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Abstract
"Sensors, sensors everywhere." The Smart Nation initiative looks to turn the island into
a "living laboratory''. Part of that plan is a network of sensors placed across the island
that officials hope can solve many fundamental problems.

How can we then utilise the data collected effectively and generate profound insights?
Data visualisation is an important part of the process, as it helps to transform "big data"
into a form that is easily comprehended by the human mind. Two techniques involved
are clustering and dimensionality reduction. Though these visualisation methods are
implemented in computers, they also have their foundation in mathematics.

ESSAY

Note: The implementation of these algorithms discussed can be found in the Appendices.

Clustering
Clustering is the process of grouping similar data points. This allows us to identify
intrinsic groups in unlabelled data.

Some real world examples include:

Field/Domain Purpose

Identifying customers with similar behaviour

Identifying ideal locations for cell'phone towers

Classifying plants/animals
Identifying danger zones by grouping earthquake epicentres and health
care

Identifying ideal locations of emergency wards

We will be examining K-means clustering. In mathematical terms, given a set of
observations (xr,...xr), where each observation is a d-dimensional real vector, we aim to
partition the n observations into k ( n sets S = [S1, 52, ..., Sr] so as to minimise the
within-cluster sum of squares (i.e. the sum of distance functions of each point in the
cluster to the K centre). Thus, the objective of K means clustering is to find:

&argmin!!l*-r,l'
i:I x¤Si

s
Where p; is the mean of points in S;. [11

To compute this, we can use Lloyd's algorithm. Given an initial set of k means
rn1,nt2t ...,rnk, the algorithm proceeds by alternating between two steps [2J[31
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The algorithm will converge when the assignments no longer change. Since both steps
optimize the WCSS objective, and there only exits a finite number of such partitionings,
the algorithm must converge to a local optimum. There is no guarantee though that the
global optimum can be found using this algorithm. By colouring each cluster a unique
colour and plotting it out, a visualisation can be created:
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Assignment step
Assign each observation to the cluster
whose mean yields the least within-
cluster sum of squares. Mathematically,
this means partitioning the
observations according to the Voronoi
diagram generated by the means.

s,(') - {xp, llr, - -f ', ll

< /c)

Wher e each xp is assigned to exactly one
5(t), even if it could be assigned to two
or more of them.

Update step:
Calculate the new means to
be the centroids of the
observations in the new
clusters

*['*'):fir],,
Since the arithmetic mean is

a least-squares estimator,
this also minimizes the
within-cluster sum of

squares objective.

x1
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Mathematics and Big Data

Of course, we are not able to predetermine the optimal number of clusters. To determine
the optimum value of k, we can use the elbow method. [a] We plot the distortion (within-
cluster sum of squares) for each value of k, as shown in the graph below
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We then choose the k on the elbow, in this case it would be 6. This indicates that there
are most likely 6 groups within this data set. Following which, we use the K means
algorithm to assign each data point to a group and plot it out.

Dimensionality Beduction
Sometimes data are collected on a large number of variables from a single population.
With a Iarge number of variables, the dispersion (covariance) matrix which is used in
analysis of the data frequently may be too large to study and interpret properly. There
would be too many pairwise correlations between the variables to consider. Graphical
display of data may also not be of particular help in case the data set is very large.
Consider plotting a graph of 4 or more dimensions. The complexity of the graph would
definitely be beyond the comprehension of a human being! Just try visualising this in
your head:
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I am sure that you have been left rather confused. This then entirely defeats the
purpose of the graph as a visualisation tool. Even if we were to plot three variables at a
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time, there are still problems. With 12 variables, for example. there will be more than
200 three-dimensional scatterplots to be studied!
To interpret the data in a more meaningful form, it is therefore necessary to reduce the
number of variables to a few, interpretable linear combinations of the data. Each linear
combination will correspond to a principal component. This is done through Principal
Components Analysis.
Principal component analysis (PCA) is a statistical procedure that uses an orthogonal
transformation to convert a set of observations of possibly correlated variables into a set
of values of linearly uncorrelated variables called principal components. [5J

PCA can be thought of as fitting an n-dimensional ellipsoid to the data, where each axis
of the ellipsoid represents a principal component. If some axis of the ellipsoid is small,
then the variance along that axis is also small, and by omitting that axis and its
corresponding principal component from our representation of the dataset, we lose only
a commensurately small amount of information.
This process can be visualised in this diagram
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In layman's terms, we are simply trying to fit the ellipsoid you see on the right to our
data you see on the left. Then we take the axes of the ellipsoid which are significant.
To find the axes of the ellipsoid, we must first subtract the mean of each variable from
the dataset to centre the data around the origin. Then, we compute the covariance
matrix of the data, and calculate the eigenvalues and corresponding eigenvectors of this
covariance matrix. Then, we must orthogonalize the set of eigenvectors, and normalize
each to become unit vectors. Once this is done, each of the mutually orthogonal, unit
eigenvectors can be interpreted as an axis of the ellipsoid fitted to the data. The
proportion ofthe variance that each eigenvector represents can be calculated by dividing
the eigenvalue corresponding to that eigenvector by the sum of all eigenvalues.
PCA is mathematically defined as an orthogonal linear transformation that transforms
the data to a new coordinate system such that the greatest variance by some projection
of the data comes to lie on the first coordinate (called the first principal component), the
second greatest variance on the second coordinate, and so on.
The mathematical procedure is as such: [6]

Suppose that we have a random vector X.

3
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Xr
X2x-

with population variance-covariance matrix

var(X) - X -

o! otz
o2r o|

opl opZ

Consider the linear combinations

Yt - enXr*e:uXz*
Yz - eztXt*enXz+

xP

otp
o2p

o$

*eWXp
* e2oX o

Y, : eptXt* erzXz+ ' ' '+ ewXp

Each of these can be thought of as a linear regression, predicting I/i from X1,X2, ...,Xp.
There is no intercept, but ¤i1,¤i2, ...,¤ip car, be viewed as regression coefficients.

