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Singapore I nternational Mathematical
Olympiad 2017

National Team Selection Test
Day 0

1. Let ABCD be a parallelogram where AC is a diagonal. It is known the AB : AC and
IBAC < 60". Extend BA to -E such that AE :2A8. Draw lines /1 through E and
/2 through D so that (t I AC and (.2 L AB. If /r and /2 intersect at P, prove that
IPCB: IBAC.

2. For any positive integer k, denote the sum of digits of k in its decimal representation
by S(ft). Find all polynomials P(r) with integer coefficients such that for arry positive
integer n ) 2017, the integer P(n) is positive and

s(P(")) - P(s("))

3. Let n,m,k and I be positive integers with n I 1 such that nk *mnt * 1 divides nk+t -1
Prove that

o m- landl-Zk;or
o tlkand TTL:#

4. A 101 x 101 grid has a rea,l rlrlrnber writterr in each of its cells

o If the number in a cell is greater than the numbers in the cells to its imrnediate
left ancl irnmediately below it, we say that the cell is a good cell. A cell in the
bottom row or the leftmost column is not a good cell.

o If the number in a cell is less than the nurnbers in the cells to its immediate right
and immediately above it, we say that the cell is a bad cell. A cell in the top
row or the rightmost column is not a bad cell.

Note that a cell can be both a good cell and a bad cell. If G is the number of good
cells and B is the number of bad cells. what is the maximunr value of G - B?

Time allowed: 4 hours
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Singapore I nternationat Mathematical
Olympiad 2017

NationaI Team Selection Test
Day 01

5. The leader of an IMO tearn chooses positive integers n and k with n ) k, and announces
thenr to the deputy leader and a contestant. The leader then secretly tells the deputy
leader an n-digit binary string, and the deputy leader writes down all n-digit binary
strings which differ from the leader's in exactly k positions. (For example, if n :3 and
k: l, and if the leader chooses 101, the deputy leader would write down 001, 111 and
100.) The contestant is allowed to look at the strings written by the deputy leader and
guess the leader's strirrg. What is the minimum number of guesses (in terms of n and
k) rreedecl to guarantee the correct answer?

6. Let a,b and c be positive real numbers such tliat min{ab,bc,ca} } 1. Prove that
2

80

s +1

7. L<'l rr ll<'u positir'<'irrlcgcr s'hic'h is rrol a s(lllill'(, tuttrrlrt't'. I)t'trote lrr' ,4 th<'st't of all
posit ivc irrtt'gt'rs A' srr<'h tlrat

,. l2 - 'tl'': ;l - ttl (7'1)

firr sorrrt, irrt,egers;r'arr<l 17 rvit,h x,> \fi. l)<'uol,c llv 1J tlrt's<rt of a,ll posit,ivc itrtrrget's
A srr<'lr tlrat (7.1) is satis{irrl for soruc irrlt'gels.r'turrl y rvitlr 0 (.r' < ,fi. l)r'ovt'that
r\,: I).

Tinxr allowed: 4.5 horrrs
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Singapore I nternationat Mathematicat
Olympiad 2017

National Team Selection Test
Day 02

8. Let ABC be a triangle with circumcircle f and incentre I. Let M be the midpoint of
side BC. Denote by D the foot of perpendicular from I to side BC. The line through
-I perpendicular to.41 meets sides AB and AC at F and E respectively. Suppose the
circumcircle of triangle AEF intersects f at a point X other than A. Prove that lines
XD and AM meet onl.

9. Denote by N the set of all positive integers. Find all functions / : N -+ N such that for
all positive integers rn and n, the integers f (m) + l(") - mn is nonzero and divides
*f (*) + nf (n).

10. Let n ) 3 be an integer. Find the maximum number of diagonals of a regular n-gon
one can select, so that any two of them do not intersect in the interior or they are
perpendicular to each other.

Tirne allowed: 4.5 hours

Mathematicat Medley . Votume 43 No. 1 . Augusl2017 B1



Singapore lnternationaI Mathematicat Olympia d 2017 - National Team Selection Test

Solutions to NTST

Day 0.

