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L
) mo20177\ RIO DE JANEIRO - BRAZIL

English (eng), day 1

58th lnternational Mathematical Olympiad

Tuesday, .l u,ly 18, 2017

Problem 1. F<lr cix:h itrtcger o11 ) 1. rktfirx'tlu: s(xltre[cc e11, e,1, o2, ... by:

Att*l :
{

,M rf v6, is an integer,
an * 3 othcrwise, lrrr t'uch n > 0.

Determine all values of as for which there is a number A such that o,, : A for infinitely many values
of. n.

Problem 2. Let IR be the set of real numbers. Determine all functions /:R -+ IR such that, for
all real numbers r and y,

f U@)l@)) + f(x + a) : f@a).

Problem 3. A hunter and an invisible rabbit play a game in the Euclidean plane. The rabbit's
starting point, 40, and the hunter's starting point, ,B0, are the same. After n - 1 rounds of the game,
the rabbit is at point .42-1 and the hunter is at point Bn4. In the ntl' round of the game, three
things occur in order.

(i) The rabbit IIIoves invisibly to a point ,4,,, such that the distan<:e between An-1 and, A,, is
exactly 1.

(ii) A tracking device reports a point P, to the hunter. The only guarantee provided by the tracking
device to the hunter is that the distance between P,, and, ,, is at most 1.

(iii) The hunter Inoves visibly to a point B, such that the distance between B,-1 and B, is
exactly 1.

Is it always possible, no matter how the rabbit moves, and no matter what points are reported
by the tracking device, for the hunter to choose her moves so that after 10e rounds she can ensure
that the distance between her and the rabbit is at most 100?

Language: English, Tim,e: /r hours an,d 30 rniryutes
Each problem is wor-tlr, 7 po'ints
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English (eng), day 2

58th lnternational Mathematical Olympiad

Wednesrlay, J uLy 19, 2017

Problem 4. Let .R and S bc differcnt poirrts on a circle O such that rRS is not a diarncter. Let /
be thc tarrgent linc to 0 at fl. Point 7 is such that S is the rnidpoint of the line scgmeut r?7. Poirrt
J is chosen on the shorter arc R,S of Q so that the circumcircle I of trianglc JS? intersccts / at two
distinct points. Let A be the commou point of I aud / that is closer to l?. Linc AJ mccts O again
at K. Prove that the line KT is taugent to l.

ProblemS. Auinteger N>2 isgivcn. A<:ollectiouof I/(1{+1) soccerplayers,uotwoof wh<lttt
trre of thc saurc height, stand irr a row. Sir Alex wants to rcrnovc I{(Ii - 1) pltrvers frotrr this row
lcaving a new row of 2N playcrs in rvhich tlrc following Iy' t:ottditiotts hold:

(1) no one stands between the two tallest players,

(2) no one stands between the third and fourth tallest plavers

(l/) no one stands between the two shortest players

Show that this is always possible.

Problem 6. An ordered pair (r, g) of integcrs is a primi,tiue point if the greatcst common divisor
of r and g is 1. Given a finite set ^9 of prinritive points, prove that there exist a positive integer n
and integers ao, at, ..., an such that, for each (r,g) in,S, we have:

asrrl * attrn-ra * a2r"-2y2 + "'+ an-txU'-r I any" - !.

Time: /, hours and 30 rn'irt'utes
Each problem is worth 7 points

f rm02017

Language: English
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Solutions

0tt,*1 : tE, it u@ is an integer,
ar,, * 3 otherwise,

Determine all values of o6 for which there is a number A such that an : A for
infinitely many values of n.

Soluti,on by Clarence Chew.

Lemma 1. lf. ap: 2 (mod 3) for some fr ) 0, then no number ,4 exists such that
an : A for infinitely many values of n.

Proof. Since no square is congruent to 2 (mod 3), an is not a square. For / ) 0,
ak+(= 2 (modJ)+aprrz isnotasquare *ax+t+r:ak+t*3:2 (mod3). Thus
ak,ak+t,ak+2,... are all congruent to 2 (mod 3) and ap l apy1 1a*+z < .... This
implies that result.

Lemma 2. If ap I 2 (mod 3) and a* ) 9, then at least one of a611, a7e12, oys..,L3 . . . is
less than op.

