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1 Introduction

[t is a well-known result that [1]:

3V3
sin A+sinB +sinC < —\)f

where

A+B+C=m

The inequality is true for any AABC.
We generalise the above result to all n-gons A; A, - -+ A, as follows:

n
For n >3 and )  A; = (n — 2)m where 0 < A; < 27, let
=1

n

Sy = g sin A;,

1=1

o = 4.49340945790906, v = |n — 2|y = [ — T2 Then

Y (8}

- . D . »
) < nsin ('T) for all convex n-gons or n <6
, . 240 . (240 . .
< max{(n — vy)sin mEFVL), (o — g Y 8T T ‘f‘)) for all n-gons when n > 6
n—uj = n—uso S

Note that the constant « is a numerical approximation as we were not able to
find the exact form of a.
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2 Concepts and Theorems

2.1 Concave functions

[2] Given a continuous function f(x). it is concave downwards in the interval
la, b] if for any x,x9 € [a,b] such that

fAzy + (1 = Nao] > Af(x1) + (1 = A) f(22)

Another way to determine if a function is concave downwards is that its second
derivative (if it exists in the interval [a,b]) is non-positive.

Another method of determining if a function is concave downwards in the in-
terval [a,b] is by drawing a line from f(x1) to f(x2) for any xy,x9 € [a,b] and
that it always lies below the graph.

2.2 Sine function

In the interval of [0, 7], sin(x) > 0
sin’(z) = cos()
L4 / .
sin(x) = cos' (r) = —sin(z) <0
As such, sin(z) is a function that is concave downwards on the interval [0, 7].

Also, when x is reflex (i.e. o € (mw.27)), then sinxz < 0. sina increases in the
interval [0, Z], and the maximum of sinz is 1 when z = Z.
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2.3 Jensen’s Inequality

[3] Given a continuous function f(x) that is concave downwards and z, . . . ,: Ly €
R, we have
n . n
L) g fym
n n
i=1 1=1
Equality holds if xy = xo = -+ = x,, or if f(x) is linear.
2 1 2 n g

3 Proof of Inequality for S;

The function f(6) = sin(#) is a function that is concave downwards for 0 < § <
7. Hence, by Jensen’s Inequality

sin A 4 sin B 4 sin ' , A+B+C V3
2 < sin —a =7

Multiplying by 3 on both sides will give the desired inequality. Equality holds
if and only if A =B = (' = I, that is, the triangle is equilateral.

9
3

4 Upper bound for 5,

The upper bound of the inequality for a quadrilateral is:
sin A 4+ sin B +sinC' +sinD < 4

Equality holds when A= B =C=D = 7.

This is the maximum as the range of sinx is [-1,1], and changing any angle
will definitely result in the decrease of the value of the whole expression.
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5 Upper bound for convex polygons

In a convex polygon A Ay - -+ A,,. each angle is less than 7, and since the function
J o ] 452 n 5

f(0) = sin @ is a function that is concave downwards for 0 < 6 < 7, we can apply

Jensen’s Inequality and obtain:

n ‘ 13 3
1 ) i (n—2)w ) 2 ) 21
— g sin4; <sin| —— ] =sin |7 — = sin -
n = n n n
-

6 Consideration of reflex angles in a polygon

For a polygon with number of sides > 4, there may exist at least 1 reflex angle.
Lemma 6.1. For a polygon with n sides, there are at most n — 3 reflex angles.

Proof. Suppose otherwise (i.e. there can be n — 2 or more reflex angles).

The sum of all the interior angles in the polygon is (n — 2)m.

Now with n — 2 or more reflex angles, the sum of angles is now more than
(n — 2)m, a contradiction. O

7 Upper bound for S;

We claim that the upper bound of the inequality for a pentagon is:

sin A+ sin B+ sinC' +sin D + sin £ < 5sin <, l

9

We will first assume a convex pentagon, then let one or two of the angles be
reflex. Note that it is impossible to have 3 or more reflex angles in a pentagon.

7.1 Case 1: Convex Pentagon

m
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Since the function f(#) = sin(f) is a function that is concave downwards for
0 <6 <, thus we can use Jensen’s Inequality and obtain:

9

sin A+sin B +sinC' +sin D + sin F ) <Al+/3 { ('+1)+If> ) (.‘iﬁ)
= < sin = sin
)

J

Multiplying both sides by 5 will give us the desired inequality. Equality holds

when all the angles are equal to 2*.