1. Let ABCD be a parallelogram where AC is a diagonal. It is known the AB : AC and
IBAC < 60". Extend BAto E such that AE:2A8. Draw lines /1 through.E and
12 through D so that (t L AC and {.2 L AB. If /r and /2 intersect at P, prove that
IPCB: IBAC.
Solution. Let ( 1 intersect the line AC at H . Let lB AC - o

l)

B AI

Let M be the midpoint of BC. Since AE - 2AB,AD :2BM and AD ll BC, it
follows that LABM - LEAD.
Hence IADE:90" and A,D,E,H are concyclic. Now IADH : IAEH:90" -IEAH:90"-o.
It is easy to see that IADP : IAED : Lro, IPDH : IADH - IADP: 90o - |a.
Clearly P,C,D,H are concyclic. Now IPCH : IPDH:90o -la.
It follows that IBCP : IACB - IPCH: (90o -io) - (90. -lo) : o. This
completes the proof.

2. For any positive integer k, denote the sum of digits of /c in its decimal representation
by S(k). Find all polynomials P(r) with integer coefficients such that for any positive
integer n ) 2017, the integer P(n ) is positive and

s(r(n)) : P(s(n)). (2.r)

Solution. The answers are P(z) : c, where 1 ( c ( 9 is an integer; or P(r) : s.
We consider 3 cases according to the degree of P.
Case 1. P(r) is a constant polynomial.
Let P(r): c where c is an integer constant. Then (2.1) becomes ,5(c) : c. This holds
ifandonlyiflSc<9.
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Case 2. degP(r) : 1.

We have the following observation. For any positive integers n't,,n, we have

S(m + n) < S(m) t S(n), (2.2)

and equality holds if and only if there is no carry in the addition rn + n.

Let P(r) : ar * b for some integers a,b, where a + 0. As P(n) is positive for Iarge
nj we must have a ) l. The condition (2.1) becomes S(an -t b) : aS(n) * b for all
n > 2017. Setting n :2025 and n :2020 respectively, we get

S(2025o,+ b) - S(2020a+ b) : (aS(2025) + b) - (oS(2020) + b) : 9a - 4a : 5a.

On the other hand, (2.2) implies

S(2025a+b) : S((2020a+b) +5a) < S(2020a+b) +s(5a).

These gives 5a < S(5o). As a ) 1, this holds only when a : f in which case (2.1)
reduces to S(n +b) : S(n) +b for all n> 2077. Then we find that

S(n+ 1+b) - S(r,+b): (S(n+ 1)+b) - (S(") +b) : S(n+ t) - S(n). (2.3)

If b > 0, we choose n such that n+1+b:10fr for some sufficiently large /t. Note that
all the digits of n * b are 9's, so that the left-hand side of (2.3) equals 1 - 9/c. As n is
a positive integer less than 10k - 1, we have S(") < 9k. Therefore, the right-hand side
of (2.3) is at least 1- (9/c - 1) :2-gk, which is a contradiction.
The case b < 0 can be handled similarly by considering zr * I to be a large power of
10. Therefore, we conclude that P(r) : ,r, in which case (2.1) is trivially satisfied.

Case 3. degP(r) > 2.

Suppose the leading term of P is aynd where ad + O. Clearly, we have ad > O. Consider
n: L}k - 1 in (2.1). We get S(P(n)) : P(gk). Note that P(n) grows asymptotically
as fast as nd, so S(P(n)) grows asymptotically as no faster than a constant multiple of
k. On the other hand, P(}k) grows asymptotically as fast as /cd. This shows the two
sides of the equation S(P(n)) : P(9k) cannot be equal for sufficiently large /c since
d> 2.

Therefore, we conclude that P(r): c, where 1 ( c S 9 is an integer; or P(r): a.

3. Let n,m,k arrd.l be positive integers with n I 1 such that nk lmnt * 1 divides nk+t -1.
Prove that

. tn: Ian<l 1:24':tlt'
o 1lA arr<l nr: \#.

Solution. [], is givcu tlrtrt
,,A +,,,,,t + llrrt*1 - l.