Note that Y; is a function of our random data, and so is also random. Therefore it has
a population variance

PP

"ar(Y; ) 
: t \ei*e;to a : elXei

Illl

Moreover, I; and Y; will have a population covariance
PP

cov(Ir,, fr) : E D"ro",,o, : elIet

Here the coefficients eii arre collected into the vector

¤it
¤tz

First Principal Component (Yr)
We select ¤tL,¤1.2, ... , ¤tp that maximizes

eiP

var(Yr)- ii¤r^ eu.,l- eixer
fr ll l

subject to the constraint that
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p

j1

Ith Principal Component (fi)
We select ¤Lt,¤n, ... , ¤tp that maximizes

P
var(fr) - I&l f e;1rr,;1oy - ef Xe;

IT
subject to the constraint that the sums of squared coefficients add up to one, along
with the additional constraint that this new component will be uncorrelated with all
the previously defined components.

e!e; - DJ re!1: l
cov()zr,Y): ti ,Ii rerkeilol,*,: eilei :0.
cov(Y2,f,) : Ii , Di , ezke.pH: eile; :0.

cov(Iz,,r, Yi) : tf , Ei r ei-l.1,eirorr : el_ r Xe1 : Q

This will give us principal components that are uncorrelated with one another.
After we simplify our data set, clustering can then be used to provide interpretable
visualisations for insights to be gained.
Conclusion
The purpose of clustering and classification algorithms is to make sense of and extract
value from large sets of structured and unstructured data. If one is working with huge
volumes of unstructured data, it only makes sense to try to partition the data into some
sort of logical groupings before attempting to analyse it.
Clustering and classification allows you to take a sweeping glance of your data en masse,
and then form some logical structures based on what you find there before going deeper
into the nuts-and-bolts analysis.
At the same time, to facilitate the process of data analysis, dimensionality reduction
algorithms can also be applied. There are many advantages, such as reduced time and
storage space needed, improvement of machine-learning models due to removal of multi-
collinearity as well as greater ease of visualisation.
All in all, these two tools with their foundations rooted in mathematics do come in very
handy for data scientists.
Appendix 1-An Implementation of the KMeans Aleorithm in hrthon
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nurpy np
scipy. cluster

data = np. array (' ' 'y
data = scipy. cluster.vq.whiten (data)

i range (1r 10) : flte:ates a-- p,:'ss:nie nunber of
codebook, distortion = scipy . cluster . vq. kmeans (data, i )

lYou can then p.ot out the ciist,:.r'tion graph to aFp.y ch
*Af ter'*aros, choose the opt:rna- varue of k.
codebook,distortion = scipy. clust,er.vq. lsneans (data, 2) *
index, distarray = scipy.cluster.vq.vq(data, codebook)

Source code for'whiten', 'kmeans' and'rrq': [7]

import warnings

import numpy as np
from scipy._Iib._util import -asarray-validatedfrom scipy ._Iib import _numpy_compat

from import _vq

1.O. class ClustenEnnon(Exception) :

11. pass
t2.
L3.
14. def whiten (obs, check_finite=True)

1
2
3

5
6
7
8
9

15.
15.
1-7.
18.
19.
20.
2L.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
4t.
42.
43.

;;r.Iize a gnoup of observations on a per featune basis.
Before nunning k-means, it is beneficial to nescale each feature
dimension of the observation set with whitening. Each featune is
divided by its standard deviation across aII obsenvations to give
it unit variance.
Pa ramete r s

obs: ndannay
Each row of the anray is an obsenvation. The
columns ane the featunes seen during each observation

], #oO
l, #o1
], #o2
ll #o3.t

1
2
3
4

L
2
3
4

1
2
3
4

check_finite : bool, optional
Whether to check that the input matnices contain only finite numbers.
Disabling may give a penformance gain, but may result in problems
(crashes, non-termination) if the inputs do contain infinities on NaNs.
Default: True

Returns

nesult: ndarray
Contains the values in 'obs' scaled by the standand deviation
of each column.

E xampl es

arnay( [ [ 4.L7944278, 2.59811351, 7 .2L2489L7),

t.7),
2.2) ,
t.7, ll)

3,
5,
6,

2
2
0

[1.9,
[1.5,
[0.9,

he of

hey
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49.
50.
51.
52.
53.
54.
55.
55.
57.
58.
59.
60.
61.
62.
63.
64.
65.
66.
67.
58.
69.
70.
7]-.
72.
73.
74.
75.
76.
77.
78.
79.
80.
81.
82.
83.
84.
85.
85.
87.
88.
89.
90.
9L.
92.
93.
94.
95.
96.
97.
98.
99.
LOO.
lot.
Lgz.
103.
LO4.
105 .

L05.
to7 .

108.
to9 .

LLO.
111 .
LLz.
113.
LL4.

def

[ 3 . 29956009 , 2.93273209, g. 33390951] ,
[ 1.75976539, 0.7039557 , 7.2t249917]l)

obs = _asarnay_validated(obs, check_finite=check_finite)
std_dev = np.std(obs, dXis=O)
zeno_std_mask = std_dev == O
if zero_std_mask. any ( ) :

std_devIzeno_std_mask] = t.O
wannings . warn ( "Some columns have standard deviation zel.o. "

"The values of these columns will not chahg¤.",
RuntimeWanning)

return obs / std dev

vq(obs, code_book, check_finite=True) :

Assign codes from a code book to observations.
Assigns a code from a code book to each observation. Each
observation vector in the'M' by'N' 'obs' array is companed with the
centroids in the code book and assigned the code of the closest
centroid.
The features in'obs' should have unit variance, which can be
achieved by passing them through the whiten functi.on. The code
book can be created with the k-means algorithm or a different
encoding algorithm.
Parameters

obs : ndarray
Each row of the 'M' x 'N' arnay is an observation. The columns are
the "features" seen during each observation. The features must be
whitened first using the whiten function or something equivalent.

code_book : ndarnay
The code book is usually generated using the k-means algorithm.
Each row of the array holds a different code, and the columns are
the features of the code.

