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Abstract
I,ilr r.irt'lr 1>osilivr. itrlr.gr.r' n '--,,''2. \\'(' I)l'()\'(' lltt' Ioll,ru'ittg t't'sttlt

which sharpens a previous result due to Brown ancl Koumarrdos. The lowcr bouurl tilti'*' C$ is sh,n.p

1 Introduction
Irr 191:i. Yorrrrg [3] I)r'()\,'c(l t,lrat

=l- r.os 1..r. 
( I )I + Lt, 0 (rr ¤ N:0 <., < zi).

l-l

x'srrlts. pleasc refcr to tiu'1>apt'r lrv lioruuarrrtos [2] . Irr prrrticrtlat. Bt'ou'tt attrl I{otttttarttlos [11 ptrrvc<l tltc
[irllou'irrg rt.srrlt :

i * \- a+ > g (,:2.i1. 1....:g (.r.(;,). (2)s'(:i A'

I{om'x'r'. sitrcr- Blorvrr urrrl Iiorrrrrirrrtkrs <k'r'istrl a tu'u'tttt'tlur<l to t'stalrlislr (2). it is ttittttritl to ask rvltctltt't'
Vrrrrrg's apllroa.ch ca.tr }-ltr uscrl to gcrx'r'llist' (2).

Irr tlris l'('l)()l't. m' sct

(',,(.r,) :I+ (rr¤N:.,.¤[o.r]) (:i)

irrxl ptrxt tll' firllou'irrg rt'sttlt.

Theorem 1.1.
.rtr.t,_11r,. 

.1(',,(.,') > ) --+ > : (tr :2.;t.1....:0 <.r' ( zr).At)
A.: I

u,helc tlrt- kru,t,r. lrrrrrul tii,*' L-$ i, sharp.
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A Refinement of Young's lnequolity

'l'his Irlrot't is strtt<'l ttrtrl em lolkru's. Itt Strtiorr 2. rvc rrrorlilv Ytlrrrg's apllrrra<'lr lo prort tlrat

rrrirr,(lr- r(.r') :('z.v 1(z) rrrrrl rrrirr.C2y(.r') -('2.r, (:Il) (l).rL0.il .r((,.tr] - \2.\II/

Iiotttrrtttu los.

2 A new proof of Young's result concerning nrirr.,,611y.,.lC,,(r)

The goal of this section is to give an alternative proof of the following result due to Young [3]

Theorem 2.L. A N ¤ N, then.

rlril t,C2N- I (;r:) - ('.zN - I (7r) rLII(l
.r'e [tt.zr]

tttitr
re Irt.zr]

Czw(r) - CzN (,ffi)
\!ir lroe(l sorrrc lernrna,t,rr,.

Lemma 2.2. If ,r ¤ N otld if t g (0. n ), t,lrrrt

Proof. For' ()rtcrll :r: ¤ (0. zr). wt' lrtrvrr

*e,,(r))ur Isirr(rr)
-J- t 2sirr(r'.r') sirr {2sirr | 7,
-j,,, ;I (,,,, (, - j) , -((,, (

1r*-
2 ),)

1_, ,,, j(,,,,;-(os(,,*; ) ,)
. (n* 1)r nn r- srrl 2 sttt 7 csc ,

Lemma 2.3, Lct N be a positi.ue inte.ger gre.ater than 2. ffsin f :0 and i.f t e (0,n), tlx:n

2krn- #f<rrsomek¤ {r,..., t+l ,}

Thc restrlt, follows
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A Refinement of Young's lnequolity

The fclllowing two lenrrnata folklw fi'onr Lettttrra 2.3

Lemma 2.4. If rt is al).y integer gretrtcr than l, then

! tc,(*))
CIT -sinry"inff.'.;) 

|

[( rycosry'i"fc'c
(rr * t ).,' /r.r' .t'

SIII-C()S-(.S(.-'2'22
(tt * I ).,' n.t' :I:

SllI-Slll-(.S(.-')'22
(n * 1) (rr * 1).,' /r.r' .r'('os slll 

- 
cs(' -'22',22

- q+ c,s Azi.sirr ( u* - ia)'2 \ rt *11
(n * 1)

^- 2A'r
,l -t- I

> 0 for k - 1, t+l -1

^- Zkz.
,r+r

-- 2A'n
,r+l

kr
('s(' rr*1

,[;l -1

tttrrl

tutt< I

,r+l

;)

;)l1

,(+
)
cot

#((1,,( ,))1,,_*

rl'2

,l"r' (c,,(r,)) ( /r (rr*I).,' n.r .,'\I
(-; sirr ,a ('os - ,'t,'t,/ 

I

2kr.rr*l

,2

0

Lerrrma 2.5. I.f tri,s o,n U i'rttt'qr;t' qrr:rttr:t' thrt,rt 2, tltett

tr

tll,l2l, (C,,(.,'))l :0lrr<l ' (r',,(.,))l (0firll=l.'(l.t' l, -:_U (l,t'- | , ':-t:

Prrxs.f. Folktrvirrg tlx'pr'ool'o1'Lettrtrra.2.J. for t'ru'lr A':1... .f ;1 - l. rvt'havt'

! tc,(*))o"r
0

^- 2kz.
tt

2kr
,TI,t'

F<rr cach iutegcr n 2 3. it follows from Lemurata 2.4. 2.5 and the Sccond Derivtrtive Tist that

.-_ 2\.n
,t

,)
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A Refinement of Young's lnequolity

(i) the grirplr of' C,, lrus rclutivt' rrrirrinnrrrr poirrts

(ii) tltc gnr,lllt of Ci,, ltits t'r:lut,ivc trruxirrnlru lloirrt,s

l)t'rxt.l'. [Jsir rg I.,ctttttttt ').'2 u,rr olrt rr,itr

(#)).wr,erek-1 t+l -1

(#)

ff ,c,(T)), where A: - 1,, l;1- 1

Lemma 2.6. IJ'p otttl tl ttx' i.rt.lt't1trs sutlt lltttl. I;]r- p) t1 )1. tlx,rt.

'' (#)""'(#)

cr, ( 2pn
)

_ C,,
n +

d
,t. (' tl.,.I'n

w() n('crl to slurw tlrut

^u_t;'
r;
t#

,r' (,, + I ).,' ( (rr * I ).,' .r' (rr * 1).,' .r'\('S('- SllI 

- 

I Sll ('()S - - C( SltI - I'2 ') \ 2 '2 2 '2f
),1a

,.t' )(rr*l).r' , l';;-i. (rr*1).,' (rr*l).,' ,col-sllt- tl.t't- I s tl,t''2 '2 I .r,,- 2 2" "ll

rl,r

2 1trl' ,,.1 .r' .) (rr * I ).r' ,- .f ,,- t'ot - si,,']j1- r/.r'*0
rr -*- I

0r,,,,,,,,s(. ;¤ [* :h] . (,, lifl c (,,;)

Wlurtr rt is ittr orlcl positivc itrtcg<'1 . 1y1' 11211'1' llrc folkrrvirrg lcsult.

Theorem 2.7. IJ',\ e N . tlrrr

'fi'il'''r'"-r 
(''') : czrv r(-)'

1)r'oof. Sirrt't' tttitt.,.611y.,1 ('1 (.r') == ('1 (a') atrrl Lt'tttttttt 2.1-l irrrl>lics

tttitt (':.r'r(.r') -11'. ,/ N" \,,..[..;ii1 : c':r'r' ' ( \a ,,/ li,''\' : 2'ii

Czx-r
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Folkxn,itrg tltt' llt'oof of' TIl(''ol'elIr 2.5.

it is srrffir'it'rrt to c'lrcck tlrirt

Sitrr:t' Letrrttta 2.2 irrrlllies tlrat

it n'rrrtrirrs to c'lrt'r'k tlrtrt

A Refinement of Young's lnequolity

)