Proof. If ar is a square, then o111 : ,El I ax. So we may suppose a6 is not a
square. Consider the next 3 consecutive squares after o;r: l\/"kl+ 1)2, ( lr/"rJ+2)2 ,

l\/"d +3)2. They are all less than (r/a1,+3)2. One of them is congruent to a1
(mod 3). Let that square be a^, where rn > k. Then ar,..1 - Ja* a ,fap* 3 ( a6
as 47, ) $.

Lemma 3. as = 0 (mod 3) if and only if an = 0 (mod 3) for all n.

Proof.If. ap : 0 (mod 3), then either ak+r : a**3: 0 (mod 3), or a;..,.1 : r81, = 0
(mod 3), where a;. is a square. Similarly, the converse is true. Thus by induction,
the lemma is proved.

(Case 1). ao : 0 (mod 3).

By lemma 3, an:0 (mod 3) for all n. By lemma 2, we can find successively small
terms until op ( 9. That is a& : 3 or 6. FYom then on, the sequence becomes
3,6,9,3,.'., thus it is periodic.

(Case 2). ao : 1 (mod 3).

Suppose an # 2 (mod 3) for all k. By lemma 2, we can find successively small terms
until there is a term an < 9. By lemma 3, ax * 0 (mod 3) as os I 0 (mod 3).
We must have o3 :2,4,5,7,8. For a6 :2,5,8, it contradicts the assumption that
ak * 2 (mod 3). For a6 : 4 or 7, it eventually gives a term 2. Again, it contradicts
the assumption that or # 2 (mod 3). Thus some ap = 2 (mod 3), then by lemma
1, no such A exist.

Thus the answers are all positive multiples of 3.
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2. Let IR. be the set of real numbers. Determine all functions / : R -+ IR such that, for
all real numbers x and y,

f(f(r) f@)) + f(**a) - f(*y)

Solution by Bryan Wang. We will show that the only such functions are f (t) :
0,f (*) : r - 1 or /(r) : -(r - 1). Clearly these functions satisfy the given
functional equation:

f (f (")f @)) + f @ + v): f @a). (2.0)

Letting U : 0 iuto (2.0), we get

/(/(r)/(o)) + /(") : /(0). (2.1)

Letting r :0 into (2.1), we get

/(/(o)2) : o. (2.2)

Letting rU : r +A e(z - 1)(y - 1) : 1 into (2.0), we get

f (f (,r)f (y)) :0. (2.3)

From (2.1), if /(0) :0, then f (*):0 for all r e IR, which is a solution.

Next we suppose f (O) + 0. Then for all 'r: + l, if /(r) : 0, then by taking y : )1+l
in (2.3) it gives /(0) : 0, a contradictiorr. Thus

f (r):0 + r: 1. (2.4)

Thus, lry (2.2), we have,f(0)2:1so that /(0) : +1.

Suppose /(0) : 1. If we let 9(e;) : -f (r), then the str,rne equation g(g(r)g(g)) +
g(r + a) : S@y) is satisfied with 9(0) - -1. So we need only consider the case

/(0) : -1 and -/ gives another solutiorr.

From rrow on. we focus ott /(0) : -1. By (2.2),we have /(1):0. Letting r: 1

and g : 1 in (2.0), we have for all r ¤ IR.,

f (r + t) : /(r) + 1. (2.5)

As /(0) - -1, (2.1) becomes /(-/(r)) : -1 - f (,r). Aclcling this to (2.5), we obtain
f @ + 1) + /(-/(r)) : 0. which bv (2.5) is equivalent to

f (r)+t+ f (-f (r)) :0 (2.6)

and also to
f (*) + f (1 - /(r)) : o. (2.7)

In (2.7),we replace z by 1 - f (*) to get /(t - /(")) + /(1 - f(t - f(*))) : 0, which
by (2.7) is equivalent to /(1 - /(")) + /(1 + /(z;)) : 0. By (2.5), this equivalent to
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f (- f (r)) + f(f(r)) - -2. By (2.6), this is equivalent to -/(z) - I + f(f(r)) : -2.
That is

f (f (")) : f (r) - L. (2.8)

By (2.5), f(2):1. In (2.0), we let u:2 to get f (f(r)f(z))+ f(*+2): f (2").
Using (2.5), we get /(/(z)) + f (r) t 2 : f (Zr). Substituting this into (2.8) to
eliminate the term lff@)), we get

f(2*) -2f(n)+1 (2 e)

