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ABSTRACT. Pdlya’s Positivstellensatz on the I-simplex says that if P(x) is a real polynomial
such that P(x) > 0 whenever x > 0, then all the coefficients of (I +.x)" P(x) are positive whenever
m is large. Powers-Reznick gave a complexity estimate for Pdlya’s Positivstellensatz. Namely,
they proved that, for such P(x) of degree d. all the coefficients of (I + x)"P(x) are positive
whenever m > %((l3 —d)p(P)—d. where p(P) is an invariant of P(x). Ford =3 and d = 4
specifically, we improve Powers-Reznick’s bound by showing m > jp(l’) I for d = 3 and

m>3B2p(P)— 1 ford = 4.

. Introduction and main result

A positivstellensatz certifies the strict positivity of a polynomial f € R[x| := Rlx;...... Xn)
on a semialgebraic set K C R" by representing f as an algebraic expression. This algebraic
expression of f witnesses the strict positivity of f on K. Pélya proved a positivstellensatz for

real homogeneous polynomials on the n-simplex [3] (reproduced in [2, pp. 57-60]). For the -

simplex an equivalent formulation is that if P(x) be a polynomial such that P(x) > 0 whenever
x > 0, then all the coefficients of (14 x)"P(x) are positive whenever m is large (see also [4,
corollary 5]).

Powers-Reznick obtained an upper bound for the least m such that all the coefficients of

(14+x)"P(x) are positive. Given that p(P) =

, for a polynomial P(x) = Z/ oa;x’ of degree

d, they showed that all the coefficients of (1 )’”P( () are positive whenever

I
m> = (c/'—c/)p( )—d,
where

l .. Plx)
! P):= max ——|aj| P):= L'
(D L( ) i n(])}.).(xl ('//) |U_/| and }l( ) X l[?}i(}) (l +.\')l,

Lemma 1. Suppose P(x) is a polynomial of degree d such that P(x) > 0 whenever x > 0. Then

A(P) is a well-defined positive real number.
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Complexity of Pélya’s Positivstellensatz for polynomials of low degree

Proof. The leading coefficient of P(x) is equal to P(0) and hence is positive. Thus P(x) and (1 +
x)? are polynomials with positive leading coefficient of the same degree, hence lim, ;. HP(—\\)),
I)

0. Thus A(P) := infyc () 7 :"))(/ is well-defined. Furthermore, since P(x) and (1 + x)? takes

o(x) . ..
T\\))_’ is positive. g

only positive values for x > 0, thus A(P) := inf,c(0,0)

Next, we shall show

Note that . _
| Yi_pax!
L(P)> max —-a; and  sup '7/ > A(P)
/ . (/ ({/) ’ .\'ET().OO) (] +.\‘)(
: - L/ a;x
Hence it suffices to show that max ;o 4 ((,)a, > SUP e [0,00) % Let A =max;—_ 4 (,l,_)a.,-,
J
L/ ya;x’! Lll n([/)“\'/ (14x)4 Z 0ajx! |
we know that A > (1,)(1, (/] ‘ S < ,(|+.\/~)L’ = 7 7A. Hence %}’, <max;_q__ (,ma_,-.
/

This proves (2).

Lemma 2. Let P(x) be a polynomial of degree d. If L(P) = A(P), then P(x) = b(1 +x)¢ for

some b.

Proof. Since

P(x P(x
L(P)> max ——-a;> sup L)/ > inf L)/ =: A(P),
j=0....d (‘/) T T xef0,e0) (1 HX)T 7 xe[0.00) (1 4+x)¢

if L(P) = A(P), then sup, £[0,) (I’)— This means (ILT has the same supre-

P(x)
(1 1V\)(/

X . o
€f0.0) T3 — 1M

must be a constant. O

mum and infimum over [0, o), and hence

In this report we improve Powers-Reznick’s degree bound for small d.

