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Sum of Cubes is Equol to Squore of Sum
Andrew Yopp Wei Rong, Gnoh Cheng Yi

Abstract
It is a well krrown firct that, the srrnr of tlrc cttbcs t-rf tlrc firrst n (:()Ir-

st'crrtivc integers is e<1rral to t lrt' squaro of tlrcit' sltIIt. I Iou'ctv('I'. ttt-rt tttttt:lt
rcsear<'lr lras bct'rr rlorre atlorrt, otlrer sttts that ltal'ct t lris property. Irr t lris
strrd.y' wc attt:rrr1>t to csl,alllish tighter l>otrnrls orr t,crtrrs itt sttt:lt set,s attd
firrcl certirin intcrt'sting I)ropurtit''s abottt tht'ttt.

1 Introduction
CS-sets are deffned to be sets where the sum of the cubes of the terms
in the set is equal to the square of the sum of the terms in the set.

,, / r, \2
Namely, I ,,*l : ( I u^ ) where rr1. is an element in the set. CS-A=l \r.=r /
rrsets are defined as CS-sets of size rr. In this paper, we are dealing
with CS-sets which consists of entirely positive integers. WLOG, we
assume that the elements of a CS-set are in increasing order. In this
paper, we shall let rr be the number of elements in a CS-set. Also, 41.

will denote the A' th element in a CS-set

2 Proposition and Proofs
2.L Bounds
Proposition 1. Srrrn of all elerrrctrts of'a CS-nsot is trt lllost n'2

Proof: B.y Holtler's hrcclunlit.y.
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Sum of Cubes is Equol to Squore of Sum

Note that the equality can bc achieved when all elements of the CS-set are equal
to n,.

Proposition 2. Sum of reciprocals of the elements of a CS-set is at least 1.

Proof 1: Bv Cauchv-Schwarz Inequality,
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Proof 2: l].1' Clartcln'-S<'Iru'nrz [rrt'rltrulitr'.
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\ott'tlrirl tlre r'<lrtalitv calr lrc irclricv'rl u'lrctr irll t'lt'rrrt'rrts of'tlrt'('S-st't irrc crlrrirl
t,o tt.

Proposition 3. 'f ltr. lrl)l)(.r' lrorrrrrl of' rr 1 is n

Proof: Srrllposc (tt > n. Tlrcrr. a,' a *. Sirrct, n t I rr'2( a3 ( ... ( arr.
,i ' 2 u.zt ),ri ' ) ...) a;|. Tlxrr.

l) n

(*) -1
I;- I A.- I

n'lriclr is irlrsrrrrl irs ut kruxv tlrirl I ( i u^' firrrrr Proposiliorr 2. So. or ( rr
t.- I

wit lr t:rlrra.lity if l'rr 1 : 0) : u:t u,, : 11. rltlc 1,0 t lrt' fir<'t. l,ltat a tt-t:lt'iltr.trt-s('l
irr Ilr<' ftrlrrr of {rr. rr.l.....,r} is a C'S-rrsct.

Proposition 4. Tltc lll)pcr lrourrrl for a,, is at rrrost (r,^ - Tt + 1)+
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Prooft Suppose that o6 are the elements of a CS-nset such that rn is tlrtr
largest etttry, that is, o, : rn. Then

Sum of Cubes is Equol to Squore of Sum

nn

k-l
I"^
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A-l(, - 1) 13s

Proposition 5. '['ltt, l(xA,t'l' lrottttrl f ot' rt,, is trt lt'ttst ,, *

Proof: Suppose that o1 are the eleurents of a CS-rrset such that rn is thtr
largest errtry, that is, 0, : rn. Then

m3 + rn:3 + m3 + ...* nf 1+1+1+...+1
, ,r3* rr 1s

++ ILzLS 2 n,2

<+ m) ni

2.2 Cs-sets with only one repeated term
Proposition 6. {1.2.2.3. -1. ir. .... /r - 3. /r - 2. rt } is a Cs-/rs(}t

(r - 1)2 + ('y - 1;2 for some integers r, y, then it can be appencled with n arrd
y to forrn another CS-set. F\rthermore, appending an irrteger z is equivalent
to removing -2. In addition, it is known that the set {1,2.3,...,n - 1.n} is a
CS-nset.

