
IM0 Troining Problems

Singo pore I nternotiono I

Mothemoticol Olympiod 201 B

Notionol Teom Selection Test
Doy 0

1. Given a line / outside a circle r,.r centred at O, draw OP perpendicular to (. at P.
Let Q be an arbitrary point on / distinct frorn P. Lines Q,4 and QB touch a.r at
A, B respectively. Draw PLI perpendicular to QA at /ly' and PN perpendicular
to QB at N. Let the line ,ll1N intersecL OP at K. Prove that the position of K
does not deperrd on the choice of Q.

2. Seven cards, numbered 1,2,3,4,5,6 and 7, are initially arranged to obtairr the
number 7654327. In each move, Sheldon is allowed to remove onc carrl and place
it exactly two cards away to its left or to its right to obtain a new nurnber.

What is the srnallest nunrber that can be obtained if Sheldon is allowed to perform
any nurnber of moves?

:]. C'orrsirlt't' all Iirrrc'tiotts f : N -+ N sittislvirrg

where o ¤ N. Determine the minimum and rnaxirnum values of /(613)+ /(2018)
arnongst all such functions.

4. Consider au o x b grid with its rows numbered 1 to a, frorrr top to bottotn and
its colurnns numbered 1 to [r frorn left to riglrt. Each cell of thc grid is colored
black or white. For each row d. the black cells are precisely the rightnrost r; cells
of the row; and for each colurnn j, the white cells are precisely the bottomrnost
ci cells of the column. Consider ttre a*b nrrnrbers, i+r'ifor each 1 ( i ( a arrd
j 1-ci foreach 1<j < b. Show that ifa*b iseven, then these a+bnurnbers
can be paired into f disjoint pairs, each with the same surn.

Tirrre allowercl: .4 hours
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5. Let r7 be tr, real number. Gugu has a napkin with ten distinct real nrunbers writterr
on it, antl he writes the following tlrree lines of real numbers on the blackboard:

o In the first line, Gugu writes down every number of the forrn a - b, where
a arrd b are two (not necessarily distinct) numbers on his napkin.

o In tlre second line, Gugu writes down every number of the form qab, where
a. arrd b are two (not necessarily distinct) numbers from the first li.ne.

o In tlre third line, Gugu writes down every number of the form a2 +b2 -"' -d',
where a,b,c,d are four (rrot necessarily distinct) numbers frorn the first line.

Determirre all values of r7 such that, regardless of the numbers on Gugu's napkin,
every nurnber in the second lirre is also a number in the third line.

6. A rectangle R with odd integer side lengths is divided into small rectangles with
integer side lengths. Prove that there is at least one among the srnall rectangles
whose distances from the four sides of R are either all odd or all even.

7. Find the smallest positive integer n, or show no such n exists, with the following
property: there are infinitely rnany distinct n-tuples of positive rational numbers
(ot,oz,...,arr) such that both

a1*az+...*an and
11++a1 a2

1+
an

rll'(' itttt'gt't's

Tirnc allclwed: 4.5 hours
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8. Let O be the circumcentre of an acute scalene triangle ABC. Line OA intersects
the altitudes of. ABC through B and C at P and Q respectively. The altitudes
meet at ff . Prove that the circumcentre of triangle PQH lies on a median of the
triangle ABC.

9. Determine all integers n ) 2 with the following property: for any integers
ar,a2,...,an whose sum is not divisible by n, there exists an index 71i 1n
such that none of the numbers

(ti,(ti + (ti t).....{l; * rt;1 1 * "' *(ti.ilr- I

is <lir-isilrlc lx'rr. (\\i'l<'t tt;: ai-, \\'ll('lr I > rr.)
10. Arr itrtcgerl n ) li is givcrr. \\ir r:a.ll a.rr rr-trtplc ofrt':LI trttttlrt'rs (.t:1..t:2....,.r',,)

Sh in ry il' fbl ca<:h pt'rttuttal,iotr !/t. !J.2. . . . , !1, ol' tlrest' tttttttltcl's rvt' ltittt
n-l

i - I

1<i <.i1,,

Irolrls for' ('\rel'.\,' Slrirr.l' rr-trr1>lt' (.r'r , ,t"2, .. . ,, .Ir,,).