7.2 Case 2: Concave Pentagon with 1 reflex angle
Without loss of generality, let £ be the reflex angle. Since 7 < F < 27, then
T<A+B+C+D<2n

As such, using Jensen’s Inequality, we obtain

sinA+sinB+sinC +sinD <.»\ + B+ C + I)>
: < sin
| - |

A+B+C+D

Observe that = < 1

l < I as such, we can conclude that

. (\ + /3+('+l)>
sin . <1

Also, since F is reflex, then sin £ < 0, as such

5

J

sin A+sin B+sin C'+sin D+sin F < sin A+sin B+sin C'+sin D < 4 < 5sin <', )

7.3 Case 3: Concave Pentagon with 2 reflex angles

Without loss of generality, assume D and E are the reflex angles. Since m <
D, E < 2w, then
0<A+B+C<m

As such, using Jensen’s Inequality, we obtain

sinA+sinB +sinC . (/1+ li+('>
= <sin | ——mM—
3 - 3

Observe that 0 < ‘”7;( < :{ as such, we can conclude that

,<,HU+(') V3
sm| ———— | <

3 g

Also, since D and E are reflex, then sin D, sin £ < 0, as such

3v3 3
sin A+sin B+sinC+sinD+sin ) < sinA+sin B+sinC < L) < Hsin ( = )
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8 Upper bound for S;

We claim that the upper bound of the inequality for a hexagon is:

D)
sin A +sin B +sinC' +sin D +sin E + sin F' < 6sin < '

il

"} =33
;> v

We will first assume a convex hexagon, then let one, two and three of the angles

be reflex.

8.1 Case 1: Convex Hexagon

Since sin is a function that is concave downwards on the interval [(). ﬂ. then we
can use Jensen's Inequality and obtain:

sinA+sinB+sinC +sinD +sinF +sinF A+ B+C+D+FE+F ) 27
- - —— <sin| — — = sin | —
) ) )

Multiplying both sides by 6 will give us the desired inequality.
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8.2 Case 2: Concave Hexagon with 1 reflex angle

Without loss of generality, assume F' is the reflex angle. Since 7 < F < 27,
then
2r< A+ B+C+D+ E <37

As such, using Jensen'’s Inequality, we obtain

(9]

J

sinA+sinB +sinC +sinD +sin F .y (;1 +B+C+ D+ l:‘)
< sin

27 / 3+C+D+E _ 37
Observe that == o AYBHOFD+E - % as such, we can conclude that

o

_ (i +B+C+ D+ IJ)
Sin

IN

5
\

Also, since F'is reflex, then sin /' < 0, as such

o < .'Mﬁ

sin A+sin B+sin C+sin D+sin E4sin F < sin A4sin B+sin C'+sin D+sin F

IN

8.3 Case 3: Concave Hexagon with 2 reflex angles

Without loss of generality, assume FE and I are the reflex angles. Since 7 <
E,F < 2m, then

0<A+B+C+D<2r
As such, using Jensen’s Inequality, we obtain

sin A +sin B +sinC' + sin D ) (;1 +B+C+ l)>
< sin

| 4

/ 3 +C'+D us
L”I(—’- < %, as such, we can conclude that

. A+B+C+D
sin . £ 1

Observe that 0 <

Also, since E and I are reflex. then sin F,sin ' < 0, as such
sin A+sin B+sin C+sin D+sin E+sin F' < sin A+sin B+sin C4+sin D < 4 < 3v/3

This is a lower upper bound than before.

8.4 Case 4: Concave Hexagon with 3 reflex angles
Without loss of generality, assume D.,FE and F' are the reflex angles. Since
T < D,E,F < 2w, then
0<A+B+C<mw
As such, using Jensen’s Inequality, we obtain
sin A +sin B 4 sin C ) A+ B+C
3 < sin BT —
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Observe that 0 < AtB+C ™ a6 such, we can conclude that
3 3
. <:1+/3*i-('> ) \/5
sin| —— | < —
3 2

Also, since D, E and F are reflex, then sin D, sin F, sin I < 0, as such

3v/3 :
sin A+sin B+sinC' +sin D +sin E+sin I < sin A+sin B+sinC' < % < 3V3

This is a lower upper bound than before.

9 Upper bound for 5,

In this section, we will find the upper bound for the sum of sines for all integers

n.

9.1 Global upper bound for an equiangular n-gon

Observation 9.1. The sum of sines in an equiangular n-gon always increases

as n increases.

Proof. We want to show that the function f(z) = rsin(m — =%) is always in-

f(x) = xsin (F - 27)
15
(%)
— Bigifi
T

creasing.

Now we compute f/(x).

= lr T
) (2,1-> 27 COS (‘)’:)
= sin -
T x

We want to show that f/'(x) > 0.

\

Lemma 9.2. tan(x) > 2 if 0 < x <

/
A

Proof. Let g(x) = — tan(x), 0 < x < 7/2.
g@)=1- sec?(z) = —tan?(x) <0

Hence g(x) decreases on 0 < x < /2. Thus we have ¢g(0) > g(x) or g(z) <
0. (]
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Now for @ > 4, =& < Z. From this, we get cos
A T - 2 O
tan
) 2m
sin
T
. 2 27 cos
sin| — ] — -
T T

Hence f'(x) > 0, showing that f(x) is increasing on the interval [4,00). Thus
the sum of sines of an equiangular n-gon always increases as n increases. O

Lemma 9.3. )
. sinx
lim =
x—0 X

Theorem 9.4. The sum of sines in an equiangular n-gon is < 27.