>>> # fo ft f2 f3

], #cO
], #c1
ll #c2

check_finite : bool, optional
Whether to check that the input matrices contain only finite numbens.
Disabling may give a penfonmance gain, but may result in problems
(crashes, non-termination) if the inputs do contain infinities or NaNs.
Oefault: True

Returns

code : ndarray
A length M array holding the code book index for each obsenvation.

dist : ndarray
The distortion (distance) between the observation and its neanest

code.
Examples

2
2
2

t
[ 1.,
[ 1.,
[ 1.,

3
3
3

4
4
4

2 l)
,1.7) ,
,2.2) ,
,1 .7 )))

,2. ,2
1.9 r2
t.5,2
O.8 rO

,;, featunes = array([

>>> vq (featunes, code_book)

I::..r([1, 1, 0],'i'), array([ 0.43588989, O.73484692, 0.83066239]))

obs = _asarray_validated(obs, check_finite=check_finite)
code_book = _asarray_validated ( code_book, check_f inite=check_f in ite )
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115 .

116.
LL7 .

118.
119 .

120.
12L.
L22.
L23.
L24.
L25.
L26.
L27 .

t28.
L29.
L30.
13L.
732.
133.
t34.
135.
135.
t37 .

138 .

139.
L40.
L4!.
L42.
L43.
t44.
1,45 .

L46.
L47 .

148.
749 .

L50.
151,.
152.
153.
t54.
155.
156.
!57 .

158.
159 .

L60.
161.
162.
163.
L64.
165.
166.
767 .

158 .

L69 .

170.
L77.
L72.
L73.
L74.
L75.
]-76.
177 .

L78.
179 .

nc)

ct = np. common_type(obs, code_book)

c_obs = obs. astype(ct, copy=False)

if code_book. dtype ! - ct:
c_code_book = code_book . astype ( ct )

else :

c_code_book = code_book

if ct in ( np. float32, np. float64) :

resu It s = _vq . vq ( c_obs, c_code_book )
else :

results = py_vq (obs, code_book )
return nesults

def _kmeans (obs, guess, thnesh=1e- 5) :
rr rr rr "l aw" version of k-means.
Retunns

code_book
the lowest distontion codebook found.

avg_d i st
the average distance a observation is from a code in the book
Lowen means the code book matches the data betten.

See AIso

kmeans : wnappen around k-means
E xamples

Note: not whitened in this example.

l)

(arnay([[ L.7 , 2.4
,..t,t I o'73333333' 1'13 , o .40563916697728591 )

code_book = np.array(guess, copy=True)
avg_dist = [ ]diff = np.inf
while diff > thresh:

nc = code_book.shape[0]
# compute membenship and distances between obs and code_book
obs_code, distort = vq(obs, code_book)
avg_dist. append ( np. mean (distort, axis=- 1 ) 1# recalc code_book as centroids of associated obs
if(diff > thnesh):

code_book, has_members = _vq. update_cluster_means (obs, obs_code,

code_book = code_book. compress ( has_membens, dXis=0)
if len(avg_dist) > 1:

diff = avg_distt-21 - avg_distt-11

return code_book, dVg_dist [ -1]

def kmeans(obs, k_on_guess, iter=2O, thresh=le-5, check_finite=True)

Penforms k-means on a set of observation vectors fonming k clusters
The k-means algonithm adjusts the centroids until sufficient

1.9 ,2.3
1.5 ,2.5
o.4, 1.8
1,.O,L.O

0.8 ,o.6

3333331
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progness cannot be made, i. e. the change in distortion since
the last iteration is Less than some thneshoLd. This yields
a code book mapping centroids to codes and vice vensa.
Distortion is defined as the sum of the squaned differences
between the obsenvations and the corresponding centroid.
Pa rameters

obs : ndarray
Each row of the M by N array is an observation vecton. The
columns are the featunes seen during each observation.
The features must be whitened first with the 'whiten' function.

k_or_guess : int or ndarray
The number of centroids to generate. A code is assigned to
each centroid, which is also the row index of the centroid
in the code_book matrix generated.
The initial k centroids are chosen by nandomly selecting
observations from the observation matrix. Alternatively,
passing a k by N anray specifies the initial k centroids.

iten : int, optional
The numben of times to run k-means, returning the codebook
with the lowest distortion. This argument is ignored if
initial centroids are specified with an array for the"k_or_guess" parameter. This parameter does not represent the
number of itenations of the k-means algorithm.

thresh : 'Float, optional
Terminates the k-means algorithm if the change in
distortion since the Iast k-means iteration is less than
or equal to thresh.

check_finite : bool, optional
Whether to check that the input matrices contain only finite numbers

Default: Tnue
Returns

codebook: ndarray
A k by N arnay of k centnoids. The i'th centnoid
codebookIi] is repnesented with the code i. The centroids
and codes genenated nepresent the lowest distortion seen,
not necessanily the globaIIy minimal distortion.

distortion: float
The distortion between the obsenvations passed and the
centroids genenated.

See AIso

kmeans2 : a diffenent implementation of k-means clustening
with mone methods for generating initial centnoids but without
using a distontion change threshold as a stopping criterion.

whiten : must be called pnior to passing an observation matrix
to kmeans.

Examples

27o. Disabling may give a performance gain, but may result in problems
277. (crashes, non-

termination) if the inputs do contain infinities or NaNs.

r80
181
t82
183
184
185
186
187
188
189
t90
L9L
!92
193
t94
195
196
t97
198
199
200
201
202
203
204
205
206
207
208
209

2L2.
2L3.
214.
2t5 .

276.
2L7 .

218.
2t9 .

220.
22L.
222.
223.
224.
225.
226.
227 .

228.
229 .

230.
23L.
232.
233.
234.
235.
236.
237 .

238.
239 .
240.
24L.
242.
243.

2.3
2.5
o.6
1.8
o.1.
1.8
0.5
1.5
t.o

9,
5,
8,
4,
!,
2,
o,
3,
o,

1
1
o
o
o
o
2
o
!
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259
260
26]-
262
263
264
265
256
267
268
269
270
27L
272
273
274
275
276

2M
245
246
247
248
249
250
2st
2s2
253
254
255
255
257
258

277 .