J'irnt' allowt'r[: -1.I1 ltottt's
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Solutions

Doy 0

1. Giverr a lirre I outside n circle ar centred at O, clraw OP perpendicular to (. at P.
Let Q be an arbitrary point on / distinct from P. Lines QA and QB touch a.r at
A, B respectively. Draw P/II perpendicular to QA at /]1 and PN perpenclicular
to QB at N. Let the line IIN intersect OP at K. Prove that the position of K
does not depend on the choice of Q.
Solution 1.

.n/

Let OP ard OQ intersect AB at C and D respectively. It is easy to see that
C,D.Q,P are concyclic and hencc OC.OP: OD.OQ: OA2. This irnplies
C does not depend on the choice of Q. In fact C is the inverse point of P with
respect to a.r. We claim that K is the rniclpoint of CP.
It is easy to see that A, O,B,Q,P are concyclic. In particular, P lies on the
circumcircle of the triangle ABQ. Draw PE perpendicular to AB at E. We
must have E,llI.N collinear because it is the Sirnson line of P with respect to
the triarrgle ABQ.Now it suffices to show that IKEC : IKCE. First we have

IKCE: 
^OCD: 

LPQO: tpQN - lZ,ngn:900 - lQpN - lzegn.
Since /'[/, N,Q,P are concyclic, IQPN : IQIIIN : IAAIE.
We also have 90" - lZeg9: 90o - IAQO : IBAQ.
Consequently, IKCE: IBAQ - IAIUIE: IKEC. Hence K is the rnidpoint
of C P which does not depend on the choice of Q.

Solution 2. Ld 1) lrc tlrc oligirr. P0 tlu'.r'-irxis arrrl l tlu'y-axis. Let O :
(rr * r'.0). rrlrt're rr > 0 rtttrl r is tlrt,rrrrlitts ol'i''. alr<l k't (/: (0.17). 'I'lu'crltratiorr
of'a' is

(.r - rt - ,')2 + !/) : t). (1.1)

Frrr rttty ltoittl, (.r:1y.3711). tht'c<ltta.liott ol'its polar wil,lt t'csperrl, l,o c..r [5.1:11.r: + ltolt -
(rr * r').r'* rr2 1 '!tt' : ll.
ll'lrrrs tlrt. polrrr ,,18 t>l'(): (0.r7) h;rs lhe crlrratiorr

qy - Qt * r').r' * rr2 + ')ar' : 0. (1.2)
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T'lrrrrefore tlrc coorrliuatcs of';1 an<l B art'soltrtiotts of'(l.l) aud (1.2). Srrltstitrrt-
irrg (1.2) irrto (1.1)autl sirrrplilving. n't'ltttvt'

(q'2 + (u+,')2).r'2 - 2(rt *r')(rr2 + 2ar + lr ).r+ (r,2 +'Lt r)Qr2 * 2tt r' *q') : tl' ( t.:l)

Lct ,,1 : (.r'r.i71) arrtl I]: (t'.t.y2). Tlrt'n.r't..t'2 at't'tlrt'ro<tts of'(1.:i), arrd

'2(tt * r')(rr2 + 2ttr *,i).'I .':-T qr + (a + r')2 (1'l)

It is easy to see that P Iies on the circumcircle of ABQ. Thus /I/, ly', E are
collinear and is the Simon line of the p<lint P. Direct calculation gives

ffir1,.^r-(#;,+,ffi ),and
qa(a*2r) \,-@rmz)'

Using (1.2) and (1.4), the slope of the line MN is calculated tobe ffi.
Thus the equation of the tine PQ is y* W+ : ffi], (, - ffi*lP)

It[ :
E-(

( qrr (q-vr )\fr2iis*qzt
a(a*r)(a*2r)
("+*1q2

Letting A - 0 and solvilg for r) we get r -
which is independent of q.

ffi. Hence K- (ffi,01

2. Seven cards, numbered 1,2,3,4,5,6 and 7, are initiallv arranged to obtain the
number 7654321. In each move, Sheldon is allowed to remove one card and place
it exactly two cards away to its left or to its right to obtain a new number.

What is the smallest number that can be obtained if Sheldon is allowed to perform
any number of moves?

Solution. The smallest value is 1234576.