This irnplics

,rk + r,,.rrt * 1l(rrAfI - l) + (rr^ + r,,,,t + l) :,,t+l + rt.A' + trrrt,L

(3 1)

(3.2 )
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\\It' crlrrsirlcr 2 t'trst's.

o Case 1. I > A;.

'l'lrt'rr (:t'2) r'it'lrls 
,,t'+,,,,/* rrrr/ rrrrt/-^ + r.

Sirrcc2(rri*trrrrt +1) >'2nt,rrt +1>rr1 +nur/-l+l.itfirllorvstlrirl,rrl*rrtrtt *l:
t,l + t,tttL A'+ [.
'l'hat is,

rtr(rtt -,,t-t'1: ,/ -,,A.
lf'rtt,) 2, tlrrrrr as ?r, > I wc lrir,v<r nt.Qt.l - ?r1 l') > 2n.l -2rt,L l''2'2tl -'hr,l > r,l _ rtA'

givilg a ('otllra<li<:tiott. Ilt'trcc rtr: I urrrl / - A': A'. u'lri<'h nr('alls rrr : I arrrl /:21'.
o Case 2. I < A'.

1'lulr (ii.2) .yiclrls
,,4' +,r,r,t * lllt + rrrrrl-/ +,n.

Sirrr:e 2(rr,i' *rrtn.t + l) > 2rl('+rrt > rt.A' *rA' / *rn.. il fbllorvs t,lrirt nA' *rrrrtt * 1 :
,rl'+ nl-1 * ni. Tlris girts tr == 'ff.Notc tltal ,,1 - llpl'-t - I irppliqs /l(l'- /) arul
h<'rr<x: llA:. 'I'lu' proof is tlrrrs <:orrrpkrl,<'<1.

4. A 101 x 101 gri<l lrtrs tr rt':rl nrrrnlrc'r writtcrr in t'ir,<:lr o[ it,s <:r'lls.

o II't,ltc tuuttlrt'r'irr a <'t'll is gt'ca.lcr tlrurr tlrc rnrrrrlrt'r's irr thc <'t'lls t<l ils irrrrrr<,<lialc
Icft an<l itnttt<'<litrtcly lrt:kxv it. wc strv t,hat, t,lxr <'r'll is ir good cell. A t'r'll irr tlrc
lrottorrr row irrr<l tlrc krftrrrost <'olrunrr is rurt ir goorl <'t'll.

o If thc ttttttrbrrr irr a <:t'll is k'ss tlrarr th<. ruurrlxrls irr the r'<'lls t<l it.s irrrrrrcrliat,r'riglrt
atr<l inutu'<liatt'lv ttlrrx,e il. u'r'sav thal tlrt'r't'll is a bad cell. A <'t'll irr tlrc tol>
row or tlrc riglrtrrxrsl <rrhrrrrrr is rrot l lliul <:t'll.

Note that a cell can be both a good cell and a bad cell. If G is the nurnber of good
cells and B is the number of ltad cells, what is the maximum value of G - B?
Solution. We claim the rnaximum rrumber is 5050. Let (i,j) denote the cell in the
i-th row (from the top) and j-th column (from the left). First lct us construct the
nraximum:

o If i is odd, and i < j, put .7 in the cell, otherwise 0.
. If i is even, and i > j, pltt , 1 in the cell, otherwise 0

Mathematicat Medley . Volume 43 No. 1 . August2017
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0 1 2 3 I 1X; 97 98 t)f) 0
0 0 0 0 0 0 0 0 0 0
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The first row and last column will not be bad cells by definition. Any other cell is also
not a bad cell since there is a 0 either in the cell above or to the right of it.
The good cells are those with positive integers inside them. Hence there are a total of
101 x 50 : 5050 good cells, and thus G - B: 5050.

Now we show that G - B < 5050. Define a cell to be a very good cell if it is a good
cell and it does not have a bad cell directly below it. The number of very good cells is
equal to the number of good cells minus the number of bad cells which has a good cell
directly above it. Hence the number of very good cells is at least G - B.
Now we prove that if 1 S k < 50 and 2 < I 5100, amongsl (2k- 1,J) and (2/c,l + 1),
there is at most 1 very good cell. Suppose not for the sake of contradiction. Then
since they are good cells, the number in (2k,1) is smaller than the numbers in the two
cells (2k - 1,J) and (2,t,J + 1). Therefore (2k,1) is a bad cell, which contradicts the
assumption that (2k - 1,1) is a very good cell.

