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Abstract
For each positive integer n > 2, we prove the following result:
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which sharpens a previous result due to Brown and Koumandos. The lower bound >, "4 —— is sharp.

1 Introduction

In 1913, Young [3] proved that
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1 + Z “)14 s O(neN0O<x<m). (1)
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Since then, many mathematicians have been studying such trigonometric inequalities. For a survey of these
results, please refer to the paper by Koumandos [2]. In particular, Brown and Kouwmandos [1] proved the

following result:

However. since Brown and Koumandos devised a new method to establish (2), it is natural to ask whether

Young's approach can be used to generalise (2). |

In this report, we set
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and prove the following result.

Theorem 1.1.
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where the lower bound ) j‘ I (—LI‘) is sharp.
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A Refinement of Young's Inequality

This report is structured as follows. In Section 2, we modify Young's approach to prove that
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min Con_1(2) = Con_1(7m) and m
€0, T

I

Then in Section 3, we use the sequence of absolute minimum values to extend the above result of Brown and

Koumandos.

2 A new proof of Young’s result concerning min,(, . C,(z)
The goal of this section is to give an alternative proof of the following result due to Young (3].

Theorem 2.1. If N € N, then

2N
min Con_j(x) = Cony_1(m) and min Con(x) = Copn < - 7l>'
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We need some lemmata.
Lemma 2.2. Ifn € N and if v € (0,7), then
d (n+ 1z . nx T

E(( n(x)) = —sin N sin ?('.\1-5.

Proof. For each x € (0, 7), we have
n

d .
o (Ch(x)) : Zsm(/:l‘)

=l

l n
T
- g 2sin(rx) sin —
2sin £ | 2
Ll ;

1 T — 1 1
75 cse E L <u).\' (1‘ — 2) T — COS </' -+ 2> .1')
r=1
1 oz K . 1 .
75(,\(5 (().\E COS n+§ i

n+1lx . nx T

— sin —— sin — €sC —.
2 2 2
a
Lemma 2.3. Let N be a positive integer greater than 2. If sin % =0 and iof v € (0,7), then
2k | N
B 2 — forsome ke<1,....,|—| —17.
N 2
Proof. Since 0 < \_,' \_f for 0 < & < 7, we see that
. Nz Nz i N
sm— =0andz € (0,71) = — =knforke<l,....|—|—-1;.
2 2 2
The result follows.
O
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The following two lemmata follow from Lemma 2.3.

Lemma 2.4. If n is any integer greater than 1, then
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Proof. For each k =1,..., >”,_',l<; — 1, we have
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Lemma 2.5. If n is any integer greater than 2, then
d d> . n
— (Ch(x)) 0 and = ((',,(‘1‘))‘ <Ofork=1... (Ww =
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Proof. Following the proof of Lemma 2.4, for each k = 1...., [5] — 1, we have
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For each integer n > 3. it follows from Lemmata 2.4, 2.5 and the Second Derivative Test that
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(i) the graph of (,, has relative minimum points
O

2km 2km |
G — . where £ l..... ntli_ 1.
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(i1) the graph of ', has relative maximum points
le) n
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For each positive integer n > 2 we next show that the sequence of relative minimum values of (), is decreasing.

Lemma 2.6. If p and q are integers such that | 5| > p >q =1, then

L2

C 2qm & 2pm '
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Proof. Using Lemma 2.2 we obtain

CSC — sin — sin dx
5 5

r o, (n+1)x T (4 1)ax (n+ Dx
cot = sin” — dr + sin —— COS dr

cot = sin? f)'—' dr +0
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When 7 is an odd positive integer, we have the following result.
Theorem 2.7. If N € N | then

min Choy_1(x) = Con_ (7).
re|0,m

Proof. Since min,cig - Ch(x) = C(7) and Lemma 2.5 implies

N
i ‘9O N T D R [ :._)
P(l(l:n\f‘ Con_1(x) = Capn ]<.\ »1> for N 3

N+

we need to show that

Nrm
CoHn |<\" l> > Con—q (m) for N =2,3,....
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Following the proof of Theorem 2.5,
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For the case when n is even, the proof of the previous theorem does not work. Since Young [3] stated the

following result without proof, we give a justification of the result.

2N
i (& T = CoN == /i i 1
oot o) = Can <-_>A\4| )

. 2N
6 lI;]_IjJ],,I\,: ¢ 2N (Z) = ( 2N <2\ ]) .