Proof: A l)r'ol)('r'tv of' ('S s('t is tlritt if' 'Z( 'Z( 

^i,,,^ ) 
+ I

\

2 ( )(,
rt(n. + 1) +1 -2n(n* 1) + 2-2n2 *2n+2:n2 *(n+ 1)'+t'

2

Lety- 1:1and x-l: -rt, then y-r: nt1. Hence.(r,g) : (1-rr.2) is a
solutiorr and we can remove z - 1 and append 2 to the CS-sct {1,2,3, 4,5...,n-
3,n - 2,rt, - l,n\ to form another CS-set {L,2,2,3,4,5...,'n. - 3,n, - 2,n.\.
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Sum of Cubes is Equol to Squore of Sum

Lemn= a 1. liol all scls o[ tlu'lolrrr {1.2......r'..r'.....,,} 1.rrr} (l lo.r'irrr<l .r'
to rrr iu't. ('olls('('ul irt irrlcgcrs).
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Lemma2. Firrallsctsof thefilnrr {1,2....,.r:,:r:,...,.!t -1,'y +1,...,r1 -1,rrr},
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,r,ri -'u'r - :t2 * 2t:y - y2 > 2@ - a) t,
i-l

(*'+r,y+y2)-@-il<2 t
i- I

.,'2 + ,t'll + li'-.r'* lt < rrr(rrr * l)

ti' + (.r'* l)y < rrt(nr * 1) -.I'(.r'- 1)

)

I
Sirrce r t !J,

for all !) < Tt,
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Arr<l sirrr:t' we ktulw tlrat y > .t' ) 0.

.r'* 1

I
nr(rrr + 1) - .r'(.r' - 1) + (+)

Htrrrce. for all sets of tlur forttr { 1.2, .... J:.:It, ..., Il - l,'y + 1 ltt - 1. rrt,}.
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firr all positivt' itttegel's ry. :I'. ttt wll('l't' .I' S 'ttt - 2 atttl
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.r'( ll < m(nt + 1) - r(r, - 1) +

Lemma 3. Fot'ull s('ts u'lrt'rt'rrll tltt'tt''l'llts rtt't'rlistirrct. if'
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Proof: If
ll n
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Sittcc'' y > 0.
n

,-)

(r
,)T + '2.r

k:1

y('v + 1) <2 (r 
A. *2t

AII u < rt salisfics llris <rlrrlitiort as sitr<'t'llrc ck'urerrts irr tlx'sct art.rlistirrcl
ittr<l ;r: ) 0.

tt(u + t) S n(ri + l) <,(f.,,u) *,2.,.

Proposition 7. There exists no CS-set of the forrn {1,1,rr,3,...,n,,} whercr
ak > ak-t for elll ft > 2.

Proof: In order to provc this, we shall dividc the problerrr iuto two ca^st:s.
Case 1: For all sets of the fornt {1, 1, 2, ..., zr},

ll I
A-l

,f)'
A.- r

Applvirrg lt.rrrura I lrt'r'r,. ut krrou' tlrat tlris is tnrt'.
Clast' 2: For irll otlrt'r'st'ts of tlu' lirrrrr {1.1.a,1.....a,,} u'lrcrt oA. ) rr1.-1 firr

all A: > 2.
n n

,)

