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ABSTRACT. P6lya's Positivstellensatz on the l-simplex says that if P("r) is a real polynomial

such that P(*) > 0 whenever.r > 0, then all the coefficients of ( I +.r)"'P(.r) are positive whenever

rr is large. Powers-Reznick gave a complexity estimate for P6lya's Positivstellensatz. Namely,

they proved that, tbr such P(-r) of degree d, all the coefficients of (l + -r)"'P(.r) are positive

wheneverun > \1a? - rt)p(P) - r/. where p(P) is an invariant of P(r). For d : 3 and d : 4

specifically, we improve Powers-Reznick's bound by showing ,n> )OV) - I for d:3 and

," > ffiO@) - t for ct :4.

I . Introduction and main result

A positivstellensatz certifies the strict positivity of a polynomial / ¤ Rk] :: IRkr ,...,x,,)
on a semialgebraic set K C R" by representing "f as an algebraic expression. This algebraic

expression of / witnesses the strict positivity of f on K. P6lya proved a positivstellensatz for

real homogeneous polynomials on the n-simplex [3] (reproduced in 12, pp. 57-601). For the I -

simplex an equivalent formulation is that if P(x) be a polynomial such that P(x) > 0 whenever

x ) 0, then all the coefficients of ( I + "r)''P(x) are positive whenever ra is large (see also [4,

corollary 5l).

Powers-Reznick obtained an upper bound for the least m such that all the coefficients of
(l +.r)"'P(x) are positive. Given that p(P) : ffi,for a polynomial P(x) :Lij:oaixi of degree

d, they showed that all the coefficients of ( I +r)''P("r) are positive whenever

*, :g2 - gple) - d,

where

(l) L(P):- I
max

i:0.....d (,1)\./ /

Lemma l. Suppose P(x) rs a polynomial of degree d such that P(x) ) 0 whenever x ) 0. Then

,1. (P) r.s a well-defined positive real number

2010 Mathenrutics Sub.ject Clussificutiotr. Primary I4Q20: secondary 51M20, 26C99.26D07

Key *'oruls uncl phrase s. Complexity, Polynornial. Positivstellensatz.

ui and

Mothemoticol Medley o Volume 44 No. 2 . December 2018



Complexity of Polyo's Positivstellensotzfor polynomiols of low degree

Proof. The leading coefficient of P(x) is equal to P(0) and hence is positive. Thus P(x) and ( I t
x)d arepolynomials with positive leading coefficient of the same degree, hence lim*--1- # ,
0. Thus A,(f) :: inf.61s.-;# is well-defined. Furtherrnore, since P(x) and (l +x)d takes

only positive values forx ) 0, thus 1,@):: int.e [0.-)# is positive. n
Next, we shall show

L(P) >- max *n, and sup Lrll:Y"'iriri 
> L(P)

i=o.....,t (,,) ' .c[oi_1 (l+x)(/ \ /

Hence it sufrces to show that maxT: u... .d fin i2 sup.re 1,.-, H LetA:max.i=o.. ..(/ 6o.,,

(2)

Note that

This proves (2).

L(P) > L(P)

t^ot
=o 

o .i-rj =0
d

s(l+.r) ( l+r)
)a..i

Lemma 2. Let P(x) be a polynomial of degree d. If L(P): )"(P), then P(x): b(l +x)'t for
s\nle b.

Prorlf. Since

max
I

,, $o'= ,.t,Xp"",

rt Le): )"(P),then sup...1,,.-,ffi : inf,611;.-;# This means # has the same supre-
P(.r)

(l+;Ymum and infimum over [0, *), and hence must be a constant.