CzN- r (n) - CzN -r

t; f t('2.\'-r(.,')) rt.r

t; si, l/,: ri" ((, - ; ,'r,' { rl.r',2

[., . sir12 .\'.r',',,t I rl.r' * [", - sirr l'.r'c'os Ai.r' rl.r'
"\.l "\..l

1';TI sirr2 I'.r',',,t { r/.r' * 0/.,_ '), .\ ..
.\l

) ,)

0

fbllorviug lcsrrll rvitlulrl 1>xrof, rvt' givc a .irrstifi<':rtiorr ol tlx' n'srrlt.

Theorem 2.8. IJ r\' ¤ N. //rr:rr

/ l\' \
')'i1l;,r',.('r') 

:('::r ('"* ''/
Proof. Sirrcc l,r'rrrrna 2.1'r r,ickls

/ zlrzr \
\z.ntr + L )rnin

re [o. i#l
C2y Q:) - CzN

2lv
CzN b) ) CzN 2lv+1(

since r e (m, ") , we have

)7r
(5)

(6)

atrrl
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A Refinement of Young's lnequolity

If N is evtrr arr<l if tlxr anglc g is in the oprru intcrval ((l[ - ])zr.,ntlzr), theu it lics irr the f<xrrt]r cluadrant

if 0 is in the operr intcrval (,nlr, (,1,1 + i)") . then it lics in tlre thir<l quadrant. Courbining both cases, we have

Likewise, if 0 is irr tlxr operr irrtcrvtrl (ru", (,nf + +
is orkl and if tlrc rlnglo 0 is irr thc opell itrtervtrl ((

(2,V + 1).r'
slII 4sirr.,A/:r'( 0 for trll .l: ¤

2

)"). tlren it lies the first qua(lrallt. On the other hand,, if ,A/

,A/ - i) ". Ifr) , thcn it lies irr the socon(l quarlrant. Likerwise.

( 2lv
2^r + l,t )rr )

3 An extension of a result of Brown and Koumandos
Accor<ling l<l to 'llteottrrrs 2.7 arr<l 2.8. wt' ltavc

rrritr. C,,(.r') -.r¤ [0,2r j

Czx- r (zr)

czN (rr-*=")
tf n : 2lr{ - 1 frlr some l/ ¤ N,
if n : 2I{ for sorne l/ ¤ N.

2l/+ I

Siucc rliltt (:()lrrl)uta.liorrs slrou' Ilrrrt

.,!f,l]',t 
(z"('')',1'i1l',t (':"+r ('r') f.r' J : l'2';l'{' ir'

wc trrtr.jc<'l ttx' tltat

'fl'111,('t't'') ' 'li'iii,(!r ' r(r') Iirr';rll '\'e N'

'fho {irst goal ol'this strtiotr is to cstalrlislt tlrc corr.iectrrlt' (7).

Lemma 3.L. I.[ .V ¤ N. lhrrr

t',' ('ffi) > (!v' r(ir)

Pxn.[. F<n'cach N ¤ N. wc havc

coso(#")'2lv

=

(7)

(8)

(e)

Czx
/ ZlVr \
(zl,'r.r/ - CzN+ r (zr) t COS K7I"

k

cos kzr 1t-k 2lv+1

A.
A.- r

2.^/ ('os A' (+")I -t
A:

2.4/

A:1A.- 1

I-lt'rI('('. tlrt' rlt'sirt.rl irrt.rlrralitr' ('rur lrc t't'f r)l'lrntlaterl as ftrllr)\\:s:

/ k / k \2N+1
k:l lc-l

Irr ortk'r to provt' (8). we ust'Lcurrrra 2.2 to rcrvritc thc lcft-harr<l si<lc <lf the irrt'qualitv as folkrrvs

2N 2NrT-r
A:- 1 I;- I

cos*(+")
/r..,- 2 2

" lN { l
A,
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A Refinement of Young's lnequolity

l.lsirrg (8) arr<l (9). it rcrrrairrs to prox, that

f ' (2.\' r- I ).r' .r' I ..

