
an are eventually equal.

Let p be a prime factor of a1ay. Denote by ,p(q) the exponent of p in the prime
factorization of a nonzero rational number q.

Case 1. There exists an index n 2 N such that up(an) >_ up(at).
If uo(an'r1) l ap(ar), then uo(anfa",+t) 2 0 and ur(anf a1) ) 0, but ur(an,r1f a1) <
0; hence sn*l - s" in (5.1) cannot be an integer. This contradiction shows that
ap(an+t) 2 up(at).

On the other hand , if. uo(ana1) ) up(an) , therr uo(an f an+r) < 0, while ur(ana1 f a1) )
0 anduo(an/or) > 0; again contradicting the fact that sn*r-sn in (5.1) is an integer.
Therefore, up(a") )_ ur(anar) >_ ap(at).

This argument can be applied successively to indices n * L,n * 2,. . ., showing that
up(an),up(ar+r),up(an+z),... is non-increasing and bounded below by uo(a1), hence
eventually constant.

Case 2. up(an) < up(at) for all n ) N.
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If we have ap(ar+r) < up(an) for some n ) N, then'ur,(ar,+rlor) < ur(o"lor) <
0 < uo(anf an+r), which contradicts the fact that sr,11 - s, in (5.1) is an iute-
ger. Therefore, up(an+t) > uoQt") for all rt, 2 N. Consequently, the sequence
up(aN),ur(aN+r), up(alr+r),.. . , is non-decreasing and bounded bv u,,(ut) frorn above,
and hence it is also eventr.rally constant.

6. A convex quadrilateral ABCD satisfies AB.CD: BC.DA. Poitt X lies inside
ABCD so that

/-XAB: IXCD aII(l IXBC : IXDA.

Prove tlrtrt IBX A + IDXC - 180o.

Solution bA Ng Yu Peng.In order to take care of different configurations, we use ori-
ented arrgles. The notation IABC denotes the angle rneasured irr the anticlockwise
sense from the ray BA to the ray BC.
Let tlre circumcircles of the triangle AX B alnd C X D irrtersect at X and P. Since
IXPB + IDPX : 180o - IXAB + IXCD: 180o, the point P lies on BD. We
have the following.

(i) ICPA: ICPX + IXPA: ICDX + 180' - IABX : (ICDA - IXDA) +
180'- (IABC - IXBC):180o + ICDA- IABC.

(ii) IBXA+ IDXC: 180o * IBPA+ IDPC : 180o + IDPC : 1tJ0o

IBPA: IAPD.

The poirrt P on BC such that ICPA:180o +ICDA- IABC is unique, so it
suffices to show that such a point P satisfies the conclition that the line BD bisects
ICPA.

Irigur'(' (i.l Irigul'() (;.2

As AB.CD : BC.DA, we first suppose AB + DAsothat BC + CD.For insttrnce,
we may suppose AB < DA and. BC < CD. This irnplies IBDA < IABD and
ICDB < IDBC,
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If the perperrdicular bisector of AC is parallel to BD, then BD is perpendicular to
AC. Let tlre internal and external bisectors of. IABC meet the lirre AC at ff and
K respectively. The circle with diameter H K is the Apollonius circle of the two
points .4 and C. The relation AB IBC : AD IDC irnplies that both B and D lie
on this circle. This irnplies that AC is the perpendicular bisector of BD and hence
AB : DA and BC : CD, which contradict our assumption that AB + DA ar:d
BC * CD. Therefore, the perpendicular bisector AC is not parallel to BD.
Let BD intersect the perpendicular bisector of. AC at Q. See Figure 6.2. Without
loss of generality, we nray assume Q and B are on the same side of AC. Let the
circurrcircle of ttre triangle ,ACQ intersect BD at Pt. Since .4Q : CQ, we have the
lirc BD bisects ICP'A.
To show Pt : P, we show that ICPtA: 180o + ICDA- IABC. Since ICPtA:
180o - IAQC, it is equivalent to show IAQC: -ICDA+ IABC.
Let Qt be the point on the extension of. DB such that IBAQ' : IBDA. Then the
triangles ABQ' arul DAQ.are similar. It follows that ffi : %Brrnu : %984,:
Q,D DA - DA2WAB _ TF.
Similarly, if Qtt is the point on the extension of. DB such that lQ'tCB : ICDB,
the the triangles BCQ" and C DQtt are similar. It follows that ffi : W.
Since ,48 .C D : BC . DA, we have gE : ffi. T.ni" implies Q' : Q" . Denote this
common point of Q/ arrd Q" by Q*. Since Q"A2 : Q*B.Q*D : Q*C2, the point
Q* lies <rn the perpendicular bisector of. AC. This means Q* : Q.This prove that
IBAQ : IBDA and IQCB : ICDB.
Therefore IAQC : IABC - IBAQ - IQCB : IABC - IBDA - ICDB :
IABC _ ICDA,

Figure 6.3

Lastlyif AD:DAsothat BC:CD.then ABCD isakite. SeeFigurc6.3. If we
constnrct the poirrt P as the second intersection of the circruucircles of thc triarrgles
BXC att<l DXA. then P Iies on the AC. As in the above casc. it suffices to provc
/C lrisects IBPD which is obviously true.
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