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Suppose we are living in a planet, which has prohibited root-operations; then is it
possible to find a root of a cubic equation in this planet? The well-known Cardan's
formula for a root of cubic equation contains square-roots and cube-roots. This paper
attempts to express the Cardan's formula as an infinite convergent series, which is devoid
of square-roots and cube-roots. Clearly such an expression (if it exists) will be suitable
for iterative methods using computers, if the accuracy of the root so obtained is of the
same order as that obtained directly from the compact Cardan's formula. Let us consider
the following depressed cubic equation,

r3+ar*b:0, (1)

where its coefficients, a and b, are real. The three roots of cubic equation (1) obtained
from Cardan's method [1] are:

rr : (J * V, frz : (Jw t Vw2, frs : flw2 I Vw, (2)

where U, V, and to are given by:
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From (2) and (3) the expression for a root 11 is obtained as,
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(4)n1: (*) "' 
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t l:) tl

Observing (4) it is evident that z1 is real when the terms within the square roots are
positive; i.e., when a is positive, or, when l4o'l <27b2. However when a is negative and
l4r'l > 27b2,the terms within the square roots are negative, and so the terms within the
cube roots become complex. In such case, it is not clear whether the root 11 is real or
complex; in order to find out this, let the term within the square root be denoted as -c2
as indicated below' 

L + (4ar l2,b21 : -"2, (b)

where c is a positive number; and using it in (a) results in,

q : -(bf z1r/3 l1t - ci,)t/t + (1 + clt/t1. (6)
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Expanding (6) using binomial theorem and simplifying leads to,

rr: -2(bt2)'/'(,.t' -#.#-ffi . )
From (7) it is clear that 11 is real even for l4o'l>27b2, (a < 0). Thus we conclude that
11 is real for all real a and b. Even though (7) is an infinite series, it is not the expression
we are looking for; since it contains a cube root term and it does not guarentee that it
converges.

We shall now attempt to obtain an expression for one real root (r1) of cubic (1),
which shall be in the form of convergent infinite series, and devoid of square roots and
cube roots.

Case 1. Coefficient a positive
In this case, the term within the square root in (4) is greater than unity, hence the square
root term itself is greater than unity, and let us denote it as,

(7)

(8)

(13)

1 + (4o,, 127b2)- (lld,
where p is a positive number less than unity. Using (8) in (4) vields,

q : (bf 2p;t/n [(1 - p)11:] - (1 + d't") (9)

Expanding the cube root terms in (9) using binomial theorem and sinrplifying, we get,

t:1: (ttf 27t7r/:t(_2pl3l (t *Y *'H *yy* 21505p8 

" ...) . (10)av) \ -t't "i \^ , 27 , 243 6561 ' 531441 t ... 
,/

Now, the first two terms in (10) are manipulated as below.

(b I zplr / t 1-2p I 3) : (- 4bp2 I 2T )t t 3 : l- 4b:t f a,, I (zT b, at 11, 
t t

: (-bld(4a:t,pz f 276z1tfit (11)

Using (8) we decluce, (4a3f f27b') : (1 -p2), and so (11) becornes

(blzpltrt l-2plz) : (-bld(t - p')'t" ,

which when used in (10) vields,

11 :tbf,o)(l - oz1rt:t(r.Y.'#.W.#. ) 02)

Again expanding the cube root term in (11) as before, we obtain,

n1 - (-bl") ., p2 p4 5pu lopt
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which contains p2 and its powers, andp2 is obtained by squaring (8); thus (13) satisfies
our requirement that it is devoid of square roots or cube roots.

Case 2. Coefficient o negative and l4a3l < 27b2
In this ca.se, the term within the square root in ( ) is positive but less than unity, so the
square root term is less than unity, and let it be denoted as q,

1 + (4o" 127b2) - q

Substitutirrg (1a) in (4) yields.

t:1 : -(bf zltl't l(t - q)'1" + (1 + q)'1").

Exparrdirrg the terms in squarc brackct in (15) leads to:

r:t : -2(bl2)'/' (, - t- 1o'l' - YY- 
=g 

- )\/' \ g 243 6561 59049 /
Wt: ttcrw ttttutipulate the terttt -2(bl2)r/:t irr (16) as showrr below.