In this report we improve Powers-Reznick's degree bound for small d

Theorem 3. Let P(.r) be tt pol\'rutntial oJ' clel4ree d .such that P(.r) > 0 whenever x 2 0. For

d:1,....4, all the ute.fficients of (l +.r)"'P(x) are positive whenever

ur> Q,ffi- l.

where C1 is 54iven in the table below

To prove that ( I -f x)'" P(x) have positive coefficients, we use the equivalent condition:

(3) V'dn+d)|.l+x)'nP(x) > 0whenever c(m+d) is anon-negarive integerfor0 ( c ( I

P6lya chose t###.0 - c)d P(f,) to approximate lxc(tn+d)1( + x)'"p(x). we chose our ap-

proximator tobe (,.(i,!lot)(t - ,)d P(*) insread.
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Complexity of Polyob Positivstellensotz f or polynomiols of low degree

d 2 3 4

C,t 0l +

013
1232
xos

ct? - ttT 6
TnBLE I . Improvement in degree

2. Proof of theorem 3

0< c<-l suchthatc(m+d) e Z>s,

whe re

(4) f( i) (r) :- ((r) (c-x) ...(c-U- l)r) )((l -c)(l - c-x)
(r)(r -x)(l -2*)... (t - (d

proof. Since 1r'(m*d)](t *x) "'P(*) _ L'j--ra j(r0,,1'a,_r) and (,.t

for0< jsd,hence

(
m*d

c(m + d) )
d

o if,\(s) [r.t 
m*d )](t + x) rtt p(r) -_ t

.i:0

Combining (5) with (l - c) op(r-) - L|,-oaici(l - c)d-i :
4.

From (4),

(6) f,(i' r-!)- ./',*i' (o) -nt+d
c(l -c)(** l)(*+2) ... (**

for some polynomial hli'(,r) of clegree d _ 2rn m and of degree

(t) h:,i' (n ) - ffl - 
,i (,n)

Lemma 5. Frtr d - 3 or 4, let .f',(.'' (*) be as in (4). For each m ¤

where Ct: ) and Ca: i# as given in table t
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t?1

ds

For each tn ¤ Zro and each

.CP()' I - c'

(l -c-(d- j- l)r)
I ).')

) -j) - (,(,',,*lol),n(') ( *h ) ),

')(0), we will prove lemma

tr

hli) Qn),l)

- 2 in c. By symmetry

sandO< c<-+,
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Proof of lemma5ford:3. Wewillfirstdeterminethesignoff/)(,,*) -Q,\'il(0). For d:3,
we calculate n!!) 1*l explicitly as follows:

(8) n!,i) (*) -
(-3 + 3 c)m+ (-s *7 c)

(2-3r)m*(4-7r)
ifj-0
if i - I

Note that nl') @) : n\'),.@) and tf3) (*) : t\?,.td from (7). Since n!,i) 1*1is linear in m, we

can determine the sign as 0 S c ( I

0< c{Z Ztt 1(c(g ;(c(lJtt
(' 2

C
4
1

4
1

(:3
7

3
1C3

0

3 -J
<0 <0 <0 <0 <0 <0 ?

>0 >0 >0 >0 ? <0 <0
<0 <0 ? >0 >0 >0 >0
? <0 <0 <0 <0 <0 <0

Teel-p 2. The entry of the j-th row and the column a I c ( b is the sign of
n!!)1,"1fora ( clb and ru )0. When there is a ?, it means that the sign

depends on m.

2

3

For example, .i : I when 0 ( c' < ], the linear function t!t) lnrl has positive leading coeffi-
cient since 2*3c> 2- 3(+) : ? , O hence

n!t)1rr1> /,1')(o) : 4- 7c > o. foro (, =1-7
The possible signs of (tjl)) (m).hlt) 1,n1.n!.2) (m).h!.3) (m)) aregiven by

(frlo) @), h[') (*), n!" @), h!t' @))

we return to the estimation of the sum f,l:o (l) tl"/l (# ) - l,)(o)1.
Case I : p[!)) @),n!) @),n?) @),n[1) @)) :(s 0, > 0, ( 0, > 0) and 0 ( c < ]. Note that for
this case, using (8) with its respective signs, we will obtain Il:, (l) ln|) @)1 : (2 - 24c)m *
(28 - 56c). Hence, using (6), we will get

