On Double Series
Anne Antonippillai and Kandasamy Muthuvel

Using geometric series and p-series, we present double series whose
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sums are partial sums of Harmonic series g —, and Alternating Har-
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Definitions, theorems, terminologies and notations used can be found
in introductory Real Analysis textbooks.
A well known Theorem of Fubini states that for positive integers r, t

and for real numbers a,,,,, where m, n are integers such that m >t and
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n > r, if the infinite series E g |@,,,| is convergent, then the infinite
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Theorem 1. Let k be an integer and 1 < k. Then
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Proof. Let k.n be integers and 1 < k < n. Then the geometric series
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thus, by the Fubini’s Theorem above,
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Proof. Let k =1 in Theorem 1. L
Remark 1. A consequence of Theorem 1 is
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Theorem 3. Let k be an integer and 1 < k. Then
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Proof. It follows from Theorem 1 that E T <—> converges to ﬁ -
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g (=1 = g (—=1)"=. By noting that(—1)""* = (=1)" if k is
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even, and (—1)""% = (—=1)"*1if k is odd, we get the required result. W

Theorem 4. Let k be an integer and 1 < k. Then
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Proof. This Theorem follows from the Fubini’s Theorem. |
Corollary 5.

> ei)

m=2 n=k+1

= i = In 2.

k—oc

lim
k—oc

> e (t)

n=k+1m=2

OC
: . 1
Proof. By applying Theorems 3, 4 and the fact that E (=1)"t1= =
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In 2, we get the required result. i
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Proof. Let k =1 in Theorem 3. 4
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Remark 2. A special case of Theorem 3 in [2] is that Z Z % =
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In2— 5" It is interesting to note that the sum of the series in Corollary

l)”“”
0 is twice the sum of the series g g .
n—+m

n=1 m=1

Theorem 7. Let k be an integer and 1 < k. Then
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Proof. (i) As shown in the proof of Theorem 1
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o
if & is odd. Since the series g (—1)""'= is convergent,
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Proof. By letting £ = 1 in Theorem 7 and using the fact that
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we get the result. £

Theorem 9. Let k be an integer and 2 < k. Then
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Proof. Let k,n be integers, 1 < n and 2 < k. Then the geometric series
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g — coverges to —————. Then we use equation (5) in [1],
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,a # b and neither a nor b is a

where S(a,b) = Z
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negative integer, and find —_— = —/ ——dt. By
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bini’s theorem (i) follows. Similarly, (ii) can be proved. H
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Remark 3. The following is a generalization of Theorem 1.

Let k. n be integers, r be a real number greater than -1 and 1 < k. Then
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