-2(bI41/3: (-41,)I/'r : (-Sb:t 12621r/:t :2b(-rI2b2)113

Aftcr sorne algebraic mauiptrlatious on (1-1) wc obtain the relation.

er l2b2) : 127 (1 - q',) 1 8o"),

whicil when substituted irr (17) leuls to,

-2(bl2)tt:t : (3bla)(t - q')'/"'

Use of (18) in (16) yields,

_. _ t..."1 - $bfa) (1 -,r)'/" (, -*- g -:g- e35rr8 -'-t --/ \- ', / \ g Z4Z 6b61 59049

Expanding the cube root term in (19) yielcls,
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(15)

(16)

( 17)

(18)

(le)

(20)

( 1
q2 q4 5qu 10qt

)

)

11: Qbla) 3

q2 10qn
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( 1 9 243 6561 59049

which contains only even powers of q; and since q2 is obtained by squaring (14), we avoid
use of square root, satisfying our criteria.
Case 3. Coefficient a negative and 1 < l+ar lZZb'l < 2
In this case 0 < c < 1 [see (5)], so the infinite series in (7) becomes convergent and the

Mathematicat Medtey . Votume 43 No. 2 . January 2018



Cardan's Form u [a in a Different Planet

torrrr -2(blD'lt zrppea.t'ittg in (7) is t'xprcssc<l [b1.using rkrrivut,iorrs sirrrilar to that userrl
irr (17) tur<l (18)] as below.

-2(bl2)t|t : (3bln )(1 + ,,z1rt:t Qt)
Usu of (21) irr (7) results irr.

.r1:(3ttf u)(l + (;2)t/3 (r *l- l0r'r *":::'- 35.. * ) Q2)u'il/(r/\rr'l, 
\,,9 2J3 056i J-;g0ll)....)

Exparrsiorr uf crrlrc ror)t tt'nrr iu (22) r'it'lrls rlll oxpressiou firr.r'r.

/ tt (.t lsc(i locx \t'1:()bftr) (t+T- e + r, - 2r3-+..)
/ _ (.2 lor'r l..rlrli g35r.* \('*r-r"*6rs,-r**+ ')' (23)

whir,h rrrrrtrts orrr reqrtir'(rrncrrt.

Case 4. Coefficient a negative and l4rrit/271;21> 2
Irr tlris <'ust'. ttote that r'[rrs<'<l irr (6)] is grt,trter than urritr': l<'t r': lld. rvlul'tr 0 < rl < 1.
Usirrg 11 irr (6) r't:sults irr.

.r,r : - (bl2di)t/'t [(1 t dilttt - (1 - di)t/3). (24)

Usirrg tlu' proc'erlttrc.s aplllit'rl itr r.trrlit)r' ('rls()s. n'r' olrttrirr iur ()xl)l'()ssion filr .r'1 as.

/ tl2 dt sd(; lor1x \.r'r : -(/,t/(r) (l + T - lt + St - 2JJ * )
/ lxl2 2'Llt J7kl(i 2l5o5rlE \(' - ,, + '213 - t- + $1r-11 + )' (25)

which has tro s(lllare loot ol crrlrc root tcl'lrrs.

Discussion
Notice that the four cases mentioned above can be clubbed into two main categories;
cases l and 4 can be combined as, l1+ (+a3lZZb2)l > 1, and cases 2 and 3 can be clubbed
together as, l1 + (4a3 IZZU')I < 1 and a < 0.

Case A: For ll + (4a3127b2)l > L

When o ) 0, the expression (13) is applicable where p is real (0 < p < 1); when a ( 0 we
notice that the expression (13) still can be used with p as imaginary number, say p: di,,
where d is real and 0 < d < l.
Case B: For ll + (4a3127b')l < 1 and a < 0
When l(+aslZZb2)l < 1, the expression (20) is used with q as real number (0 < q < 1),
however when L < l(4a3127b')l < 2, we can still use the expression (20) with q imaginary,
say g - ci, where c is real and 0 < c < 1.
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The convergent infinite series expressions obtained [(13), (20), (23), and (25), for all
combinations of real coefficients a and b] for one real root of cubic equation (1) are devoid
of square roots and cube roots; and are suitable for iterative methods using computers.
Since square roots and cube roots of real numbers are also approximations (except for
the cases of perfect squares and cubes), the expressions obtained here for one real root
have the same level of accuracy as that of the so called eract formula (4) involving square
roots and cube roots. Let us solve one numerical example and compare the results with
the eract formula.

Numerical example
Consider the cubic equation: r:'-4gr+L20 : O. We determine, (4a3 f 27b2) : -1.210380658,
implying (23) to be used for 11. Thus use of (23) with only four terms (including unity)
in the two convergent series yields rr : -8.000735311, and with five terrns we obtain
rr: -7.999887276, while the exact value of root is -8. Defining error as, lru*- rrl,
where tr1"* is the exact value of the root, we note that with four terms the error is
0.000735311, while with five terms the error has reduced to 0.000L12724. As the number
of terms in (23) increases the accuracy of the result (which is inversely proportional to
the error) improves.

With the number of terms in (23) [or (13), (20), (25), as the case may be] approaching
infinity, the value of root u 1 approaches r1"r.

Acknowledgements
The author thanks the management of PES University, Bengaluru, for supporting this
work.

References
[1] Leonard Eugene Dickson, "First course in the theory of equations", Ebook #29785

available at www.gutenberg.org; p. 51-52.

Mathematicat Medtey. Votume 43 No.2. January 2018