278.
279.
280.
281.
282.
283.
284.
285 .

286.
287 .

288.
289.
2go.
29L.

292.
293.
294.
295.
296.
297 .

298.
299 .
300.
301.
302.
303.

sed

er' )
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>>> whitened = whiten(features)
>>> book = np.array((whitened[0],whitened[2] ))
>>> kmeans(whitened, book)
(array(ll 2.377O306 , 2.86287398), # random

[ 9.932t8O41, 7.24398697]l ), 0.855847OO94L625547)
>>> from numpy import random
>>> random. s eed((7OOO,2OOO) )
>>> codes = 3
>>> kmeans(whitened, codes)
(array([ 2.3LLO3O6 , 2.86287398], # random

[ 7.32544402, O.65607529),
I o.40782893, 2,0278690711), A.579658252768624!)

>>> # Create 50 datapoints in two clusters a and b
>>> pts = 50
>>> a = np.random.multivariate_normal(lO, OJ, ll4, 11, [1, 4]1, size=pts

lll 
b = np.random.multivariate _nonmal( [30, LOf ,

[[10, 2f, 12,1]1,
.. . SiZe=ptS)

l:l p1t. show( )

obs = _asannay_validated(obs, check_finite=check_finite)

raise ValueEnron('iter must be at least 1.')
# Determine whether a count (scalar) or an initial guess (array) was pas

k = None
guess = None
try:

k = int(k_or3uess)
except TypeErron:

guess = _asarray_validated(k_or guess, check_finite=check_finite)

if guess is not None:
if guess.size < 1:

raise ValueError("Asked for 0 cluster ? initial book was %s" %

guess )
result = _kmeans(obs, guess, thresh=thresh)

else:
if k != k_or3uess:

raise ValueError('if k_on_guess is a scalar, it must be an integ

# initialize best distance value to a large value
best_dist = np. inf
No = obs. shape[0]
k = k_on_guess

raise VaIueEnnor("Asked fon O cluster ? ")
for i in range(iter):

# the initial code book is randomly selected fnom observations
k_nandom_indices = np. nandom. randint(0, No, k)
if np . any (_numpy_compat . un ique ( k_nandom_indices,

# randint can give duplicates, which is inconrect. Only fix
# the issue if it occurs, to not change nesults fon users wh304

o
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# use a nandom seed and get no duplicates.
k_random_indices = np. nandom. permutation(No) [ : k]

guess = np . take ( obs, k_nandom_indices, O)
book, dist = _kmeans (obs, guess, thresh=thresh )

best_book = book
best_dist = dist

nesult = best_book, best_dist
return nesult

Appendix 2 - An Implementation of the PCA Algorithm in Python

import pandas as pd
from sklearn import PCA
df = #dataframe of your choice
df.columns = #list of cofumns (n columns)
# split data table into data and class labels
data = df.ix[ :,0:n-1].values
Iabe1s = df.ix[ :,n-1].va1ues
*Now to perfonm PCA:
pca = PCA(n_components= #choose the number of components, whiten=True)
pca . fit ( data )
#now we can look at the attributes of our pca object
print ( pca . components_)

13 . print ( explained_vaniance_ratio_)

Source code for PCA algorithm: [8]

30s
306
307
308
309
3to
311
3t2
313
3t4

1.
2.
3.
4.
5.
6.
7.
8.
9.
LO
11
t2

1L.
lz.
lr.
l+.
ls.

t;:
la.
lg.
Ito.
lrr.
Itz.

:: :: :: Pnincipal component Analysis

Authon: Alexandne Gnamfort <alexandne. gramfont@inria . fr>
Olivien Grisel <olivier. gnisel@ensta. org>
Mathieu Blondel <mathieu@mblondel.ong>
Denis A. Engemann <denis -alexander. engemann@innia . fn>
Michael Eickenberg <michael.eickenbeng@inria.fr>
Giorgio Patnini <giorgio. patrini@anu. edu. au>

License: BSD 3 clause

13. from math import log, sqrt
14.
15. import numpy as np
16. from scipy import linalg
17. from scipy.special import gammaln
18. from scipy.sparse lmport issparse
19.
2O. fron ..externals import six
27.
22. fr.on .base import _BasePCA
23. from ..base import BaseEstimator, TransformerMixin
24. lron ..utiIs import deprecated
25. from ..uti1s import check_random_state, as_fIoat_array
25. from ..utils import check_array
27, from ..utils.extmath import fast_dot, fast_logdet, randomized_svd, svd_flip
28. from ..utils.extmath import stabl.e_cumsum
29. from ..utils.validation import check_is_fitted
30. from ..utils.arpack import svds
31.
32.
33. def _assess_dimension_(spectrum, rank, n_sampIes, n_features) :
34. """Compute the likelihood of a nank "rank" dataset
35. The dataset is assumed to be embedded ln gaussian noise of shape(n,
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35.
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41 .
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53.
54.
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80.
81.
82.
83.
84.
85.
86.
87.
88.
89.
90.
91".
92.
93.
94.
95.
95.
97.
98.
99.
too
1,Ot

dimf) having spectrum ' 'spectrum
Pa ramete ns

spectrum : annay of shape (n)
Data spectrum.

rank: int
Tested nank vaIue.

n_samples: int
Numben of samples.

n_featunes: int
Numben of features.

Returns

II : float,
The log- Iikelihood

Note s

This implements the method of 'Thomas P. nka
Automatic Choice of Dimensionality fon

pu = -rank * Iog(2.)
for i in range ( rank )

pu r= (gammaln((n_featunes i) / 2.)
Iog(np.pi) * (n_features - i) )

raise ValueErnon("The tested nank can of exceed the nank of the"
" dataset " )

V

V
eI se

. NIPS 2OOO: 598 -604

2

nank)
- rank) / 2

/2

pI = np. sum(np. Iog( spectrum[ : nank] ) )pI=-pI*n_samples /2.
if rank == n features

pV=O

= np. sum( spectrumI nank: ] ) /
pv = -np.Iog(v) * n_samples '>l. (

m = n_features * rank - nank 't( ( rank
pp = log(2. * np.Pi) * (m + nank + t.
pa = O.
spectrum_ = spectrum. copyo
spectrum_[ rank: n_features ] = v
for i in range(rank):

for j in nange(i + L, Ien(spectnum)):
pa r= Iog((spectnumIi] - spectnum

(1. / spectnum_[j] 1.