By (2.5), /(-1) - -2. In (2.0), tet y : -1 and use (2.5) to get f (-zf (r)) + f (r) -
t : f (-r). By (2.9), this is equivalent to 2f (- f (r)) + t + f (x) - t : f (-x), which
by (2.6) becomes z(-f(") - 1)+ r+ f(r) - 1- f(-x).That is

f (*) + f (-r) - -2. (2.10)

Now let's prove that / is injective. Suppose f (o): /(b). Then by (2.10), f (-a):
/(-b). In (2.0), letting (*,A): @,-b) and (b.-a) respectively, weobtain f (a-b):
f (b-a).By (2.10), f ("-b): f (b-a): -1. By (2.5), this gives /(a-b+ t; : g.
By (2.4), a-b* 1: I so that a: b. This proves that / is injective.
By (2.5) and (2.8), f (f (")): f (r - 1). Using injectivity, we get f (*): r -1.

3. A hunter and an invisible rabbit play a game in the Euclidean plane. The rabbits
starting point, ,40, and the hunters starting point, Bs, &r¤ the same. After n - 1

rounds of the game, the rabbit is at point 422-1 and the hunter is at poirrt Bn4. In
the nth round of the garne, three things occur in order.

(i) The rabbit moves invisibly to a point ,4,, such that the distance between ,4,r-1
and An is exactly 1.

(ii) A tracking device reports a point Pn to the hunter. The only guarantee pro-
vided by the tracking device to the hunter is that the distance between Pn and
A, is at most 1.

(iii) The hunter moves visibly to a point B, such that the distance between Br,-1
and Bn is exactly 1.

Is it always possible, no matter how the rabbit moves, and no rnatter what points
are reported by the tracking device, for the hunter to choose her moves so that after
10e rounds she can ensure that the distance between her and the rabbit is at nrost
100?

Offici,al Soluti,on. The answer is No. If the answer were "yes", the hunter would
have a strategy that would "work", no rnatter how the rabbit moved or where the
position P, reported by tracking device was. We will show the opposite: with bad
Iuck frorn the positions reported by tracking device, there is no strategv for the
hunter that guarantees that the distarrce stays below 100 in 10e rounds.
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Let d,, be the distance between the hunter and the rabbit after n rounds. Of cottrse,
if dn > 100 for any n < 10e, the rabbit has won - it just needs to move straight
away from the hunter, and the distance will be kept at or above 100 thereon.

We will show that, while d, < 100, whatever given strategy the hunter follows, the
rabbit has a way of increasing d'" AV at least I every 200 rounds (as long as the
positions reported by the tracking device are lucky enough for the rabbit). This
way, df,,.will reach 104 in less than 2.104.200:4.106 < 10e rounds, and the rabbit
wins.

Suppose the hunter is at An and the rabbit is at Br. Suppose even that the rabbit
reueals its position at this moment to the hunter (This allows us to ignore all infor-
mation from the previous positions reported by the tracking device). Let r be the
line An,Bn, and Y1 and Y2 be points which are 1 unit away from r and 200 units
away from Br, as in the figure.

Yt

Y2

n B,

The rabbit's plan is simply to choose one of the points Y1 or Y2 and hop 200 rounds
straight towards it. Since all hops stay within 1 distance unit from r, it is possible
that all positions reported by the tracking device stay on r. In particular, in this
case, the hunter has no way of knowing whether the rabbit chose Yr or Y2.

Looking at such positions reported by the tracking device, what is the hunter going
to do? If the hunter's strategy tells him to go 200 rounds straight to the right, he
ends up at the point A/ in the figure. Note that the hunter does not have a better
alternative! Indeed, after these 200 rounds he will always end up at a point to the
left of At.If. his strategy took him to a point above r, he would end up even further
from Y2; and if his strategy took him below r, he would end up further from Y1. In
other words, no matter what strategy the hunter follows, he can never be sure his
distance to the rabbit will be less than A@j A'Yr- A'Yz after these 200 rounds.

To estimate d?n,wetake Z as the midpoint of the segment Y1Y2, and B/ the point
200 units to the right of B, along r and define e : ZB' (note that A'B' : dn).
Then

u2 : | + A' 22 : 1 -F (dn - r)2,

where e :200 - BnZ: 200 - Jffi=: 2oo+ ) n*I.
Next we can calculate e as follow. Let Q be the foot of the perpendicular ftom Bn
onto YyBt. Then the triangles ZYIB| and QBnYl are similar. FYom this, we obtain
e2 + l: 400e , so

a2 : d?n - 2ed,n + e2 + | : d?,* e(4oo - 2d,).
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Since e , # and we assume dn < 100, this shows that y2 > a? + i. So, as we
claim, with this list of positions reported by the tracking device, no matter what
the hunter does, the rabbit might achieve d?n*rno> d?r+ |. ffre rabbit wins.