This can be easily obtained, for example, by performing the following 10 moves:

765432L -+ 7654L32 -+ 76L5432 -+ 1765432 -+ 1765243 -+ 1726543 -+ 7726354
-+ 1723564 -+ 1723456 -+ 1237456 -+ 1234576

We now prove that it is impossible to obtain the value 1234567. For any integer
n, define f (n) to be the number of order pairs (4,,b), where a 1 b, found in
the integer n. For example, f (7654321):0,f (1726543): l0,f (4531267) :13,
f (1234567):21. Note that in each nrove, the value of f (n) will change by *2,0
or -2. We illustrate this in the table below. where a < b < c represents 3 of the
numbers:

original ?z ll('\\'ll change in /(rr)

.obc:. . lx'tt ... -2

.ttcb. . clxt ... -2

.brt.r'.. tr t'lt. . . 0

.bt:a. . colt... 0

.t'rtb.. ...obr:... +2

.r'lxr. ...bac +2
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Note that those pairs not containing 2 of the o, b and c do not affect the value of
/(n). Hence the parity of f (n) will remain invariant, which means it is impossible
to obtain the value 1234567 since /(1234567):21 and f(7654327):0.

3. Consider all functions / : N -+ N satisfying

(r +y)f(r) < 12 + f(ny) + a,

where o e N. Determine the minimum and maximum values of /(613)+ /(2018)
amongst all such functions.

Solution. Let s ¤ N. Consicler (t:,y): (s, 1). Thcrr wc havc

(,s + 1)/(s) < 12 + /(.r) + a + J(s)S " + 1.
,9

Let t e N. Corrsider (t:,y): (t,2u,). Then frorn thc trbove, we have

(t + 2(t)f(t) < t2 + f(2at)* n ( t2 + 2tfi+ I + r.2t

Rearrarrgirrg.

f(t)s/+=^=+,o 1 1- 2t,(t+2a) t+2a''*r*r:'*''
This rnca,us that /(t) ( f . Since /(1) S 1. we nrust have /(1) : 1. Now substitrrte
(*,y) : (1, f ) and wr: have

(1 +f) S 1 + f(t) + a + t. - o a f(t).
So we havc t - a < f (t) < t. Corrversely, for arry lirnction strtisfving t - u a
f (t) < t, wc have

(:t +'y).f(r) S (z + U)t: - r,2 + (ry- o) + rt I 12 + f(t:'y) + a

and herrce all such furrctions satisfy the conditiorr giveu. Since

max(611| - a,l) S /(613) < 613, max(2018 - n,,1) < /(2018) < 2018,

the minimum and maximum values of /(613) +/(2018) are max(2631-2a,20L9-
a,2) and 2631 respectively.

4. Consider an a x b grid with its rows numbered 1 to a from top to bottom and
its columns numbered 1 to b from left to right. Each cell of the grid is colored
black or white. For each row i, the black cells are precisely the rightmost r1 cells
of the row; and for each column 7, the white cells are precisely the bottomrnost
cy cellsof thecolumn. Considerthea*bnumbers, ilrtfor each l ( i ( a and
j -fci foreach 7 < j < b. Show that if a*biseven, then these atb nurnbers
can be paired into f disjoint pairs, each with the sarne sum.

Solution. We will show that we can pair the numbers such that each pair has
sum a + b + 1. We induct on the nunrber of black cells. When there are no black
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cells, the a + b numbers under consideration are precisely L,2,. ..,a * b, and the
conclusion is immediate.
Suppose now there are some non-zero number of black cells in the grid G. Con-
sider the black cell(s) with minimal column number j, and among all such cell(s),
the cell C with maxirnal row number i. Note that the cells to the right and above
C are all black, while the cells to the left and below C are all white, from which we
can deduce that j-lr.i: btl andi*ci: a; and thus, (i*ri)+(l+ci) : a+b+l
for this pair of values (i, j).
Now, consider the grid G/ formed by changing the black cell C to a white cell, and
apply the inductive hypothesis to G/. It means that for each s with 1 ( s ( a*b,
there are an equal number of values s and o+ b+ 1 - s among the o *b numbers
under consideration. Suppose now (i + rt) in the original grid G has value t, and
accordingly, (j +c3) in G has value a + b + 1 - t. Then (i + 11) in G/ has value
t-1, and (j+cj) in G'has value (a+b+ 1-t) * 1 : a-fbt 1- (r- 1),
with all other values unchanged. Thus we see that in G also. for each s with
1 ( s ( a*b, there are an equal number of values s and a+b+ 1 - s among the
a * b nurnbers under consideration, which implies the desired conclusion. Hence,
inductively, we are done.