If i:101 or j - l, (i,i) is not a very good cell since it is not a good cell.

Arnong the cells 1 < i < 100,2 < j < 101, only the cells of the form (2* - 1, 101) or
(2m,2) (of which there are 100) cannot be expressed in either the form (2k - l,l) or
(2k,1 + 1).

Taking away tltese cells, the remaining cells can all be paired into one of the cells
(2k - 1,1) or (2k,1 + I). Hence there are at most 99 x 50 : 4950 very good cells
amongst these, and thus at most a total of at most 100 + 4950 : 5050 very good cells.
Since the number of good cells is at least G - B, G - B is at most 5050.

Day 1.

5. The leader of an II\{O team chooses positive integers n and k with n ) k, and announces
them to the deputy leader and a contestant. The leader then secretly tells the deputy
Ieader an n-digit binary string, and the deputy leader writes down all n-digit binary
strings which differ from the leader's in exactly k positions. (For exarnple, if n :3 and
k:7, and if the leader chooses 101, the deputy leader would write down 001, 111 and
100.) The contestant is allowed to look at the strings written by the deputy leader and
guess the leader's string. What is the rninimum number of guesses (in terms of n and
k) needed to guarantee the correct answer?

Answer: The minimum rrumber of guesses is 2 if n:2k and 1 if n l2k.
Solution. Let X be the binary string chosen by the leader and let X' be the binary
string of length n every digit of which is different from that of X. The string written by
the deputy leader arc the same as those in the case when the leader's string is X/ and
k is changed to n - k. In view of this, we may assum" k > t. AIso, for the particular
case /c : !, this argument shows that the string X and X/ cannot be distinguished,
and hence in tliat case tlte contestant has to guess at least twice.

It remains to show that the mrmber of guesses claimed suffices. Consider any string Y
which differs from X in nr digits where 0 I m < 2k. Without loss of generality, assume
the first m digits of X and Y are distinct. Let Z be the binary string obtained from
X by changing its first k digits. Then Z is written by the deputy leader. Note that
Z differs from Y by lm- kl cligits where lnt. - kl < k since 0 < m < 2k. Flom this
observation, the contestant must krrow that Y is not the desired string.
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As we have assurned k > fi, when n < 2k,every string Y + X differs from X in fewer
than 2k digits. When n : 2k, every string except X and X/ differs from X in fewer
than 2k digits. Hence the ansrver is as claimed.

6. Let a,b and c be positive real numbers such that rnin{ab,bc,ca} } 1. Prove that

(n' + 1)(b2 + t)("2 + 1) S

Solution 1. \\t'' aI'('t't'rptircrl 1o I)ro\,(. tlrc irrr'<llralitv

2

2

)

+1

+l (6.1)

(6 2)

(6.3)

(6.4)

(o2+r)(b2+1)( +

First, for any positive real rrurnbers :t:,y with :L'y 1, wc have

:t ('+lt

;t
+

1

Toprove (6.2), note thatry ) l impliesthat (ry)' -1> ry-l) 0 Thus

(r2 +t)(y2 + 1) : (*a - r)2-t (r + af s ((#t'- ,)' + @ +a), : (Wf * ,)'
Let f (*) - ln(l + *2). Then (6.1) ir equivalent to

3 \J

+1

ct*b+c

,2

3

while (6.2) becomes

3
f

(

0,

)

b+c
2)+2f( )

3

B6

N<rtc tha,t o ) 1 turd + > t/i, >1. Sirr<xr

f " (r') : ?lt - ':l'] .(1 +.,'z;z'
rve kttorv that ./ is cottt'avt'rlou'ttu'ar<l orr [1.:c). Tlrcrr \\r(r czllr applr'.)errscrr's t]rcrlrerrr
to gct

.t'(,,)+2J(T) .,.(tr+2 T\ _ 1,,+r,+,13 -'\ 3 ) \ :r )
This t:orrrpkrl,t's tlxr pr'oof.