11 = pu + pI + pv + pp - pa / 2. - rank *

return 11

def _infen_dimension_(spectrum, fl_sampIes, n_
rr,I' Infers the dimension of a dataset of
*: dataset is desc nibed by its spectnum

n_spectrum = len(spectnum)
1I = np. empty(n_spectrum)
for nank in range(n_spectrum):

11[rank] = -assess-dimension-(sreturn I1 . argmax ( )

/ spectrum_til)) + log(n_samples)

log(n_samples) / 2

nes):
( n_sampIes, n_features )

spect rum

rank, fl_samples, n_featu res )

+1
)/

il) *
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class PCA(_BasePCA):
"""Principal component analysis (PCA)
Linear dimensionality neduction using Singular Value Decomposition of th
data to project it to a lower dimensional space.
It uses the LAPACK implementation of the full SVD on a nandomized trunca

SVD by the method of Halko et aI. 2OO9, depending on the shape of the in
data and the number of components to extract.
It can also use the scipy.spanse.linalg ARPACK implementation of the
truncated SVD.
Notice that this class does not support spanse input. See
: class : 'TruncatedSVD' fon an altennative with spanse data.
Read mone in the :nef:'Usen Guide <PCA>' .

Pa rametens

n_components : int, f1oat, None or string
Number of components to keep.
i'F n_components is not set all components are kept::

n_components == min(n_samples, n_featunes)
if n_components =='m1e'and svd_solver =='full', Minka|s MLE is u

to guess the dimension

of components such that the amount of variance that needs to be
explained is gneaten than the pencentage specified by n_components
n_components cannot be equal to n_featunes for svd_solven == 'arpack

copy : bool (default True)
If Fa),se, data passed to fit are overwritten and nunning
fit(X).transform(X) wilI not yield the expected results,
use fit_transform(X) instead.

whiten : booI, optional (default False)
When True (FaIse by default) the 'components_' vectors ane multiplie
by the square noot of n_samples and then divided by the singulan va1

to ensure uncorrelated outputs with unit component-wise variances.
Whitening will remove some information fnom the transformed signal
(the relative variance scales of the components) but can sometime
improve the predictive accuracy of the downstneam estimatons by
making thein data respect some hard-wired assumptions.

svd_solver : stning {'auto','fuIl','arpack','randomized'}
auto :

the solver is selected by a default policy based on'X.shape'an
'n_components' : if the input data is larger than SOOxSOO and the

number of components to extract is lower than 80% of the smalles

dimension of the data, then the mone efficient 'randomized'
method is enabled. Otherwise the exact full SVD is computed and
optionally truncated afterwards.

full :
run exact fuII SVD calling the standard LAPACK solver via'scipy.linalg.svd' and select the components by postpnocessing

arpack:
run SVD truncated to n_components calling ARPACK solver via'scipy.sparse.Iinalg.svds' . It requines strictly
0 < n_components < X.shape[1]

randomized :
nun randomized SVD by the method of Halko et al.

.. versionadded: : 0.18.0
to1 : float >= 0, optional (default .0)
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1,57
158
159
t60
161
L62
163

]-64

165
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d

167

158
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L7@
!7t
172
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L74
1-75
176

177
t78
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180.
e

181 .

182.
183.

184

185.
186 .

787 .

188 .

189.
790.
191.

L92

193
L94
L95

203
204
205
206

207
622

196
797
198
199
200
20L
202

by ' np. nandom' . Used when ' ' svd solven ' arpack' on' randomized'

. . versionadded:
Attnibutes

o.78.O

components_ : array, shape (n-components, n-featunes)
Principal axes in feature space, representing the directions of
maximum vaniance in the data. The components are sonted by
' 'explained_variance_' ' .

explained_variance_ : arnay, shape (n-components, )
The amount of variance explained by each of the selected components

.. versionadded:: 0.18
explained_variance_ratio- : array, shape (n-components,)

Percentage of variance explained by each of the selected components

If " n_components" is not set then all components ane stored and th

sum of explained variances is equal to 1.0.
singular_values- : array, shape (n-componentsr)

The singular values corresponding to each of the selected components

The singular values are equal to the 2-
norms of the "n_components"

variables in the lower-dimensional space.
mean- : array, shape (n-features,)

Per-feature empirical mean, estimated from the training set.
Equal to 'X.mean(axis=1)' .

n_components_ : int
The estimated number of components. When n-components is set
to'm1e'or a number between 0 and 1 (with svd_solver =='ful1') thi

s
number is estimated from input data. Otherwise it equals the paramet

er
n_components, or n_features if n-components is None.

noise_variance_ : float
The estimated noise covariance following the Probabilistic PCA model

from Tipping and Bishop 1999. See "Pattern Recognition and
Machine Leanning" by C. BishoP, 12.2.1 p. 574 or
http://www.miketipping.com,/papers/met-mppca.pdf . It is requined to
computed the estimated data covariance and score samples,