Theorem 3. Let P(x) be a polynomial of degree d such that P(x) > 0 whenever x > 0. For

de=l,..., 4, all the coefficients of (1 +x)" P(x) are positive whenever
-3 e L(P) I
m ——1,

where C; is given in the table below
To prove that (1 +x)"P(x) have positive coefficients, we use the equivalent condition:
(3)  [x"FDI(14x)"P(x) > 0 whenever ¢(m +d) is a non-negative integer for 0 < ¢ < |

Pélya chose %(l —¢)P(+£) to approximate [x“"*4)](1 +x)"P(x). We chose our ap-

proximator to be ((,(':;11‘(/[ )(1—¢)?P(+%) instead.
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Complexity of Polya’s Positivstellensatz for polynomials of low degree
d ' 1 2 3 4
Ci |01} B
Cdlg 1 3 6
TABLE 1. Implovcmcnl in degree bounds
2. Proof of theorem 3
Lemma 4. Let P(x) = Z‘// 7(,((,-.\‘-’. be a polynomial of degree d. |For each m € 7~ and each
0 <c <1 suchthat c(m+d) € Z~y,
c(m+d) m m+d { c
X 1 4+x)"P(x) — 1 —c)'P
Y1 4 x)" P () <(,(m+d)>( NP(r—)
m+d g () ()
— A fe — [277(0)),
<(‘(m+d)> /Z(’)a/(] (m+u') fe(0))
where
(i c)le—x)(c—=({—Dx)(1=c)(1=c—x)}--(1—c—(d—j—1)x)
R (51 Gt R G e V) (1 (d—j—1x)
(D1 —=x)(1 =2x)--- (1 —(d + 1)x)
P’.()()./: Since ['\”I”ﬂ“}“ +'\‘)”1P('\.) - Z(// l)(l,/(('(m »”(I/» »/) and (<'[/71 W:/J j) - (('1’;:1.~(fl))-/;('/)(ﬁ))‘
for 0 < j <d, hence
; m—+d i () 1
5 .‘,((Hl%/i | +x)"P(x) = A )
®) { I 0 PW) ‘(m—+d) /Z‘( f (erd)
Combining (5) with (1 —¢) ):/ 0a;c’ {1 —c)fft = /:’v](()), we will prove lemma
4. 0
From (4),
(] 1 () gl =) (j)
6 (‘»./] I (.,/J () _ B /(._/ )
©) / (m+d) fe(0) (m+1)(m+2)---(m+d— )I (m)
for some polynomial /zf:”(m) of degree d — 2 in m and of degree d — 2 in c. By symmetry
(7) /1((: (m) = hI ! (m)
Lemma 5. Ford =3 or4, let _/f:”(m) be as in (4). For eachm € /i~y and 0 < ¢ < %
i I Ly )<
= m+d - T mH1]
where Cy = % and Cy = 313(2)3 as given in table 1.
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Complexity of Pdlya’s Positivstellensatz for polynomials of low degree

Proof of lemma 5 for d = 3. We will first determine the sign of f}(.'” ( m,'; =] — _/;(.'/) (0). Ford = 3,

we calculate /1((:/)(171) explicitly as follows:

() (=34+3c)m+(-5+7c) ifj=0
(8) he''(m) =

(2—3c)m+ (4 —17c) if j=1

2 3 0 . . ‘ . :
Note that A, )(m) = lz(ll)(,(m) and h,. '(m) = /1(] ,’(,(m) from (7). Since hfs”(m) is linear in m, we

can determine the signas 0 < ¢ < 1.

jl0<e<? 3<c<3 3<¢<] §<ce<] §<e<d $<e<d F<e<l
0 <()> <0 | <0 <0 <0 <0 | ? N
I >0 >0 1 >0 ? <0 <0
2 <0 <0 ! 0 >0 = >0
3 ? <0 <0 <0 <0 <0 <0

TABLE 2. The entry of the j-th row and the column a < ¢ < b is the sign of
h(: (m) fora < ¢ <band m > 0. When there is a ?, it means that the sign

depends on m.