Solution 2. Willxxrt loss ol'gcrrcra,lit.v. a,sslrul(' o) b) r:. As nrirr{o,b.lx..ur,} ) l. t}ris
irrrlrlics o ) l. Lt't d: .1(u + b+ r:). Notc tlrtrl

, ttQt+/i+r') .l+l+1.,,1 -- ' \ 
- 

1:i ;]
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(



Singapore lnternationat Mathematicat Otympiad 2017 - Nationa[ Team Setection Test

Then we can apply (6.2) to the pair (o,d) and the pair (b, .) to get

(o'+ 1)(d,'+ 1)(b'+ 1)("'+ 1) < (t+)
,2 2 2

,2

+1 +1 (6 5)(T)
Next from

22
we can apply (6.2) again to the pair (f , Y). fos"ther with (6.5), we have

+1 : (d,'+ 1)4.

Therefore, (a2 +t)(b2 + 1)(c2 + t) < 1d2 + t;3, and (6.1) follows by taking cube root of
both sides.

7. Let o be a positive integer which is not a square number. Denote by .4 the set of all
positive integers /c such that

-2_^k: *6 *6 (7.1)r. _A-
for some integers r and g with r > 1fi. Denote by B the set of all positive integers
k such that (7.1) is satisfied for some integers r and g with 0 I r < \fr,. Prove that
A: B.

Solution 1. First we prove the following claim.

Claim. For fixed k,let r,g be integers satisfying (7.1). Then the numbers nttUr defined
by 1/ ", (r-y12-4a\ t/ (x-il2-aa\*r:i("-r+-ff),or:r("-a--,r+a )
are integers satisfying (7.1) (with r,gt replaced by 11,p1 respectively.)

Proof. Since 11 * At : r - g and

*, : t# : -x *2(r2 ..- a) : -r * 2k(x - v),r*U r+A
both rr and gr1 are integers. Let u: fr * g and 1) : fr - y. The relation (7.1) can be
rewritten as

u2 - 1+k - 2)ua + (u2 - 4a) : g.

By Vieta's theorem, the number , : t# satisfies

u2 - 1+k - 2)uz + (r2 - 4a) : g.

Since 11 and 91 are defined so that 1) : rt * yr and z : frt - U1, we can reverse the
process and verify (7.1) for rttUr. This completes the proof of the claim.

We first show that B c A. Take any k e B so that (7.1) is satisfled for some integers
r,g with0 ( r < r/". clearly a * 0 as /c > 0 and we may assume y is positive. since
o is not asquare, we have k> 7. Hence, we get 0 S z <y < @. Define

Mathematicat Medley . Votume 43 No. 1 ' August2017
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1l @-a)2-4a11 -rlr_a+ff r-a-@-Y)2-aa\r+a /
1

,!/l -,

By the clairn, 'rL,'!)r are integers satisfying (7.1). Also we have

1,2 r-a+@-a)2-aa\r+a / r+y r+I) Y

this implies k ¤ A anrl herrce B C A

Next, we show that A c B. Take any k e A so that (7.1) is satisfied for some integers
r,g with r > 1/a. Again we nlay assume gr is positive. Among all such representations
of k, we choose the one with the smallest r * A. Define

1l @-a)2-4a11 _ rir_ a+ ,tr

8B

Ily tlrr'<'lairrr..r'l.l/r ar'('irrtt'g<'r's salisfvirrg (7. l). sirr.t'tr') I. u't'gct.r') y > Ji.
'l'lrcrcforr'. wc hav<' ut > !* > 0 irrr<l l* a t.i y. It lirllou,s that

't't | ltt ( Ittit'x {'-,, 
ltt - ('t,'- !/)') } < 'r +ll'( .r'+ // )

II':r:1 > t/2.*,'gcl, rr, <:ont,r'ir.<li<.tiorr <lrur t,<l tltc rrrinirrralit,v ol';i l.tl.Tlr<rxrlilrrr. wr.rrllst
lrrvr,0 ( .r'; ( /7. rvlri<'h nr(,:urs A'e I] so tlrat ,l C B.
'l-lrc turl srrlrst,t lclirtiorrs <'orrrlrirrc to girt A: lJ.