References

For n_components == 'mle', this class uses the method of'Thomas P. Mink

Mathematics and Big Data

Tolenance for singular values computed by svd-solven == 'arpack'.
.. versionadded: : 0.18.0

iterated_power : int )= 0, or 'auto', (default 'auto')
Number of iterations for the power method computed by
svd_solver == 'randomized' .
.. versionadded: : 0.18.0

random_state : int, Randomstate instance or None, optional (default None

If int, random_state is the seed used by the random number generaton

If RandomState instance, rdndom_state is the random numben generator

If None, the random number genenator is the RandomState instance use

Automatic Choice of Dimensionality for PCA. NIPS 2000: 598-604'
Implements the probabilistic PCA model fnom:
M. Tipping and C. Bishop, Probabilistic Principal Component Analysis,
lournal of the Royal Statistical Society, Series B, 51, Part 3, pp. 611-

via the scone and score_samples methods.
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See http: //www.miketipping. com/papers/met-mppca. pdf
For svd_solver == 'arpack', refen to 'scipy. sparse. Iinalg. svds' .
For svd_solv¤F == 'randomized', see:'Finding stnucture with randomness: Stochastic algorithms
for constructing approximate matrix decompositions Ha1ko, et al. , 2OO9
(arxiv:909 )''A randomized algorithm for the decomposition of matrices
Per-Gunnar Mantinsson, Vladimir Rokhlin and Mark Tygent'
Examples

>>> import numpy as np
>>> from sklearn,decomposition import PCA
>>> X = np.array([[-1, -1], l-2, -11, [-3, -

[1, 1], 12, L), [3, 2]l)
>>> pca = PCA(n_components=2)
>>> pca.fit(X)
PCA(copy=1pue, iterated_power='auto', n_components=2, random_state=None,

svd_solver='auto', tol=O.0, whiten=Fa1se)
>>> pnint(pca.explained_variance_ratio_) * doctest: +ELLIPSIS
I o.eez$... o.o075s...)
>>> print(pca.singular_values_) # doctest: +ELLIPSIS
[ 6.30061... 0.s4e8a...)
>>> pca = PCA(n_components=2, svd_solver='fuI1' )
>>> pca.fit(X) # doctest: +ELLIPSIS +NORIiIALIZE WHITESPAC

PCA(copy=fpue, iterated_power='auto', n_components=2, random_state=None,

svd_solver='fu11', tol=o.0r whiten=Fa1se)
>>> print(pca.explained_variance_ratio_) # doctest: +ELLIPSIS
I o.ee2$... o.oo7ss...)
>>> print(pca.singular_values_) # doctest: +ELLIPSIS
| 6.3006r... 0.s4s80...1
>>> pca = PCA(n_components=1, svd_solver='arpack')
>>> pca.fit(X)
PCA(copy=1pue, iterated_power='auto', n_components=1, random_state=None,

svd_solver'= ' anpack ' , tol =O,0, whiten=False )

I 0.99244...]

[ 6. 3OO6t. . . ]
Notes

PCA uses the maximum likelihood estimate of the eigenvalues, which does

include the Bessel correction, though in practice this should rarely mak

difference in a machine learning context.
See also

Ke nnel PCA
SparsePCA
TruncatedSVD

Il:."rentaIPCA

def _init_( self , n_components=Noner copy=Tnue, whiter=FaIse,
svd_solver='auto' , tol =O.O, itenated_power='auto' ,
random_state=None ) :

self. n_components = n_components
self. coPY = coPY
self.whiten = whiten
self. svd_solver = svd_solver
self.tol = tol
self . itenated_power = iterated_powen
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seIf. random state = nandom state

def fit ( self, X, Y=None ) :
I' rr rr Fit the model with X
Parametens

X annay-Iike, shape (n_samples, n_features)
Training data, whene n_samples in the number of samples
and n_featunes is the numben of features.

Retunns

self: object
,,r,! Retunns the instance itself
se1f._fit(X)
return self

def fit_tnansform(seIf, X, y=None):
"""Fit the model with X and apply the dimensionality reduction on X.

Parametens

X array-like, shape (n_samples, n_features)
Training data, whene n_samples is the number of samples
and n_featunes is the numben of featunes.

Retunns

I"l"* : annay-Iike, shape (n_samples, n_components)

UrSrV=self.-fit(X)
U = U[:, :self.n-components-]

if self. whiten :

# X_new = x'F v / S * sqrt(n_samples) = U * sqrt(n_samples)
U *= sqnt (X. shape t0l )

else :

# X_new =X * V = U * S * V^T * V = U * S

U *= S[ : self . n-components-]

return U

def _fit(self, X):
"""0ispatch to the right submethod depending on the chosen so1ver.""

# Raise an ennor for spanse input.
# This is more informative than the generic one naised by check_anra

if isspanse(X):
raise TypeEnron('PCA does not suppont spanse input. See '

'TnuncatedSVD fon a possible alternative. ' )

X = check_annay(X, dtype=[np.fIoat64), ensure_2d=Tnu¤r
coPY=seIf' coPY )

# HandIe n_components==None
if se1f. n_components is None:

n_components = X. shape[L]
else :

n_components = self. n_components

# Handle svd_solven
svd_solven = self.svd_solven
if svd_solven == 'auto' :

# Small problem, just caII fuII PCA
if max(X.shape) <= 5OO:

286.
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295.
296.
297 .
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330.
331.
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345 .
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347 .
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349 .
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367 .
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375 .

376.
377 .
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)

379 .
380.
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385 .

387 .

398 .

389.
390.
391.
392.
393.

svd_solver = 'fuII'
svd_solver =' nandomized'

# This is also the case of n_components in
else :

svd_solven = 'fuII'

8 * min (X. shape )

(0,1)

# CaII different fits for eithen fuII or tnuncated SVD
if svd_soLven == 'full ' :

return self ._fit_fuII(X, n_components)
elif svd_solver in [ 'anpack' , 'randomized' ] :

return self ._fit_truncated(X, n_components, svd_solver)
else :

raise ValueErnor( "Unnecognized svd_solver=' {0} "'
" " . format ( svd_solven) )

def _fit_fuIl ( self, X, r_components ) :
" " " Fit the model by computing fuII SVD on Xrr rr rr

n_samples, n_features = X.shape

if n_components == 'mle' :

raise ValueErnon("n_components='mLe' j,s only supponted
" if n_samples )= n_features " )elif not O (= n_components (= n_featunes:

naise ValueErnon("n_components=%r must be between O and rr

" n_featune s=%r with svd_solver= 'full ' "
% ( n_components, n_featunes ) )

# Centen data
seIf. mean_ = np. mean (X, dXis=0)
X -= self.mean

U, S, V = linalg.svd(X, fuIl_matric¤s=FaIse)
# flip eigenvectors' sign to enforce detenministic output
U, V = svd_flip(U, V)

components_ = V

# Get variance explained by singular values
explained_vaniance_ = (S ** 2) / n_samples
total_var = explained_variance_. sum( )
explained_vaniance_natio_ = explained_vaniance_ / total_var
singulan_values_ = S.copyO # Stone the singulan values.