For example, j = 1 when 0 < ¢ < 2, the linear function /1((,” m) has positive leading coeffi-
ple, 7 P .

cient since 2 —3¢ > 2 — 3(%‘) — % > 0 hence

BV (m) >V (0)=4—-7¢>0, for0<e<

| &

The possible signs of (hi.())(m).hf.] ’(171)./7((:)(1;1)./71'3)(171)) are given by

(£0.>0,<0.>0) onlyif0<c<3
(he” (m) e (m) 1 (m), b (m)) § (<0, 0,<0,<0) onlyif0< <3
(€0.20.20<0) onlyif‘%gcg%

(J)
HH ? -f"l/ (O)|
| Case 1: (/1(. (m),h(. (/n).h(.” (m).hlf (m)=(<£0,>0,<0,>0)and 0 < ¢ < % Note that for

We return to the estimation of the sum Y3 ( )]f(

this case, using (8) with its respective signs, we will obtain }:/ 0 ( ){h( n)| = (12 —24c)m +
(28 —56¢). Hence, using (6), we will get

3 73\ (/) () 4 c(l—-c)(1-2¢) 7 1
- = = (12 ;
©) /.Z() </> e lm) = (0] = (12+ m—+ 2) m—+ 1 . 3v3m+ 1
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Complexity of Pélya’s Positivstellensatz for polynomials of low degree

<2andc(l—c)(1-2¢c) <

~[to

where the last inequality follows from 0 <

IA

H"

and m > 0.
Case 2: (1" (m), hl" (m),h> (m),h (m)) = (< 0,>0,<0,<0) and 0 < ¢ < 3. Similarly, for
this case, using (8) with its respective signs, we will obtain Z/ ()( )\h (m)| = (6 — 18¢c)m +

(24 — 42¢). Hence, using (6), we will get

X
s F3N . am () 2—c.c(1-¢c)(1—-3c) _ 8(7Tv7— I
m) = £27(0)] = 6(1 < _
(19) /;) </> fe" m) = £ (0 (1 m+2) i1 . 81 m+ 1
where the last inequality follows from 0 < 3]+‘2 5 (1 —¢)(1—-3c) < w since

0<c< % and m > 0.
Case 3: (h((,())(m) lzf.l)(m) hf-z)(m) h((.})(m)) = (£ 0,20, 0,< () and % £ gl 5. Also for this
case, using (8) with its respective signs, we will obtain Z/ ()( )|l (m)| = 6m+ 6. Hence,

using (6), we will get

.
‘ Gy c1—c) 301
(11) .,.Z“</>/( m) — f; (0)|7(m—|—1)(m+2) (6m+6) §2m+1

where the last inequality follows from ¢(1 —¢) § since 5 < c< ] 5 and m > 0.

Hence, comparing (9), (10), (11), we can conclude that

d 7 8(7V7-10) 3 I 301
Z \/( (m) —/(” 0)] < max . (77 ).— ==
=\ J 33 81 2 m+1 2m+1

Jj=0

forO <c¢ < O

P —

Proof of lemma 5 for d = 4. We will first determine the sign of _f;(-‘j)(,,li4) — ‘/;(-'”(0). Ford =4,
we calculate hf:”(m) explicitly as follows:
(12)

m*(—6¢> + 12¢ — 6) +m(—37c* + 63c — 26) + (—58¢* 4+ 78¢ —26)  if j=0
Y (m) =  m2(6¢2 —9¢ +3) + m(37¢ — 50¢ + 15) + (58¢2 — 68¢ + 18) if j=1

m2(—6¢2 +6c— 1) +m(=37¢>+37c—7) +(—=58c¢+58¢—12)  if j=2

3 4 0
Note that A\ )(m) = /7(] Ii)(_(m) and A\ )(m) = h<] J(.(ln).
Since hf:”(m) is quadratic in m, we can find the turning point of the quadratic given by

my = "i% for any quadratic am® + bm + ¢. Due to symmetry, we would only show the case for
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Complexity of Polya’s Positivstellensatz for polynomials of low degree

j=1,2,3
26—37¢ o g
2(c—1) if j=0
— 37¢2—=50c+15 g -
mo = L Wi =A% =
i D18t MJ=1

_ 377 =37c+7 if 1 =2

.
12¢—12¢+2

Using the turning point above we can obtain,

{237 =F2052] WFj=0

23
(/) o 7236412003 43402 — 36,0 4-C N
he(mo) = § =B HCR i j=1
23¢* +46¢3 —25¢2 +2¢+1 P
24— 24c+4 ifj=2