Solution 2. 1'lre t'r'latiorr (7. I r is trlrrivrrk'rrl t<r

A.y2 * (t - l).r2 : rr. (7..2)

Claim. If (16,9s) isasolution to(7.2), then ((2&-1)ro t2kys,(2k-t)yo+2(k-t)rs)
is also a solution to (7.2).
Proof. We check directly that

k((2k - 1)so + 2(k - r)rs), - (t* - 1)((2k - 1)ro L2kyd2:(k(2k-r), - (* - 1)(2/c)r)a3+&Q& - 1))2 - &-t)(2k-r)\"2:t*a?-&-L)rfi:s.

If (7.2) is satisfied for some 0<-r < t/" and nonnegative integer y, then clearly (7.1)
implies a > r so that a > :L* 1. Also, we have k > I since o is not square nurnber. By
the claim, consider another solution to (7.2) defined by

11: (2k - l)* * 2ky, Ur: (2k - l)y + 2(k - L)*

It satisfies rv > (2k-l)**2k(r + 1) : @k-l)r+2k > e;. Then we can replace
the old solution by a new one which has a larger value in r. After a finite nurnber of
replacements, we must get a solution with z > ,/".This shows B C A.
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It (7 .2) is satisfied for some r > 1/a and nonnegative integer g, by the claim we consider
another solution to (7.2) defined by

q: l(2k - r)* -zkal, u: (2k - r)a -2(k - t)r.
Flom (7.2), we get l-*a , 1/-n - u. This implies ky ) 1/tdk - t)" > (& - t)r and
hence (2k - l)r - 2ky < r. On the other hand, the relation (7.1) implies that r > A.
Then it is clear that (2k - 7)r - 2ky > -r. These combine to give :11 I r, which
means we have found a solution to (7.2) with z a smaller absolute value. After a finite
number of steps, we shall obtain asolution with 01r 11fi. This shows Ac B.
The desired result follows from B C .4 and A c B.

Day 2

8. Let ABC be a triarrgle with circumcircle f and incentre 1. Let M be the midpoint of
side BC. Denote by D the foot of perpendicular from 1 to side BC. The line through
.I perpendicular to AI rneets sides AB und AC at F and E respectively. Supposc the
circunrcircle of triangle AEF intersects f at a point X other than A. Prove that lines
X D and Aill meet on f .

Solution. Let AM meet I again at Y and XY meet BC at Dt. It suffices to show
Dt : D. We shall apply the following fact.
Claim. For any cyclic quadrilateral PQRS whose diagonals meet at 7, we have

Qr PQ.QR
TS PS. .98

Proof. We use lWrWzW2] to cletrote the area of W1W'zW't Therr

TS

This proves ttre claim

*Pq.Qrsin tPQR pe.eRQT IPQR)
lPsBl

X
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Applying the claim to ABYC an<), XBYC respectively, we have t : # : ffiffi and

% : ##. These combine to give

BD, XB BY XB AC:
(8.1)CDI XC CY XC AB

Next, we use dirccted arrgles to find that IXBF : IXBA: IXCA: IXCE and
IXFB: IXFA: IXEA: IXEC. This shows that triangles XBF and XCE are
rIirt'r't lv sitttilirr'. In l)rrll icttl;tt'. \\'(' ltitt't'

.Y 1i BF
(8.2 )XC CE

Let B:;IABC arrd 7 : ilACB. Observe that IFIB : IAIB - 90o :7. Hence,

H: ,Wr,our: **tu. similarty, g?::ii#. or EI : FI, we get

('It l"[ ('li
'lirgt't lu't' \\-i1lr (.S.I ) irlr(l (S.2). \\-(' [irrtl tlrirt

sitt ,'J

BF BF EI sl ll ^,
,)

(8.3)

BDI AC
CDI AB (H) (H)

,2

sin2C 2 tanT IDICD BD
tttnfi IDIBD CDsin 27

90

9. Denote by N the set of all positive integers. Find all functions / : N -+ N such that for
all positive integers rn and n. the integers f (nr.) + f (") - mn is nonzero and divides
mf (rn) + nf (n).