Day 1

5. Let g be a real number. Gugu has a napkin with ten distirrct real numbers written
on it, and he writes the following three lines of real nunrbers otr the blackboard:

o In the first line, Gugu writes down every number of the fortn o - b, where
a and b are two (not necessarily distinct) nurnbers on his napkin.

o In the second line, Gugu writes down every number of the form qab, where
a and b are two (not necessarily distinct) numbers from the first line.

o In the third line, Gugu writes down every uurrrber of the form a2 +b2 - c2 - d2 ,
where a,b,c,d are four (not necessarily distinct) numbers from the first line.

Determine all values of q such that, regardless of the nurnbers on Gugu's napkitt,
every number in the second Iine is also a number in the third line.

Solution. The answers are -2,0,2-
Call a number q good if every number in the second line appears in the third line
unconditionally. We first show that the numbers -2,0, 2 are good. The third
line necessarily contains 0, so 0 is good. For any two numbers a, b in the first
line, write a:r -gr and b:u- u, where r1ltuttu are (not necessarily distinct)
numbers on the napkin. We may write

2ab : 2(, - il@ - u) : (r -,i2 + @ - u)2 - (r - r)2 - (a - u)2,

which shows that 2 is good. By negating both sides of the above equation, we
also see that -2 is good.

We now show that -2,0,2 are the only good numbers. Assume for sake of
contradiction that g is a good number, where q / {-2,0,2}. We now consider
some particular choices of numbers on Gugu's napkin to arrive a contradiction.
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Assume that the napkin contains the integers 1,2. . . . , 10. Then, the first line
contains the integers -9, -8, . . . ,9. The second line then contains q and 81g, so
the third line must also contain both of thern. But the third line only contains
integers, so q mttst be an integer. Furthermore, tlie third line contairrs no numbers
greater than 162 :92 +92 -02 -02 or less than -162, so we must have -162 (
81q < 162. This shows that the only possibilities for g are tl.
Now assume that Q : ll. Let the napkil cotrtaitt 0,1,4,8,12, 16,20,24,28,32.
The first linc contains tl and *4, so the second line contains 14. However, for
every rrurnber a in the first lirre, a l2 (mod 4), so we rnay conclude that a2 : 0,1
(mod 8). Consequeutly, every ttumber in the third line must be congruent to
-2,-1,0,1,2 (rrocl 8)l in particular. *4 cannot be in the third lirre, which is a
contradiction.

6. A rtrta,ttgle R u,ith o<l<l itrtcger sirlc lcrrgths is rlivi<le<l int,o srutlll rcctturgles witlr
itttegcr sirle lcngths. Pt'o'"'t, tlttrt tltt.re is at least olre ir.lnorrg thc srrra,ll rectarrglcs
u,h<-rsc <list.arrces fi'<lrrr tlrt' forrr sides of R arc either trll o<lrl or trll cverr.

Solution. Let the width anrl height of R be od<l nurnbers a and b. Divide R into
ab unit squares and color thern black arrd white in a checkerecl pattern. Sincc the
side lengths of a, and b are ocld, the corner squares of 7l will all have the same
color, say black.

.R

Call a rectangle (either R or a small rectangle) b/aclc if its corners are all black;
call it whiteif the corners arc all white, and call it mired if it has both black and
white corners. In particular, 7l, is a black rectanglc.
We will use the following trivial observations.

o Every nrixed rectangle contains the same nurnber of black and white squares;
o Every black rectangle contains one rnore black square than white square;
o Every white rectangle contains one rnore white square tharr black square.

The rectangle?- is black, so it contains rnore bla,ck unit squares than white unit
squares. Therefore, anrollg the small rectangles, at least one is black. Let 5 be
such a small black rectangle, and let its clistances from the sides of R be r,!/,u
and u as in the figure. The top-left corner of R ancl the top-left corner of 5
have the sanre color, which happen if and only if r and z have the same parity.
Sinrilarly. the other three black corners of E indicate that r and u have the same
parity, y attcl u have the same parity, i.e. r,'y,u and o are all odd or zrll even.

Mothemoticol Medley . Volume 44 No, 1 . August 20lB
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lM0 Troining Problems

7. Find the smallest positive integer n. or show no such n exists, with the following
property: there are infinitely nlany distinct n-tuples of positive rational numbers
(ot,a2,...,a,-) such that both

11++a1 a2

are integers.
Solution. The smallest such Ilatural n is n - 3.