Now, for m > 1, we will show hf:”(m) o sz:”(—%) and for m < 1, we will show that hf‘”(m) %
R (1),

Given that m > 1, we can solve my for ¢ as follow

o)
oo

c=: if j=0

I
\O

my(c) =1 ifandonlyif ¢ o = :l_j 4+ \/4137' ¥ Fe 1

SRVIKE R

,.\
Il
| —

. . - . (0 . .
For the case j = 0, the leading coefficient of lzf. )(m) is negative for 0 < ¢ < 1. Here, we only
. . . - . 0 .
have I range (0 < ¢ < %) to deal with. Since the leading coefficient is negative, hence hf. ’(m) 1S
. L . . 0 0 0
is decreasing in m for m > my. In this case my < 1, hence /1((. )(m) > hl' )( 1) where /1((- )( 1) can

be solved to be negative for 0 < ¢ < %

—

Next, for j = 1, the leading coefficient of hf.l )(m) is positive for 0 < ¢ <

Case B;: 0<c¢ < iﬁ)—ﬁ Since the leading coefficient is positive, hence lszl ](m) 1S increas-
ing in m for m > my. In this case, my < 1, hence IziAI )(1 ) < lzf.I :'(;zz) where /1((,”(1) can be solved
to be positive for 0 < ¢ < W

Case B»: W <e< % Since the leading coefficient is positive, and in this case, mg > 1,
hence hf.l )(m()) < hf.] )(m) where hﬁ-”(m()) can be solved to be negative for ’4+9TT7 Lic< %

Lastly, for j = 2, the leading coefficient of hf.z’(m) is negative for 0 < ¢ < %(3 —+/3) and
positive for %(3 — 3 L e %

Case C1: 0<c< %(3 —+/3). Since the leading coefficient is negative, hence /7((.2)(;;1) is

. . . 2 2 2
decreasing in m for m > my. In this case, my < 1, hence /1((- )(m) < hf. )( 1) where hf. )(]) can be

"\ Mathematical Medley o Volume 44 No.2 e December 2018 W
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Complexity of Pdlya’s Positivstellensatz for polynomials of low degree

/ (&)
Case C»: %(3 —4/3) << 5~ ‘]—'j Since the leading coefficient is positive, hence i((-')(m) is

. L . . 2 2 2
increasing in m for m > my. In this case, my > 1, hence hf» )(1) < hi- )(m) where hf. )(l) can be

| —

solved to be negative for § (3~ /3) < ¢ < 7413

Case C;. Hl < ¢ < 5. Since the leading coefficient is positive and in this case, my < 1,

| —

2) ? (2 P
hence sz. (mg) < h}. )(m) where h,. )(m()) can be solved to be negative for 1 1‘4” LET

jlo<e< 3 (’\/’3 3-V3 o< 12 7”\)31«% 127- ’(\pl\x% <e <% C:%
_()Widig‘(_)ﬁv <0 <0 <0
I >0 >0 ? <0
Z <1 ? 7 >0

TABLE 3. The entry of the j-th row and the column(range of ¢) is the sign of

hY (m) for that range. When there is a ?, it means that the sign depends on m.

Hence the possible signs of (h((‘m(m).hf.l)(m),/z((»z)(m).h((.})(m).hf%)(m)) are given by

)
(£0,>0,<0,>0,<0) onlyif0<c<3

(£0,>0,>0,>0,<0) onlyif 2 <c<?