# Postprocess the number of components requined
if n_components == 'mle' :

n_components = \
_infer_dimension_(explained_variance_, n_samples, n_featunes

# number of components for which the cumulated explained
# variance pencentage is supenion to the desined thneshold
ratio_cumsum = stable_cumsum(explained_variance_natio_)
n_components = np. searchsonted ( natio_cumsum, n_components ) + 1

# Compute noise covaniance using Pnobabilistic PCA model
# The sigma2 maximum likelihood (cf. eq. L2.46)

self . noise_vaniance_ = explained_variance_[n_components mean ( )

else:
self. noise variance = O .

seIf.n_samples_, self.n_featunes_ = n_samples, n_featunes
seIf. components_ = components_[ : n_components ]
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self . n_components_ = n_components
seIf. explained_vaniance_ = explained_variance_[ : n_components ]
self.explained-variance-ratio- = \

expla i ned-va niance-nat io-[ : n-component s ]
self. singulan_values_ = singular_values-[ : n-components ]

return U, S, V

def _fit_truncated(seIf, X, n-components, svd-solver) :
"""Fit the model by computing truncated SVD (by ARPACK or randomized

onX
tt tt tt

n_sampIes, n_features = X.shape

if isinstance ( n_components, six . stning-types ) :

raise VaIueE rnor ( " n_component s=%r cannot be a st ning rr

"with svd_solve?='%s' "
% (n_components, svd_solver))

elif not 1 (= n_components (= n-featunes:
raise ValueError("n_components=%r must be between 1 and r'

" n_feature s=%r with svd-so1ve ?='%s' "
% (n_components, n_features, svd-solver))

elif svd_solver == 'arpack' and n-components == n-featunes:
raise ValueEnnor("n_components=%r must be stricly Iess than

"n_featunes=%r with svd_solver=' %s' "
% (n_components, n_featunes, svd_solver))

nandom_state = check_random_state ( self . random_state )

# Center data
seIf. mean_ = np . mean (x, EXis=0 )
X -= self.mean

if svd_solven == 'arpack' :

# nandom init solution, dS ARPACK does it intennally
vO = random_state. uniform( -1, 1, siz¤=lnin(X. shape) )
U, S, V = svds(X, k=fi-components, tol=self.tol, vO=vO)
# svds doesn't abide by scipy.linalg.svd/randomized svd
# conventions, so reverse its outputs.
S = S[::-1]
# flip eigenvectors' sign to enforce deterministic output
U, V = svd_flip(U[:, ll-1], V[: : -1] )

elif svd_solver == 'randomized' :

# sign flipping is done inside
U, S, V = nandomized_svd(X, n_components=11-components,

n_ite r"= s¤ If . ite rated_powe r,
flip_sign=Tnu¤r
na ndom_st at e= random_state )

self.n_samples_, self.n_features_ = n_samples, n_features
self.components_ = V
self. n_components_ = n_components

# Get vaniance explained by singulan values
self. explained_vaniance_ = (S ** 2) / n_samples
total_van = np . var (X, axis=O)
self.explained_variance-ratio- = \

seIf. explained_vaniance_ / total_van. sum( )
self.singular_values_ = S.copyO # Stone the singular values

seIf. noise variance_ = (tolal_var. sum( )
self. explained_vaniance-. sum( ) )

else:
self. noise vaniance = O.

7
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return U, S, V

def scone_samples(se1f, X) :
"""Retunn the log-likelihood of each sample.
See. "Pattern Recognition and Machine Learning"
by C. Bishop , 72.2.L p. 574
or httpi / /www. miketipping . com/ papens/met -mppca. pdf
Parametens

X : arnay, shape ( n_sampIes, n_featunes )
The data.

Retunns

II : anray, shape ( n_sampIes, )
Log-likelihood of each sample unden the current model

check_is_fitted ( self, 'mean_' )

X = check_array(X)
Xn = X - self.mean_
n_featunes = X. shape[1]
Iog_Iike = np.zeros(X. shapet0l )
precision = self. get_pnecision ( )
log_like = -.5 * (Xr * (np.dot(Xr, precision))).sum(axis=1)
log_like -= .5 * (n_features * log(2. * np.pi) -

fast_logdet ( pnec ision ) )
return log_Iike

def score(self, X, y=None):
"""Retunn the avenage log-likelihood of all samples.
See. "Pattenn Recognition and Machine Leanni"ng"
by C. Bishop , L2.2.1- p. 574
on httpi //www. miketipping . com/papens/met-mppca . pdf
Pa rameters

X : array, shape ( n_sampIes, n_featunes )
The data.

Returns

11 : float
,.,,,, Avenage log- likelihood of the samples unden the cunnent model

return np. mean ( se1f. score_samples (X) )

@deprecated("RandomizedPcA was deprecated in 0.18 and will be removed in "
"o.20. "
"Use PCA(svd_solver='randomized') instead. The new implementatio

" DOES NOT stone wh iten ' ' component s_' ' . Apply t nan sform to get rr

"them. " )
class RandomizedPCA(BaseEstimator, TransformerMixin) :

"""Principal component analysis (PCA) using randomized SVD
.. deprecated:: 0.18

This class will be nemoved in O.2O.
Use :cIass:'PCA' with parameter svd_solver 'randomized' instead
The new implementation DOES NOT store whiten ' 'components_' ' .
Apply transform to get them.