I"^
A_1 A-r

Inordertoprovethis,wefirstprovethatfor {I,t,2,...,!/-l,y*1,...,m-l,rn}wlrerey>1andm)A,
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Applying Lemma 2, we know that this is tme since m > y > n: 1 and since
m and g are iutegers, ;r < 7n - 2 and

rrt2 * rn + 1 1

(+)
,)

nt(m+1)-r(r-1) + r*l
2

Now, to prove that this is true for other sets, we need to fiud an order of
removing terrns from the set {1. 1.2. ....y - 1. g * 1, ....m - 1, nl} where y > 1

and rn ) .r7, such that the property of

,t ll
,2

I"^
lu- I A- r

is maintained.
From lemma 3, we know that if we rerlove ternn that are less thau n, the

property is maintained as clesirecl. Now, in order to prove that any desired set
Iraii this propertv, we can just start frorn a set {1, 1,2,...,y-l,y*1,...,rn,-I,nt,},
wherc m is the biggest nunrber of the desired set and A < nL is the ltiggest number
missirrg from the desired set. Tlten, we retnove terlns in descerrding order, as
tlie ith terrn we remove would be less than n - i. which is the size of the current
set.

Example:
To prove that for {1. 1,3,6},

we start from {1,1,2.3,4,6} w}rich lrtrs this propertv frortt lemttta 2. Therr, we
rerrove 4 I n : 6 to get { 1. 1. 2. 3. 6} which nrtrintains the property frotrt lctttma
3. Tlren, we relnovc 2 < rr,:5 to get {1,1.3.6} which rrtaitrtailrs the propcrtv
from lemrna 3. Thus, provirrg that for {1, 1.3,6},

n t
A'- r

,2

(I 
A'

k-1

llt'rx't'. firrall otlrclsctsol'tlu'lirllrr {l.l.rr;3.....rt,,1 u'ltt'rt'rt1. )rr1. llorall
A'> 2.

n n
,2

I,,U
ft- l k-r

and we have proven that there exists no CS-set of the form {1,1.43....,o,}
where a6 ) a*-r for all k > 2.
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3 Conclusion
\\i'iot'rrst'tl ott ('S-st'ts th:rt t'otrsists oI r'rrtirt'l.r'positivc irrlt'gt'r's. lrr<l t'xpkrlt'rl
tltt' lrotttt<lrttios o['r'at'iotts ptollcrlics of'('S-scts. irs rrcll ils solu('spccial ('S scl s.
'l'lrr' <'olltttr'<l rr.srrlts (lirr caclr llositirr' irrtcgt'r' rr) arr':

l. Srtrrr ol all ck'trrt.rrts of ir ('S-rrsct is al rrrosl n2.

2. Srrrrr ol lttiprocirls oI irll t'lt'nrcrrts oi'a ('S-risct is irl lt.irsl l.
,, 

;:: 
tr irl lr()sl ri. rr'ith t'<lrralitl ill'irll ck'rrrt'rrts ofllrr.('S-rrscl itrt'r,r1rral lo

l. 'l'lrc rrppcr lrorrrrrI of rr,, is irrrprovtrl lo (rrl- rr + l;i.
ir. 'l'lu' Lrutr lrorrrr<[ of rr,, is irrrllrov'rl to rri.
0. { l. 2.2.:t..1. ir. .... n - il. rr - 2. rr} is zr ('S-rrsct.

7. 'l'lrclt' r'xists tto ('S-sr.t iu llrc lirlrrr ol {1. l .u:t.u t.(t,,.....u, } u'lrt'n' o1. >
aA. I li)l' all A' > 2.

l'tonr <ltrta tlttrt wc pnr<lucul usirrg co<k'. wt' obst'rve tlrat thc borur<larit's of a,,
still havc a lntge roonr fbr itrtltrovctrretrt. Wtr a,lso observc that for rr srnallcr tharr
16, tlu're'al'c llo CS-sets with 3 or { as the orrl-v* repcatrl tenrr. This <t<-rrtl<l poirrt
to thtr firct that thcrc are u<l CS-scts with ll or 4 trs tlur orrly repca,te<l tcrnr at
all.
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