Answer. f (r,,) : n2 for aIIy n ¤ N
Solution. It is giverr that

.l'Qtr'1 -t .l'Q,) - rrtrt I rtt,l'Qrr) + rr./'(rr) (9.1)

'frrkirrg nt: n: I itt (1).1). w<'lurvt'2.1'(l)- I 12./(l).'l'lrt'rr2.l'(1)-l 12./(l)-(2./(l)-
l) : I arr<[ lrcrr<'r' ./'( l) : l.
Lt't 1r ) T lrt'a pt'itrt<'. 'l'nkirrg rrr : p tt,tt<l rt : 1 itt ({).1). wt'lurvt'./'(7r) -pll l1t.f (1t)+1
att<l Ittltt<:<'

.l'(tt-7,* I I p.f(1t)+t-p(.f'(1t)- tt*t):1i2 -p+7.
lI l'(1t)-pl l: t)2 - t)+ l.llrt'rr,l'(2) :1i2.l' .l'0,)_ 1t* | li) -t,* l. as f) -p-|1
itr irn o<lrl positiv<r itrtt'g<'t'. nt'ltavt' l,'- l, + I > 3(.1'(1,) - p+ 1). tlrat is

1.,
.l'(p) < 10i' + 2p - 2) (!).2)

Ttrkirrg,,r : r - 7r irr (1).1), rvc har,c 2./(7r) - p) l2p.f 01.'I'his irrrplit's

2.f (t,) - f | 2p.f (1t) - p('2.f (1t) - 1/) : 1;t.
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By (9.2) and /(p) ) 1, we get

-p2 < zf(p) - r' =?(p' + zp - 2) - p' < -p
since p ) 7. This contradicts the fact that 2f (p) - p2 is a factor of p3. Thus we have
proved that /(p) - p2 for all primes p > 7.

Let n be a fixed positive integer. Choose a sufficiently large prime p. Consider m : p
in (9.1). We obtain

f (p) + I @) - pn I pf @) + nf (n) - n(f (p) + f (n) - pn) : pf (p) - nf (p) + pr2.

As /(p) - p2, this implies p2 - pn + f(n) I p@' - pn + n2). As p sufficiently large
and n is fixed, p cannot divide /(n), and so (p,p2 - pn + f (")) : 1. It follows that
p2 - pn+ f(") I p' - pn+n2 and hence

p2 - pn + f(n) I p' - pn + n2 - (p' - pn + f(n)) : n2 - f(r).
Note that n2 - f (r) is fixed while p2 - pn+ /(n) is chosen to be sufficiently large.
Therefore, we must have n2 - f (n):0 so that /(n) : n2 for any positive integer n.
Finally, we check that when f (r) : n2 for any positive integer n, we have

f (*) + f (n) - rrlrl: *2 + n2 - n'tn.

and
mf(m) + nf(n) : m3 * n3 : (* * n)(rn2 + n2 - mn).

The latter expression is divisible by the former for any positive integers rn, n. This
shows that /(n ) : n2 is the only solution.

Let n > 3 be an integer. Find the maximum number of diagonals of a regular n-gon
one can select, so that any two of them do not intersect in the interior or they are
perpendicular to each other.

Answer. n-2if n isevenandn -3if n isodd.
Solution I-. We consider two cases according to the parity of n.

Case 1. n is odd.
We first claim that no pair of diagonals is perpendicular. Suppose A,B,C,D are
vertices where AB and C D are perpendicular, and let E be the vertex lying on the
perpendicular bisector of AB. Let Et be the opposite point of .B on the circumcircle of
the regular polygon. Since EC : E'D and C, D, E are vertices of the regular polygon,
-El should also belong to the polygon. This contradicts the fact that a regular polygon
with an odd number of vertices does not contain opposite points on the circumcircle.

E

I

E,

Mathematicat Medley . Votume 43 No. 1 . August2017 91



ISingapore lnternationaI Mathematicat Otympiad 2017 - National Team Setection Test

Therefore in the odcl case wc can ouly select cliagonals which <lo not itrtersect. In the
maximal ca^se these diagontrls should divide the regular n-gon ittto zz - 2 triangles, so
wc can select at most n - 3 diagonals. This cnrr be donc, for exa.rnple, by selecting all
diagonals crnanaterl frorn a particular vertex.