(£0,<0,<0,<0,<0) onlyif 2I5¥I585 < o < 1
(£0,€0,>0,<0,<0) onlyif 215¥I585 < o<
(13)
i 9 (m) = £90)] = (1 =c)(@(m)c* — ¢ (m)c+ y(m)) ” (w(m))?
e ‘ (m+1)(m+2)(m+3 “49(m)(m+1)(m+2)(m+3)’
J=0

Letg(c):=c(1—c)(¢(m)c> — ¢ (m)c+y(m)), where ¢ (m)y(m) > 0and ¢ (m)(¢(m)—2y(m)) >

¢(m) ﬂ? (m)(¢(m)=2y(m))\ y(m)? o '
2¢0(m) ) = a(o(m)" Case 1: (S

0.>0,<0,>0,<0). In this case, ¢ (m) = 96m> +592m +982 and y(m) = 24m* 4 136m+208.

0. The above inequality follows since g(c¢) < g(

From (13),

(14)
! : 3m? + 17m+26)* 1 4232 1
Z |/( (m)— £9(0)] = 8(3m~ + mj+ 6) . <
o \J  (m+2)(m+3)(48m?> +296m+491) m+1 — 2505m+1

8( 3Im?+ l7m+26)2
((m+2)(m+3)(48m>+296m-+491)
- 8(3-12417-1426)? 43
— ((142)(143)(48-124-296-1+491) ~— 2505°

This inequality holds since is decreasing in m for m > 1 so that

8(3/112 +17m+26)>
((m+2)(m+3)(48m>+296m+491)
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Complexity of Polya’s Positivstellensatz for polynomials of low degree

Case 2: (€£0,>0,>0,>0,<0). In this case, ¢(m) = 24m?* + 128m + 232 and y(m) =
12m% + 52m + 64. From (13),

- o _8 1
(15) Z()I/ﬂ m) = f7(0)] <57

J=0

Case 3: (£0,<0,<0,<0,<0) In this case,
4
(16) Z<>|/( (m) — £ (0)] =0
j=0 \J
Case 4: (£0,<0,>0,<0,<0). In this case,

(17)
LA L) ()
2, <1> £ (m) - £9(0))
=0 \.

c(1—c)(c*(=72m* — 444m — 696) + c(72m> + 444m + 696) — (12m> 4 84m + 144))
(m+1)(m+2)(m+3)

) 9
- ]2(‘(]_(')(_(.—(6 HH’+ (m+2) /)1#3)+((6+/)1 T mpbnmz))_(1+m—+2))
n m—+ 1
" g 1
2m+ 1
where the last inequality holds since (—c¢2(6 + ,”12 + ﬁﬁ) +c(6+ J m) =

(1+m 5)) < cd ,and((l—<)_£atc:%. the inequality is true.

dm+12

Hence, comparing (14), (15), (16),(17), we can conclude that

4

A 0 42328 3] 1 4232 |
) () — £9)(0Y] < = =

Z(J.)I.f (m) = f (O < max ¢ 2565502 | 1 =~ 2505 m+ 1

J=0

for0<c¢< j O

Lemma 6. For0<c¢ <1 and each d € 7~ ‘

d 1 (j) d rd (J) ! (J)
_Z </>/ (=)= £SO = X <j>~"%'(m)‘<"' 0)

J=0 j=0
(d (d—j
Proof. For j=0,...,d, by (7), we have £\ (1) — £17(0) = f, (,’)(,”L,)—fl[ .”(0). Hence
y ( !f‘-“<#>—/'“”<o)|:f P G B R (V]
= i)Y Sm+d =0 e m+c/ .
- Z F =)~ F2.(0)
=0 ¢ m+d < L=g="F
where the last equality follows by replacing the index j with d — j. U
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Corollary 7. Ford =3 or 4, let _/;'.',)(111) be as in (4). For eachm € Z~yand 0 < ¢ <1,

d
(/ L 70 ] () C(/
2 ¢ —Je 0 S )
<j>('/ <m+d) fe(0) m—+ 1

Jj=0

423

3 . .
where C3 = 5 and Cy = W); 2 as given in table 1.