(e),I_ (l) vli @) - ii)(,)t : (t2+ r.r{.#} = ##,

(so,)0,(0,>o)
(<0,)0,(0,s0)
(So,)0,)0,<o)

only if 0 ( c S +

only if 0 ( c ( +

onlvif+(c(l-JL
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t Complexity of Polyo's Positivstellensotztor polynomiols of low degree

where the last inequality fbllows from 0 . # I 2 andc( I -.)(l - 2r) < 6ft since 0 1 c a I
and m) 0.

case 2: 1nl!') 1*1.nlt) @),n!?) 61.n!') @)): (( 0,> 0, < 0,< 0) and 0 1c { }. Similarly, for

rhis case, using (8) with its respective signs, we will obtain Ir:,, (l)!r!,i\1m11 : (6 - l8c)mi

Qa - a2c). Hence, using (6), we will get

(r0) [ (1) tr,(it (,n) - r,(i)(0)t : 6(r + #l5)F = 
qq-!q #,

where the last inequality tbllows from 0 . #S I and.(l -r)(l -3c) < U4i9 ,in..
0(c<landm)0.
case 3: 1n!!')1*1,n!')@),n|'\(*),n!1)1*11: (<0,>0,> 0,< 0) and { ( c ( }. ntsoforthis

case, using (8) with its respective signs, we will obtain Il:, (l) lnli) (*)l : 6m+ 6. Hence,

using (6), we will get

(ll) 3l
2m* I

wherethelastinequalityfollowsfromc(l -.) < j since { <cS } and m)0
Hence, comparing (9), ( l0), ( I I ), we can conclude that

.1ti0
Proof of lemma5ford:4. Wewill firstdeterminethesignoff/)(#) -fli)(0). For d:4,

3
j(

I

1

)
8(7'/1 - lo) 3l

3\fr' 8l
I r 3r
I m+t- ,m+l,2

for0< cS

we calculate h[i) @) explicitly as follows

(12)

tr

hli)@):

Note that n[1) 1*1 : n\'),.@) and nl!) (*) : n\u),.td.

Since nlil61 is quadratic in m, we can find the turning point of the quadratic given by

mo: -f;for any quadratic am2 +bm*c. Due to symmetry, we would only show the case for

*2(-6c2+ l2c-6) + m(-37c2 +63c-26)+(-58c2+78c- 26)

m2(6r',-9c+3) + m(37c2 -50c+ 15) + (58c2 -68c+ 18)

*2 (-6c2 * 6c - I ) + m(__37 cz *37 c -7) + (-5 8c2+ 58c - 12)

if j -0
ifi-r
ifj-2
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)

j - 1.2.3

ttt 1y

26-37 clF
37 t'2 -50c'* I 5

- lttr'*6
37 t'2 -37 7

- l2c*2

it j -0
if 7 - r

ifj-2
Using the turning point above we can obtain,

*t-23c2-s2c*sz)
h:i'(*n) - - 23r'r +20r'3 +34t'2 - 36r'*9

24c2 -36c'*12
-23c'a +46c'3 _25c'2 *2c'+ |

-24c*4

ifj-0
rf j - I

ifj-2

Now,form)l,wewill show/zj,i) (rr)<ftJl(-*)o"Afbrrn(l,wewill showthath!,i)(,n)<
nl,r)(r ).

Given that m > l, we can solve mo for c as fbllow

(' 3rt
N if j -0

if 7 - l

itj-2
mo(c') - I if and only if

For the case .t : 0, the leading coefficient of tj9)(m) is negative for 0 ( c < ). Here, we only
have I range (0 < c < l) to deal with. Since the leading coefficient is negative, hence ai.o)1.; it
is decreasing in m for m) mo. rnthis case mo .-1, hence n[!'\1*1> /rl.o)(l) where a!.0)1t;.un
be solved to be negative for g < . S +.

Next, for j: l,the leading coefficient of hl.l)(m) is positive for0 ( c < l.
Case 81: 0 ( c 

= 
t+-lT . Since the leading coefficient is positive, hence nl') @) is increas-

inginmfor m)mo.Inthisc&Se,/?2s( l,hence/rj.')(l)<h!.')1r; *h.r" nl.ttg)canbesolved
to be positive for 0 ( c < t"i#* 

.