Case 2. n is even.

If there is no intersection, then the proof in the odd case works. Suppose therc are 2
perpendicular diagonals selected. We consider the set ,S of all selected diagonals parallel
to one of them which intersect with some selected diagonals. Suppose ,S contains k
diagonals and the nurnber of distinct endpoints of the k diagonals is /.
Firstly, consider the longest cliagonal in one of the two directions in S. No other
diagonal in S can start frorn either endpoirrt of that diagonal, since otherwise it has
to meet another longer diagonal in ,9. The same hokls truc for the other direction.
Ignoring these 2 longest diagonals anrl their 4 endpoints, the remaining k - 2 diagonals
share / - 4 endpoints where each endpoint can belong to at rnost 2 diagonals. This
gives 2((. - 4) > 2(k - 2), so that k < {. - 2.

Consider a group of consecutive vertices of the regular n-gon so that each of the two
outermost vertices is an endpoint of u, diagonal in S, while the irrterior points arc not.
Tlrere are / such groups. We label these groups P1,P2,...,P( in this order. We claim
that each selected diagontrl outside S must connect vertices of the satne group P;.
Consider any diagonal d joining vertices frorn distinct groups P; and P.i. Let d1 a:nd d2

be two diagonals in S each having one of the outermost points of 4 as errdpoint. Then
d rnust meet either d1, d2 or a diagonal in S which is perpendicular to both dr tlttcl d2.
In any case, d should belorrg to ,S by definition, which is a coutradiction.

lVithin the same group P;, there are no perpendicular diagonals since the vertices
belong to the same side of a diameter of the cicumcircle. Hence there can be at ntost
14-2 selected diagorrals within Pi, including the one joining the two outermost points
of P;, when lPrl > 2. Therefore, thc'tnaximurn number of diagonals selected is

(

92

Drtet -2)+k: tu?,1 - 2( +k: (nt t) -2{1-k:n- t +k 3n-2.
zi- 1 j- I

This upper bound can be attained as follows. We ttr,ke any vertex A and let A/ be
tlre vertex for which AAt is a diameter of the circutncircle. If we select all diagonals
ernanated from A together with the diagonals d/ joiniug the two neighbouring vertices
of At , thcrr the onlv pair of cliagonals that meet each other is AAt and d/, which are
perpendicular to each other. In total we can take n - 2 diagorrals.
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At

A

Solution 2. Let's consicler the even case and we shall prove that there are no more than
n - 2 diagonals that satisfy the requirernent. Now suppose that there are intersecting
diagonals. (Wherr we say 2 diagonals meet, it means that they meet at the interior.)
Without loss of generalitv, Iet a pair of intersecting diagonals be an horizontal-vertical
pair. Then every pair of itttersecting cliagonals must also be a horizontal-vertical pair
(This is easy to see).

Let ,S be the set of vertical and horizontal diagonals such that each must intersect
another. Suppose Z is the set of vertices such that each belongs to a member of S.
Let lLl : (.. Let A be an endpoint of the longest horizontal diagonal, Therr A does
not belong to any vertical diagonal in S. This is becarse if it does, then this vertical
diagonal ntust intersect atrother horizontal diagonal in ,S and this horizontal diagonal
would be longer than the one we started with.
This means that the nurnber of vertical diagonal is at rnost L( -2)/2). Similarly, thc
number of horizontal diagonals in ,S is also tQ - 2) /2). Hence lsl < (. - 2.

The verticcs in ,L clivide the vertices of the polygon into / groups where a group consists
of two consecutive vertices in .L and the vertices between thern. Let n1,. . . ,rt( be the
number of vertices in the groups. It is clear that the diagonal joining the two vertices
in tr of each group is not irr S, (except the one joining the 2 outermost vertices of the
group) and that the diagonals in each group do not intersect. Moreover, there are no
diagonals that join two vertices not in ,L and belong to two different groups. Therefore
tlre total number of diagonals in the groups are n; - 2. Hence the total number of
diagonals is < !{ , @t-2) + lSl : n*(-21+((-2):n-2.
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