./j* ti,, 

- 

('s('t sirlN.t: r/.r'+ ,a, * , > 0'

('orrsitler tlrt rk'firritc irrtcgral appearirrg irr (10). Sirr<'t'

,rirx ,'r,'{ :,'r.,,, '" > 0 a.rl ,.'i,, (.1'- 1).,'sir,\'r < 0lirr' .r a ( ?!"
..ei.-1i-."1 z 2N+l \ 2/ -\2.^/+l
rvt' dtxlrrct' that

)7l (.f. proof of Theorerr 2.8),

(10)

(11)

(12)

{^-_,_,..- 

-',,qi-u,*. |*i,,.N r r/r , (,* (#})) L *i,, GJjJrsirrN:r: rr;,

Ntxv u'c cr.ahrate the rlt'finile irrtt'gral orr thc riglrt-harr<l sitlc of (11). tJsing the lirctor fot'tuula

-2si1a si1|,r : <.6s(rr f L) - <.os(o - b).

ut lt:nc
[" (2-V * l).r'
/:v" 2" r\=i

1 [" ( ,, r (a'^/ + 1)r ) rtt,ilr*- \cosr-('os z t'/ ZTFI \ '/

. 7r I /,s,,r, ffisi,((4r/+ 1);)+ ;^f si,, (
11/7rlt1 +-si./2lV-n + , n

-ll/+1 4lv+1---\- 2'2(21\i+1)
11717t1- 4A/+ 1 - 4Ar+ l cos 2erv +L) -cosz(zlr+t)

Finally, we use (11), (12) and the inequality cosd < t - S + { to conclude that

(zLI * 1)rk ('sc ; si, r\I.r' r1:r' * *;

sirr

sir r

1
1

4,4/ + I
11_r 

4lV + 1

2

) ,.. 1+2tv2
^ ( )

1
I ' 2^i + 1

/_ I \ I11 l,-
\ 4/V+1/ 2tv+1

1'r_r 
4lv + 1

1 
-\ tr 8(2N+1)2 ' 384(2N +r)4 /

11_
4IV+1

11_r 
4Iv + 1

r+ 12 "o \ (, 1 \ 1-'l 8(2,nr+ j, 384arv+ 1), / \- 4t'{ +r)+ 2rv+ 1

7f'2 T{ \ 1

**,-1z W)+21,,*1

)(

)(

)(

We are now ready to prove the mairt result of this report.

Theorem 3.2. If r e (0, rr) and, if n, ¤ N\{1} , th,en

rL , 2l,tl+l ,

A:1 I;:1
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A Refinement of Young's lnequolity

Proof. Let zl be arry positive integer such that rt )- 2. When n is odd, the result follows fronr Theorem 2.6. On
the other hand, suppose n is a positive even integer. In this case, there exists n positivc integer N such that
n :2Nl, rrroreover, Theorenr 2.8 arrcl Lenrma 3.1 vield

$,',,*A,,'-.. / 2Nr \ ^
! * 2 ('z'r ('^ - ,7 > czr *r(zr)'

'l'lt<r yrt'ool is rrrtrtpk't<'.

As:rrr aplllit::rtiou ol'orrr rlairr rt'srrlt, wt'slrar'llcn u rcstrlt r[ru'lo Bxlu'rr arxl Korrrrra.rrrlos Il]
Theorem 3.3. Ltl. n e N\{1}. lf r e (0.r). tlu'rr

(-1)r 5r

A. (i '
ft-l li-1 A:I

where the lower bound D?fil *' q# is sharp

4 Conclusion
We have combirred the classical approach <lf Young with calculus to extend a result due to Brown and Koumandos
[?], and the lower bound is sharp.
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