Case 82: "# ( c ( |. Since the leading coefficient is positive, and in this case, m11) l,
hence n[') @d < hl.') (m) where nl) 1*(rl can be solved to be negative for "# < c < ].

Lastly, for j: 2, the leading coefficient of n[?) (m) is negative for 0 ( . < *(: - rA) anO

positive ror [(: -'/1) a c 1 l.
Case Cl: 0 ( c < [1]-{l). Since the leading coefficient is negative, hence nf,)1*) is

decreasinginmfor m)-mo.tnthis ctsa,nts( l,hence n!?)1*1 <h[?(l)where n!?1) canbe

solved to be negative for 0 S c < *(l - rt)

,^-34t{l:frL 4q r-T
A-lrtfrL jr-T
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CaseC2: *fl- t/i) <c <!-f . sin."the leading coefficientis positive, hence;j.2)1.; it
increasing in m for m ) mo.ln this czsa, nts ) l, hence n[? 1) < h? (rn ) where nl?) 1t) can be

solved to be negarive for *f l - \/, <, <L#
Case C3: ,# 1c 1]. Since the leading coefficient is positive and in this case, ms 1 l,

hence n!?) 1m11) < hl?(lrt) where nl?) 6111can be solved to be negative for ,# <, < l.

3-tfr 3-tf, ./ n < lzl-t,ffi tzl-,,/tsu

<0 <0

2

i
0

I

1C(c(t
,L

0<c1
0

0

>0
?0

<0
>0
<0 ) ,)

TnBLE 3. The entry of the j-th row and the column(range of c) is the sign of
n!,i) 1*7 for that range. When there is a ?, it means that the sign depends on m.

Hence the possible signs of (aj9) @),nl) 1*1,n1?) @),nl') @),nl!) (m)) aregiven by

(<0,)0,(0,)0,s0)
(So,>0,)0,)0,<o)
(<0,(0,(0,<0,<0)
(<0,(0,)0,<0,<0)

only if 0 1c 1+
only if '-{ Sc( +

onlyit"'iff(c(+
only if t27-a@ (cS 

+

Let s(c) : : c( I - c) (Q @)cz - q @)c + V @)),where Q @) V @) ) 0 and Q @) @ (*) - 2V @D 2
0.Theaboveinequalityfollowssinceg(c)=rrW):m,Casel:((
0, ) 0, < 0, > 0, < 0). tn this case, Q(m):96m2 *592m-1982 and rY(*):24m2 +136m*208.
From (13),

4)
.tI

.i:0

(

4

l )
I 4232 r

m* I - 2505m+ I

Thisinequalityholds,in""ffiisdecreasinginmform)lsothat
8(3n?+t7m+26)2 ,- ail.t2+tz.t+2012 _4232@-@-m5'
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)

Case2: (<0,>0,>0,>0.<0). Inthiscase, @(m) :24nt2+128m+232 and yr(m) :
l2n? +52nt*64. From (13),

(rs) 
E (i) vli\(n,)-nli)(o)t =;#

Case 3: (< 0, < 0. < 0, < 0, < 0) In this case,

1

(1) v,\i)@)- rt') (o) t:o( l6) T
.i:0

Case 4: (< 0, ( 0. > 0. < 0. < 0). In this case,

(17 )

[,(1) tr'(i'(n') - r'(i' (o) 
I

.( I - c)(c2 (-lzmz - 444m - 696) * c(72m2 -t 444m+ 696) - (12m2 * 84m + 144))
(*+ t)(*+2)(*+3)