For rr :2,let o, : t,or: ,\ where gcd(a,b) : gcd(c,d) :1. Then we rnust
Iravebdlad-lbc,aclo,d*bc. Taking rnod d in the first condition, we get that dlbc
brrt since c,dare coprirne we have that dlb. Taking tnod b, we get blod and since
a, b are coprime we get bld which tells us that b : rJ. Sirnilarly we get a : c ancl
hence we have at : a2. Clearly only a1 : {1,2 :1 or } works and we only have
finitely nrany such duplets.
Now for n:3, we will look for triplets of the fornr (;*fo7, o*i.,;T6f;.L) where
a,b,care naturals. Fixing a:1, it suffices to find infinitely many pairs of (b,c)
such that i + i + I + f is a natural. We shall show thtrt there are infinitely
rrranysolutionsto |+1+l+r,c: gbyVietzrJumping. If welet c ) b, the
equation rearranges into b2 - b(3r: - 1) + c2 + rt: 0. Viewing it as a quadratic
in b, weget that thereexistsanotherb/satisfying ,L+I+5+f :g arrdthat
this b/ satisfies b+ bt : 3r:- l,bbt : c2 + c. Since b is a natural, we get that
bt :3c- 1-b is also a natural. Furtherrnore,ll : + r- +, c. Hence our
triplet (1, b, c) will transform ittto another triplet (1, c, b') where bt > c anrl we cart
then jump again but this time with c as the subject of the quadratic. Starting
with b:3,c:6, this algorithm will generate infinitely many distinct triplets of
desired naturals (a,b,c) which will then give us infinitely many clistinct triplets
of rationals satisfying the problern conditions.
An explicit recursion can also be given in the following fornr. Defitre the sequence
(r") os follows: z1 : 3, t2 : 6 and r,,*2: 3i6r+l - rrt - 1 for n ) 2. Then thc
t rilrk't

a1*aZ+...*a, and
1+

0tt

.I'rrr* I

1 + frm * r*+t' 1 + rm * tr*+r' 1 + rrrt * r*+t
satisfies the problem conditions for all natural rn. One can also express r, in
terms of the Fibonacci sequence, Fr : 1, F2 : 2, Fn+2 : Fr+t -f Fn, a.s fr, :
Fz" + t'

Day 2

8. Let O be the circumcentre of an acute scalene triangle ABC. LircOA intersects
the altitudes of. ABC through B and C at P and Q respectively. The altitudes
meet at 11. Prove that the circumcentre of triangle PQH lies on a median of the
triangle ABC.

Solution L. Suppose without loss of generality that AB < AC. We have
IPQH : 90" - IQAB : 90o - IOAB : IZIOA : IACB, and similarly
IQPH : IABC. Thus triangles ABC and H PQ are similar. Let Q and a.r be the
circumcircles of. ABC and H PQ, respectively. Since IAH P : 90" - lH AC :
IACB : IHQP,line AH is tangent to t.r.
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Let T be the centre of ar arrd let lines AT and BC ureet at h[. We will take
advantage of the sirnilarity between ABC arrd H PQ and the fact that AH is
tangent to t; at 11, with .4 on the line PQ. Consider the correspondirrg tangent
AS to O, with S on BC. Then S and A correspond to each other in AABC -
AHPQ, ancl therefore IOSIV : IOAT : lOAIl,t. Hence quadrilateral SAOIVI
is cyclic, anrl since the tangent line ,4S is perpendicular to AO, loh[S: 180o -IOAS: 90o. This means that IV is the orthogonal projection of. O onto BC,
which is its midpoint. So 7 lies on the nredian AIvI of triangle ABC.

Remark. Take ABC as the reference triangle and use barycentric coordinates.
We have p: (c2S2g: b2SaSs, c2sgSn) and Q : (b2S2B: b2SnSs: c2SgSn).
The equation of the circumcircle ar of the triangle H PQ is found to be

a2yz + b2 zr * c2rs - (x + a + 211ffr + ejffu * u3# 
") 

: 0,

wlrere S is twice the area of the triu.rgl" ABC. The centre of a; is found to be
(2SsSs , a2Sa: a2Sn), which Iies on the median AM.
Solution 2.