Proof. From lemma 5, for ¢ < 5 we have ):/ ()( )|/( m) - /;(-'j)(O)] = 2 r Using lemma 6,

m+

we can show that for | —¢ < 1 Z, 0 ((,I‘)‘./((-'/ ,”‘(,)*_/( 0) =X ”(7)|/(’) (m) /I‘ (,( )| <

ﬁT* where the last inequality follows from lemma 5 (with ¢ replaced by 1 — ¢). OJ

[SS]LF%}

Proof of theorem 3. Let P(x) be a polynomial of degree d. By lemma 4 and the definition of
L(P)in (1),

c(m+d) A\ 4 m+d N\d ¢
D0 - (Y=o P )

m-+d ) )
: ((-(m+d)>L(P Z)( )U ()~ 120

J
< m+d L(P) Cy .
c(m+d) m+ 1

where the last line follows from corollary 7. Hence,

c(m+d \m - m+d aNd (_ - C(/
N +x)"P) 2 (c'(m+d)> <(l =) P(l ~(‘) L(P)m+ ])

m+d G
= <<'(m +a’)> <MP) B L(P)m+ 1 )

Thus [x"" ‘/'](l +x)"P(x) is positive whenever m > C(/i(l

— 1. Therefore, by the equivalent

condition given in (3), all the coefficients of (1 4 x)"P(x) are positive for such m. 0J

3. Future work

We will run a different method to prove lemma 5 for general d. Let /< (m) be as in (4).
For each positive integer d, we wish to find a constant C; > 0 such that, for each m > 1 and

0<c<3

d\, .y, 1 (j) Ca
18 — 90y < =L,
(18) § (N - o< 22

Jj=0

“_\ Mathematical Medley e Volume 44 No. 2 e December 2018 /' L4




Complexity of Polya’s Positivstellensatz for polynomials of low degree

Proof. Since _f('/)(.r) is a rational function whose numerator is a polynomial of degree at most

(d — 1) and whose denominator is a polynomial of degree d — 1, by the theory of partial frac-

tions,
d—1 (J)
i ), e )
19 ((.'/' x) = ((_A/) ( )
(19) fl' ) = +I_Zl o
where

) _1\d—r—1 cr o o
(20) o) = (;I)(,—)d< ;) <(](/ (1) ><d ) 1). forr=1,....d—1.
r=\ . . e

J

The value of the constant term }/((:') will not concern us here. Since ‘/;‘,”(.\-) — f ( )= Zj‘ | al ( PG -

rx
If=xFi] o (r)( ——), hence for x > 0,

d—1 .
10— £ 0|<xZ|a (=)
Hence
d d—1 d (J)
[ J y ll o,
Z <(> |.f}(*/)(-’f) —,/;(-'/)(())\ <c(l—c)x Z where Q. (r) := Z <(> L‘(r_ﬂ
j=0 \J r=1 imo\J/ c(l—=c)
Since Q.(r) > L /l for #e=1,,.:4 d — 1, hence, for
0<x<1
B d () (/) Cnt dr
J=0 X\ r=]
For d = 5, it can be shown numerically that, for 0 < ¢ < %
5—1 5r
c(l—c) Y, =—0.(r) <16.5
o
Hence, together with (21), we can take C5 = 16.5 in (18). U]

Degree bounds for Pélya’s positvstellensatz has various applications to the complexity of
archimedean positivstellensatze. For example, Schweighofer showed that a degree bound for
Pélya’s positvstellensatz implies a corrosponding degree bound for Schmiidgen’s positivstellen-
satz 5], and Nie-Schweighofer showed that a degree bound for Pélya’s positvstellensatz implies
a corrosponding degree bound for Putinar’s positivstellensatz [6]. There are also applications
of degree bounds for Pdlya positvstellensatz to estimate the rate of convergence of hierarchy of
lower bounds that converge to infimum of fixed degree polynomials on the simplex [1].
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