N+1

Theorem 2.8. If N € N, then

Proof. Since Lemma 2.5 yields

it 1s sufficient to check that

2N
()\(u) (_1\<~)—‘\’ "T—\>

Since Lemma 2.2 implies that

d . 2N+ 1Dax . T

— (Con(x)) = —sin————sin Nzxcesc = (0<x <)

aq 2 2
it remains to check that

2N + 1)z 2N
sinv(r - )f sin Na < 0 for all x ¢ <**, -7 ./T> .
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e (2NT ) o haue
Since x € <_>7\ 1_ .). we have

and
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If N is even and if the angle @ is in the open interval ((N — 1) 7, N7), then it lies in the fourth quadrant.
Likewise, if @ is in the open interval (N7, (N + ) 7). then it lies the first quadrant. On the other hand, if N
is odd and if the angle @ is in the open interval ((N — 1) 7. N7), then it lies in the second quadrant. Likewise,

if 0 is in the open interval (N7, (N + ‘l,) 7). then it lies in the third quadrant. Combining both cases, we have

2N+ 1Dax . . ) 2N
sin———sinNz<Qforall z € [ — T, .
2 2N

2 + 1
O
3 An extension of a result of Brown and Koumandos
According to to Theorems 2.7 and 2.8, we have
Con_1(m) if n =2N — 1 for some N € N,
_,“'f.if_’m("’(“ — 1 Chx (_,%\f] r) if n = 2N for some N € N.
Since direct computations show that
min Cy,(x) > min Cy,(x) for N =1,2,3,4,5,
xel0,7] z€(0,7)
we conjecture that
l}lli'll Cnr(x) > ]]‘l(i]ll Consi(x) for all N € N. (7)
x€[0,7 x€(0,7

The first goal of this section is to establish the conjecture (7).

Lemma 3.1. If N € N, then

Proof. For cach N € N, we have

o 7 2N cosk [ =2 2N+
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Hence, the desired inequality can be reformulated as follows:

()\/.u = (“\/’<_’.' l’w> |

Z Z A = % 2\' 4 ] (S)

k=1 k=1

In order to prove (8), we use Lemma 2.2 to rewrite the left-hand side of the inequality as follows:

2N 2N cos k | =28 . —

08 kT Cos <_> 1‘) 2N + 1)z T

g (“\1' - E r * = — / sin # cse —_'; sin Nx dx. (9)
k=1 k=1 J R
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Using (8) and (9), it remains to prove that

T 2N + 1)x @ 1
/ sin (——:i Cse = sin No dr + — > 0.
J an 2 2 :

2 2 2N + 1

2N
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Consider the definite integral appearing in (10). Since

T Nt ) ; ] o . 2N
max CSC — = CSC —— >0andsin| N+ = )xsin Nz <0 for x € -
relgirra] 2 2N + 1 2 2N 1

we deduce that

2N+1 1

P (2N + 1)z X N= o . 2N+ 1Dz
S —sin Nz dx > | csc - sin ————=
J 2N= _) 2 _)A\ -+ l " ,)J,\\,:, ._)

—sin Nz dzx.

Now we evaluate the definite integral on the right-hand side of (11). Using the factor formula

—2sinasinb = cos(a + b) — cos(a — b),

we have
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2N 2
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g - P 2
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Finally, we use (11). (12) and the inequality cosf < 1 — ”—, + “= to conclude that
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We are now ready to prove the main result of this report.

Theorem 3.2. If x € (0.7) and if n € N\{1}, then

’\thl

cos kx
Z- > 3 !
k=i k=1
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A Refinement of Young's Inequality

Proof. Let n be any positive integer such that n > 2. When n is odd, the result follows from Theorem 2.6. On
the other hand, suppose n is a positive even integer. In this case, there exists a positive integer N such that
n = 2N; moreover, Theorem 2.8 and Lemma 3.1 yield

coskw _ c 2N c )
i z Can aIN+1/)° 2N+1(T).

The proof is complete. O

2N

As an application of our main result, we sharpen a result due to Brown and Koumandos [1].

Theorem 3.3. Let n € N\{1}. Ifx € (0.7), then

n -, "’ & | . )‘ -
— cos kx Z (—1) . Z (—1)* 9
k ko ke G’
k=1 k=1 k=1
~2[ & |4+1 (=1)~ .
where the lower bound » ;%" ~—* is sharp.

4 Conclusion

We have combined the classical approach of Young with calculus to extend a result due to Brown and Koumandos
[?], and the lower bound is sharp.
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