4. Let R and S be differerrt points on a circle O such that -R.9 is not a diameter. Let
/ be the tangent line to O at ,R. Point 7 is such that S is the midpoirrt of the line
segment .rB7. Point J is chosen on the shorter arc .RS of O so that the circumcircle
f of triangle JST intersects (. at two distinct points. Let A be the comrnon point of
f and (. that is closer to R. Line ,4J meets O again at K. Prove that the line KT
is tangent to l.

Soluti,on by Bryan Wang and Ng Yu Peng. Extend AS to -4'so that ,S is the midpoint
of AAt . Then A,R.4/7 is a parallelogram so that AT ll At R. AIso ISRK : ISJ K :
IATS so that Af ll RK. This implies that R, K, At are collinear. Thus ISTA| :
lARf : ISKR so that SKATT are concyclic. Thcrefore, ISTK : ISA|K :
ISAT so that KT is tangent to l.

o

5. An integer N > 2 is given. A collection of .n[(N * 1) soccer players, no two of whom
are of the same height, stand in a row. Sir Alex wants to remove N(N - 1) players
from this row leaving a new row of 2N players in which the following l/ conditions
hold:

(1)

(2)

no one stands between the two tallest players.

no one stands between the third and fourth tallest plavers,

(l/) no one stands between the two shortest players.

Show that this is always possible.

Offici,al Soluti,on. Split the people into ,l/ groups by height: group Gr has the N * 1

tallest ones, group Gz has the next ,Af + 1 tallest, and so on, up to group G7,,' with
the N t I shortest people.
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Now scan the original row from left to right, stopping as soon as you have scanned
two people (consecutively or not) from the same group, say G1. Since we have N
groups, this must happen before or at the (lf + f )th person of the row. Choose
this pair of people, removing all the other people from the same group G.;, and also
all people that have been scanned so far. The only people that could separate this
pair's heights were in Gi (and they are gone); the only people that could separate
this pair's positions were already scanned (and they are gone too).

We now left with N - 1 groups (all except G.;). Since each of them lost at most
one person, each one has at least N unscanned people left in the row. Repeat the
scanning process from left to right, choosing the next two people from the same
group, removing this group and everyone scanned up to that point. Once again
we end up with two people who are next to each other in the remaining row and
whose heights cannot be separated by anyone else who remains (since the rest of
their group is gone). After picking these 2 pairs, we still have N - 2 groups with at
leastN-lpeopleeach.
If we repeat the scanning process a total of N times, it is easy to check that we will
end up with 2 people from each group, for a total of 2N people remaining. The
height order is guaranteed by the grouping, and the scanning construction from left
to right guarantees that each pair from a group stand next to each other in the final
row.

6. An ordered pair (z, g) of integers is a primitive point if the greatest common divisor
of r and y is 1. Given a finite set ,S of primitive points, prove that there exist a
positive integer n and integers ao,at,.. -,an such that, for each (e, gr) in ,S, we have:

aorrrl atrn-tA * a2tn-2y2 + "'+ an-txUn-t * anyn - l.

Offici,al Soluti,on. Label the primitive points in ,S as (q,yt), . . . , (rn,gr,). Firstly, it
is enough to construct a homogeneous polynomial f (r,y) such that l@,g): t1
for all (r,a) e ,S because we then have f2(r,a) : I for all (r,y) e S. Secondly, if
any two of the primitive points (a,At) and (r3,y3) lie on the same line through the
origin, then (r1, rn1 : (-ri,-g3) because both of the points are primitive. We then
have f (ri,tj) : *f (A,y;) whenever / is homogeneous. Therefore we may assume
no two of the points in ,S are collinear with the origin by ignoring the extra lattice
points. We induct on n to construct a homogeneous polynomial f (*,A) such that
I@t,at) : 1 for all 1 < i I n.

If. n:1, then because rr)Ar are relatively prime, there exist some integers a, b such
that ar1-fbg1:1. Then l@,A) : ax I bgr is suitable.