(m*2)(rn*3
rtt* I

3l-/\' zm* I

where the last inequality holds since (_r'(6 + fu + )(m+ttt*

(t +#)) <m < j and"(l -r) < i atc:j,theinequalityistrue.
Hence, comparing (14), (15), (16),(17), we can conclude that

| 4232 I
m*l 2505 m*l

for0< c<-+

Lemma 6. RtrO < c 1 I and each d e Zro

F_0 v!il rht - r!il(.) I : 
"r^0 

vl,rfir - rll. ror r

where the last equality follows by replacing the index / with d - j

proof. For j: o,...,d,by(7),wehave tli)f,4*)- fli)e):tl!,"t,#l_ t(i!,"(0). Hence

L(rv:i',**) - rti) (o) r-

Mothemoticol Medley o Volume 44 No. 2 o December 2018
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Corollary 7. Ford:3or4, let.f,\i)(*) beasin(4). Foreachme Z.uand0(c( l,

where Ct: ) and Ca: ffi as given in table I

Proof. From lemma 5, forc S i we have El:, (l) lf,\i) (*) - fli)(0)l < ]fr using lemma 6,

we can show rhat ror I - , a i,Lil:u(i)lf,\i\ (h) - fli)(0)l : El:. (l) lt!,@)-fl,l folt <

l#, where the last inequality follows from lemma 5 (with c replaced by I - c). n

Proof of theoremS. Let P(x) be a polynomial of degree d. By lemma4 and the definition of
L(P) in (l),

llx'Qn+')l(r + x)^p(*)- (,&lr)) (r - q't p(*lf
m+d

c(m + d)

m*d
c(m + d)

L(P)

where the last line fbllows from corollary 7 . Hence,

L(P) L,(, tf; 
i)(*a) - f,(i' (o) 

I

C,t
tt*l'

(l - c)o p(

Thus [x'(ar+'tl11l +x)"'P(x) is positive whenever *> Co'#- l. Therefore, by the equivalent

condition given in (3), all the coefficients of (l +-r)"'P(.r) are positive for such m. n

3. Future work

We will run a ditl'erent method to prove lemma 5 for general d. Let f,(i)(*) be as in (4).

For each positive integer cl, we wish to find a constant C1 ) 0 such that, for each m ) I and

o<.S*,

m+d
c(m + d)
m+d

c(m + d)

)(

)(

C

l-c

( l8)
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Proof. Since fli) @) is a rational function whose numerator is a polynomial of degree at most

(d.- l) and whose denominator is a polynomial of degree d - l, by the theory of partial frac-

tions,

d-l a(i) (r)(le)

where

Hence

f,\i) (r) - vli) + I trx'r- I

(zo) o!il?):aI#(T) (,'o-_')')(';') rorr: t, ,d-tr-\i) \r,/
The valueof theconstantt.rrn /i) willnotconcern ushere. Sincerll)(..) - f,\'il(O) :lf:io,(i)(r)(+ -
t) : *L'l-:l o!'i) (r)(#^), hence for x ) o,

ll{r)(r) - .f,\il(o)| < ii.1ol,,(,)l(J;)
r-- I

.r^0 tl') (,) - ii) (0)I <,(r -,).'il*lo,r,l where e,(,),: f-0 #S
0< x<-i,
Since 8r?)2 0 and l; is increasing in x for * < ) < ], fo. r : 1,...,d -1, hence, for

(2t) 
,E_ 0l/')(,) - f,\i) (0)l <.(r - q,T *n,O.

For d: 5, it can be shown numerically that, for g < , S i,

.(r -.)'i J\s,(,)< r6.s
v:lt-t

Hence, together with (21), we can take C5 : 16.5 in (18). n

Degree bounds for P6lya's positvstellensatz has various applications to the complexity of
archimedean positivstellensatze. For example, Schweighofer showed that a degree bound for

P6lya's positvstellensatz implies a corrosponding degree bound for Schmiidgen's positivstellen-

satz [5], and Nie-Schweighofer showed that a degree bound for P6lya's positvstellensatz implies

a corrosponding degree bound for Putinar's positivstellensatz [6]. There are also applications

of degree bounds for P6lya positvstellensatz to estimate the rate of convergence of hierarchy of
lower bounds that converge to infimum of fixed degree polynomials on the simplex [].
Acknowledgements. Thank you Dr Colin Tan for guiding me through this project.
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