!J

C
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lM0 Troining Problems

In a coordinate system,let A - (0,o), B: (b,c) and C : (-b,-c). Then the
midpoint of BC is the origin and the y-axis is the median through A. Also the
slope of BC is cf b, the slope of AB is (c - a) lb, the slope of. AC is (c * a) lb, the
slope of BH is -b(a + c), and the slope of CH is bl@ - c). Direct calculations
give
g :1-.@2+!:?-"2),t#), and o : (G*b,-a2+e--a21.
The equation of the line AO is g - - *ryr4!#r + a, and the equation of the
line BP is A - -#, ' b2 *ca+c2-. Solving these two equations, we get P -T a+c

2c(b2*c?-"4). Thus, the midpoint of H p is *fn + P) -T+c[.
b2 +c2 _a2 b2 +c2)a

b2 +c2
)g

('(-
(- _a2 c:(b2 +c2 -o2)T+cdlTbT). Then the equation of the perpendicular bi-
ScCtOI. Of H P

b2+c2a__+a c(b2*c2-o2)
(a*c + b'2

It follows that the intersection of the perpendicular bisector of H P with the
g-axis is the point (0, (t]+c\2-a2c2 

r.
The computation of the coordinates of the point Q and the intersection of the
perpendicular bisector of HQ with the 37-axis can easily be done by changing b

and c to -b and -c. Since the expression CEpCI involves only the squares
of b and c, it will be the same expression for the intersection of the perpendicular
bisector of HQ with the g-axis. In other words, the circumcentre of the triangle
HPQ lies on the gr-axis which is the median through A.

9. Determine all integers n ) 2 with the following property: for any integers
ar,a2,...,an whose sum is not divisible by n, there exists an index l l i 1n
such that none of the numbers

airai * a*l : . . . ,cli + ai+1 + ''' + ai+n-l

is divisible by n. (We let a1 : oi-7r when i > n.)

Solution. These integers are exactly the prime numbers.

Let us first show that, if n : ab, with a, b ) 2, then the property in the statement
of the problem does not hold. Indeed, let a3: o for 1< k < n- l and an:0.
The sum a1*a2*...*a,r: a(n- 1) is not divisible bv n. Let i with | 1i l nbe
anarbitraryindex. Taking j:bif 1< z < n-b, and j:b+1if n-b<'<n1
we have

at * a;+t + "' + a+j-t : ab: n:0 (mod n).

It follows that the given example is indeed a counterexample to the property of
the statement.
Now let n be a prime number. Suppose by contradiction that the property in the
statement of the problem does not hold. Then there are integers atta2t...,an
whose sum is not divisible by n such that for each i, I < i I n, for which the
number ai * aiql + '" + at+j-r is divisible by n. Notice that, in any such case,
we should have 1 < j <n-L, since a1 +a2+...*a, is not divisible by n. So we
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rrrirvr'<rrrqtrrrcl rt'<'rrrsivch'irfirritt's(.(lllcnc('of irrtt'gt'rs0: lo ( i 1 ( i.2 1...--i,,
n'illt i-r r -i, ( rr - I Ior0 (.s ( tt - I stt<lt that. Iirr0S.s < rr - l.

{r;._p1 * oi"+: *...* rr;.., = 0 (rrur<l rr).

wltt'rt' wt't,itkt'irrrlit't.s ttrotlttkr l. Itr<lu'<1. fbr'0 ( .s < ?r. wt'tr1>plv t.lrt' llxrviorrs
olrscrvaliorr to l,: l, * I in rlrrlt.r'to rlclirrc i.rl : i. +.i.
I rr t lrt' s('(lll('ll('c of' tt * 1 irr< li<'r's i s. 11 . r 2. . . . . i,, . lrr' pigrrurlrok' prirrciplt'. u'r' lrax'
trvo tlist,ittt't t'lt'trtctrts u'hich ill'('('orU{r'll('rrt rrrclrlrrlo rr. So tlrclc alc irrrli<:es r'..s
rvitlr 0 ( r'{.s ( rr sur:h tlrirt i,: ri,, (nro<l rr) irrr<l

s -l
{I;,.11 * {t;,y2 * '..* rt;- : I(,,;, +t + ui.tt2 +'. .-f rr;.,,,) : 0 (rrlrcl rr).