Linear dimensionality neduction using approximated Singulan Value
Decomposition of the data and keeping only the most significant
singular vectors to project the data to a lower dimensional space.
Read more in the lref:'User Guide <RandomizedPCA>'.
Parameters
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n_components : int, optional
Maximum numben of components to keep. When not given or None, this
is set to n_features (the second dimension of the training data).

copy : bool
If False, data passed to fit ane overwritten and running
fit(x).transform(X) will not yield the expected results,
use fit_transfonm(X) instead.

iterated_power : int, default=2
Number of iterations for the power method.
.. versionchanged: : 0.18

whiten : bool, optional
when True (FaIse by default) the 'components-' vectons are multiplie

by the square root of (n_samples) and divided by the singular values

ensure uncorrelated outputs with unit component-wise variances.
Whitening will remove some information from the transformed signal
(the relative variance scales of the components) but can sometime
improve the pnedictive accuracy of the downstneam estimators by
making their data respect some hard-wired assumptions.

random_state : int, Randomstate instance on None, optional, default=None

If int, random_state is the seed used by the random number generator

If RandomState instance, nandom-state is the random number generator

If None, the random number generator is the Randomstate instance use

by ' np. nandom'
Attributes

components_ : array, shape (n-components, n-features)
Components with maximum variance.

explained_variance_ratio_ : array, shape (n-components,)
Pencentage of vaniance explained by each of the selected components

If k is not set then all components are stored and the sum of explai

variances is equal to 1.0.
singular_values_ : anray, shape (n-components,)

The singular values cornesponding to each of the selected components

543

ned

The singular values are equal to the 2-
norms o'F the "n_components..

variables in the lower-dimensional space.
, mean_ : array, shape (n_featunesr)

Per-featune empinical mean, estimated from the training set.
, Examples

2), [1,

>>> import numpy as np
>>> from sklearn.decomposition import RandomizedPCA
>>> X = np.array([[-1, -1], l-2, -11, [-3, -

17, 12, 11, [3, 2]l)
>>> pca = RandomizedPCA(n-components=2)
>>> pca.fit(X) # doctest: +ELLIPSIS +NORI'/IALIZE WHITESPAC

RandomizedPCA(copy=Tnue, itenated_powe?=2, r_components=2r
random_state=None, whiten=FaIse )

I o.99244, ., O,OO755. . . ]

[ 5. 3OO6t. . . O.54980. . . ]
See also

PCA
TruncatedSVD
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References

IHaIkoZOOg]'Finding structune with nandomness: Stochastic algorithms

for constructing approximate matrix decompositions HaIko, et a1., 2OO9

(arXiv:909)'
. . IMRT] 'A randomized algonithm for the decomposition of matnices
,,,,:en-Gunnan Martinsson, Vladimin Rokhlin and Mank Tygert'

def _init_( self , n_components=Noner copy=True, iterated_powe ?=2,
whiten=FaIse, rElndom_state=None ) :

self .n_components = n_components
self.coPY = coPY
self . itenated_power = itenated_powen
self . whiten = wh iten
se1f. random state = random state

def fit(self, X, y=1|ens1'
"""Fit the model with X by extracting the finst principal components

Pa rameters

X : arnay-Iike, shape (n_samples, n_features)
Tnaining data, whene n_samples in the number of samples
and n_features is the number of featunes.

Retunns

self : obj ect
r! t* Retunns the instance itself
self ._fit ( check_annay (X) )
return self

def _fit(self, X):
"""Fit the model to the data X
Parameters

X : anray-1ike, shape (n_samples, n_features)
Training vector, whene n_samples in the number of samples and
n_features is the number of featunes.

Retunns

ndannay, shape (n_samples, n_features)
The input data, copied, centened and whitened when requested

random_state = check_nandom_state( self . random_state)
X = np.atleast_2d(as_float_anray(X, copy=self.copy) )

n_samples = X.shape[0]

# Centen data
seIf. mean_ = np. mean (X, EXis=0)
X -= self.mean_
if self.n_components is None:

n_components = X. shape [1]
else:

n_components = se1f. n_components

U, S, V = nandomized_svd(X, n_components,
n_ite P= s¤If . ite nated_powe r,
nandom_st ate= ra ndom_st ate )

self.explained_variance_ = exp_van = (S ** 2) / n_samples
fuIl_van = np.var(x, dXis=0) . sum( )
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self.explained_variance_ratio_ = exp-var / fu1l-var
self.singulan_values_ = S # Store the singular va1ueS.

if self. whiten:
self.components_ = V / S[:, np.newaxis] * sqrt(n-samples)

else:
seIf. components- = V

return X

def transform(seIf, X, y=None):
"""App1y dimensionality reduction on X.
X is projected on the first pnincipal components previous extracted
from a training set.
Parameters

X : array-Iike, shape (n_samples, n-featunes)
New data, whene n_samples in the number of samples
and n_features is the numben of featunes.

Retunns

I"l"* : annay-Iike, Shape (n_samples, n-components)

check_is_fitted ( self, 'mean_' )

X = check_annay(X)
if self. mean_ is not None

X = X - self.mean

X = fast_dot(X, s¤If . components-.T)
return X

def fit_transform(self, X, y=None):
"""Fit the model with X and apply the dimensionality reduction on X

Parametens

X : anray- like, shape ( n_samples, n_features )
New data, whene n_samples in the numben of samples
and n_featunes is the number of features.

Retu nn s

X_new : array-Iike, shape (n_samples, n_components)

X = check_anray(X)
X = self . _fit (X)
return fast_dot(X, s¤If . components_.T)

def inverse_transform( self, X, y=None ) :

" " "TJ"ansfonm data back to its original space.
Returns an annay X_original whose tnansfonm would be X
Pa namete rs

X : annay- like, shape ( n_samples, n_components )
New data, where n_samples in the number of samples
and n_components is the numben of components.

Retunns

X_original array - like, shape ( n_samples, n_featunes )
Note s

If whitening is enabled, inverse_transform does not compute the
:l:.t inverse openation of tnansform.

check_is_fitted ( self, 'mean_' )
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705 .
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X_oniginal = fa st_dot ( X, s¤If . component s_)
if self. mean_ is not None:

X_original = X_original + self.mean_
return X_original
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