If n > 2, we have by induction hypothesis that there exists a homogeneous polyno-
mial g(r,y) with g(xr,at):...: 9(rrr_1,An-t):1. Let j:degg,

sn(r,a) :Ti,rro, - rka),
&:1
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rtrt<l rt,, : g,,(.r,,. ,t/,,). l])' tltt' trsstrtul>tiorr tlrut rro trv<l ol llre' poiuts in ,9 arc collincnl
witlr t,lrr'origirr. wc krurrr,' o,, f 0. Lct r',r/ llc irrl,t:gr.r's srrch th:r,t, r';:,,. * d.y,,: l. wt
will <'otrst.nrct ./'(:r'. 17) iu t.hc firrrrr

J'(r,, tt) : q(.t,, y)ti _ (i . q,,(.r, u) . (r..r * rl,y)t.,

n'ltelt'1f trn<l I arc sonrr. posilive irrt t'gcrs ('is sorlt'irrtt'gt'r'. \\i,assrrrrrc l, -
Ii"j - rt f I so tlrat .l' is lxrrnogcrrcorrs.

I)trcl<r!t(t't.yt) :...:!l()',,_ 1.lJrt-t) :larrrl .r/,,(.r'r.ltt),:...:!1,,(.r',,-r.llr,- t):
0, tlr<r ;rr<r1ttrll,.y tltat .f'(.r; 1 .'ltt) : . .. : .l'(:r,, t. !/rt-t) : I is attt,1;trta,ti<:a,ll.y sa,t,isficrl
rvitlr arrv r:lxlit'<' of Ii. L arrrl ('.

Furtlrr:r'rrurrc,

.l'()',,,!/,,): g(r',,,lt,,)li - (''!1,,()',,.!1,,) '(r"r',, * dy,,)t' : !l(r',,.!1,,)l' - Crt.,,.

If rvt'lravc iul ('xl)orr(.rrt lf srr<'h lhat rT(.r',,.!1,,)li : 1 (rrrorl o,,). therr w('ruzl\.r'lroose
C srtc,lr tlrtrt .f (.r',, , !/,,) : L rvt' lt<lw <:lttltlsg stt<:lr tr 1i.

(lousi<lt'r arr arlritrtrrr' prirut'<livisor 7r ol'a,,. Rr'

n-l
p I an : gn(*nt un) - II f ?Jxnn - r1*u,r),

ft-l

there is some 1 < /c < n such that xpgr, = rnUk (mod p). We first show that rptrn ot
A*Un is relatively prime with p. This is trivial in the ca^se rkAn = rnAk I 0 (mod p).
In the other case, we have frkUn= rnUk= 0 (modp). If say plrx,thenp!yp
because (rx,yx) is primitive, so p I r,,; then p I A" because (rn,gn) is primitive. In
summary, plrx implies plAW".Similarly, p ly" impliesplxpr,,.

[Jv tlrc lrorrurllt'rrt'itr' <ll'17 ur' ]ravc tlrc corrgnrcrr<'r's

t''!..q(t,,,,'!1,,): q(t:7.t',,.:r'1:31,,): q(t,7.t,,,.'!ll.:,t:,,)::r',!,.ll(t'1.,'yl.): tll, (tn<l<l p) ((i.1)

a,ttrl

y'1.'g(r',,. !1,,) : lljlrt',,.llA.Ur,) = ll(t't'!t,,.ltL.lt,,) : lt',t,'lt(.rt.y*) : y'1, (rrto<l p). ((i.2)

lf p!.r1..r,,. tlu'rr lakt'tlrt' (i,- l)" I)o\\('r'of ((i.l): o1,h<'r'u'ise l,al<<'tlur (1,- 1)"' l)ower'
of (6.2): lx'Fct'trttrt's llrrrrretrr. irr lrotlr r:uscs wt'!4t't

ll(J',,. !1,,1r'' I : 1 (rno<l 2).

If /' I o,,, tlx'rr
!l(t',,. !1,,;2" 

I(t' l) - I (rrxr<l 2").
wlti<:lrirrrlrli<rst,ha,1,th<rcxl)oIXllt. [i:rr..pkt,,).w|i<:lrisa.rlttlt,iplcof a,ll yf'-t(1t-l),
is a sttititlrlc clroit'c. Ht'r'r'tlu'firctol rr is ad<lt'<l 1o ('rrsru'r' Ii ) rr so tlrat L > ll.
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