'j -r

Sirr<'t'i" : l, (rtto<l r). rtt ltavt'i- -'i ,.: A'rr {ilr sotttt'positivt,irrlt:gcr 4,. arr<l sirrce
i j*r - i i { tt- l fiu' 0 <.i < rr - 1. u'r' hax' i,-1, ( (rr - l)rr. so A' ( rr - 1. Brrt
itr tltis <'irsc

rr;,. 11 * tt;,.a)1"'* rr;. : A'ktt * tr.t * "'* rr,,)

t:iuurot, lrc u. rrnrllilrlt,of rr. siru'r'rr is a llrirrrr. a,rr<l rr<ril,lrt'L A: u<lr u.l +u,.2 *...*rr,,
is a, ttrttllipk'o{'rr. u <'orrlrir<lictiou.

10. Arr irrtc!l('l' rr ) .i is givt'rr. \\i' tirll ;ttt tt-lttplt' ol rt'al utttttlrct's (.r;1..t'2....,.1',,)
Sh,i,rt,11 i1'fol rrrx:lr llcrrrnrl,irt,iot !/1.!1.2.....!1,, ol'tlrcst' rluulrt'r's rvtr ]rrlvc

rt - |

\-t lli!l;i r : llt!J') + !l')!/i + !t:t!tt * "'* !/,, t!1,, Z -1.
i=t

First of all, we show that we may not take a larger constant K . Let t be a positive
rtunrber, artd take x:2 : rJ: ... : f and 11 : -ll(2t). Then, every product
qri (i * j) is equal to either t2 or -1f2. Heuce, for every permutation yi of ri,
we have

This justifics thtrt the zr-tuplc (r1.r2.....:rr,) is Shiny. Now. wc have

Il,-1I
i.-1

, (n- 1)(" -2),2
2

.t'.t'
2

Thtm, as f approaches 0 from above, Dr.j r,i:L j gets arbitrarily close to -(n-l)12.
This shows that we may not take K any larger than -(n - l)12. It remains to
slrow tlrat Dtai xt:ri > -+ for any Siriny choice of the r;.
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Figure (i.1: F-r,rr rr - 6, titkt' 2 Hanriltorriarr
1>irtlrs anrl L : ::i:^1 * 2.1 zZ * zZ:5 f .:5,:1 *
zl z6 is irtrot.ltt'r IIzrtrriltotriarr p;rth.

./,
-r ,r

Figure 6.2: For rr - 7. t here art. 3 Harrril-
tottiatr paths anrl L - zt z6 + z,)zs * z:lzl
fortrrs ir trratclrirrg.
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From now on, assunre that (r1 ,r2,...,2r,) is a Shiny n-tuple. Without loss of
generality, we may assume that 11 I x2 1... I x*< 0 < rk+t 1... ( rr,. It is
also ea,sy to see that the negative n-tuple (-rr,. ..,-!xrr) is also shiny.

Consider the complete graph K, with vertices labelled &s rl: . . . . r, and with each
edge rixi identified with the product rixi. Each permutation (zr, 22,...,2rr) of
the n-tuple corresponds to a Hamiltonian path and the stJm z1Z2+. ' .+ zn-12, is
the sum of the edges of the path. Thus the sum of the edges of each Hamiltonian
path is ) -1 and the sum D*,*i is equal to the sum of all the edges.

We first consider the case where n is odd. It is well known that the graph K,, can
be partitioned into f Hanriltonian paths and a set of f independent edges.
We may assume that k is even, otherwise consider the negative sequence. Label
the vertices so that the independent edges 'dre' r1r2,r1r4t...trtr-2r,.-1 . Then
the sum of the edges is equal to the sum of the edges in the Hamiltonian paths
plus the sum of the independent edges and is therefore > -+ * 0 as clesired.

Now consider the case where z is even. It is well known that Kr, can be par-
titioned into nf2 Hamiltonian paths. Label the vertices so that rtr2...rr, is
one of the paths. It suffices to show tltat L : r7:f,2 +... + rrt-txn. > -+.
Without loss of generality, we rnay assume that rr. > k + 1. AIso note that
rkrk+r is the only nonpositive summand in .L. Suppose on the contrary that
L < -I12, then rprpat < -112. Therr since rr. ) x1*ay ) 0 and 11 4 xp I 0,
tnfr1 1 rkrk+r < -112. (Note that & can be equal to 1.) Thus for the perrnuta-
tion (rr, x1,x2,... ,rr.-r), the corresponding sum

rnrt * rtrz * "' I r,1y-2rrr-l : L + (rrrr1 - rn-trtt) < -l12 * tr,.r1 ( -1,
ir corrtraclic:tion
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