Proof. We know that the sum of sines in a equiangular n-gon increases as n
increases. The maximum value of the sum of sines in an n-gon is defined by the

. . Dar . D
formula nsin (7 — &) = nsin <.
n n
. ']:
. .27 . s ==
lim n sin = 27 lim —
n— X n n— o< £
n
. sina
= 27 lim
r—0 1
=27 : 1 = 27

Thus the sum of sines is bounded by 27, showing that the global upper bound

of the sum of sines of a convex n-gon is 2. ]

9.2 Upper bound of S, for a concave n-gon

Although our earlier pattern shows that for any n-gon, the sum of sines of the
individual angles is maximised when the n-gon is equiangular, this is not the

case for a concave n-gon when n > 7.

9.2.1 Upper bound for 57

We see that a convex heptagon will have

{ -
57

. > — . L ! -~ ol
g sinA; < 7sin| — | = 5.473
7

1=1

However, it is possible to obtain a even higher upper bound by considering a

concave heptagon.
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Consider the following diagram:

+5

De )

ZGFE can go arbitrarily close to 27, and ZFED can go arbitrarily close to Z

B

Hence, the sum of sines of the individual angles in the above heptagon will be

{

% sin A; = 5sin -

=i

+sin ZGFE +sin ZFED

NN

~5+14+0=6

which is a higher upper bound than 5.473.

Notice that we can get arbitrarily close to 6 by making the angle ZFED closer
to =, but we can never be able to reach the exact value of 6.

This is indeed a higher upper bound than the one obtained using an equiangular
heptagon.

Notice that there are many right angles in the figure, hence maximizing the sum
of sines of individual angles. Also, the reflex angles are close to m or 27. As
such, they are very close to 0.

I[s 6 the upper bound for a heptagon?

Since we have considered the cases where there are no reflex angles and 1 reflex
angle, then we need to consider the cases with > 2 reflex angles. However, this
would mean that there are < 5 non-reflex angles and as such, the sum of Sines
must be less than 5. Therefore, the upper bound is 6.

9.2.2 Upper bound for Sy

As with the case n = 7. we can exceed the bound for a convex octagon of

8 sin (‘){) = 4/2.
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Consider the following diagram:

G P

Le

In the diagram above, /BAH = /AHG = /HGF = /GFE = /ZFED =
LEDC = % ZABC can go arbitrarily close to 27 and ZBCD can go arbi-

trarily close to Ll_" This is maximum for one reflex angle, as by using Jensen’s

inequality, we get that the sum of sines is maximised when all the angles are
equal. There are 7 angles, each being ‘—: and the last angle being 27. The sum
of the sines of individual angles is
8 [
> “sinA; = 6sin — + sin ZABC + sin ZBCD
1=1 !
CoAw
~ 7sin — =~ 6.824

{

which is higher than V2 ~ 5.657. Since we have considered the cases where
there are no reflex angles and 1 reflex angle, then we need to consider the cases
with > 2 reflex angles. However, this would mean that there are < 6 non-reflex
angles and as such, the sum of Sines must be less than 6. Hence the upper
bound for n = 8 is around 6.824.

9.2.3 Upper bound for Sy

. . . . D
As before, we can exceed the bound for a convex nonagon of 9sin (j—))

Consider the following diagram:
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In the diagram, ZABC' can go arbitrarily close to 27, and ZBC D can go arbi-
(@) S . O

trarily close to 5. The rest of the angles are 2. The sum of sines is thus
9 .
. - . OT . .

E sin A; = 7sin +sin ZABC + sin ZBC'D

3
i=1

o .oom .
~ 8sin — ~ 7.391

(

which exceeds the upper bound for a convex nonagon =~ 5.785. For the cases
with > 2 reflex angles, the sum of sines < 7 which is lower than the upper bound
for 1 reflex angle.
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9.2.4 Upper bound for S5

Consider the following diagram:

oF

L. /LABC can go arbi-
3
D .

o £&. The sum of sines

3

/

ZABC and ZBCD are equal to

All the angles except
trarily close to 27, and ZBC'D can go arbitrarily close t

sin ZABC + sin ZBC'D

(

is thus
10
; . 2m
E sin A; = 8sin —
3
=1
27
~ 9sin — ~ 7.794
3
However, consider the following diagram with 2 reflex angles:
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/ZBCD and ZEFG can go arbitrarily close to 27, and ZCDFE and ZDFEF can

go arbitrarily close to 5. The sum of sines is thus
10 N
Z.\‘in A; = 6sin ; +sinZBCD +sin ZCDE + sin ZDEF + sin ZEFG
=1 -

%
oo

~ 8sin —

2

This is a higher bound than that with one reflex angle. For more than 2 reflex
o IS

angles, there are < 7 angles that are < 7, thus the sum of sines of the angles

is < 7. Hence the upper bound for n = 10 is obtained when there are 2 reflex

angles.

9.2.5 Upper bound for Sy,

The diagram below for n 11 has 2 angles approaching 27 and all the other
5 IS

angles are around S
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o
| &
B
[¢]
oE H
»
oo
& AC
\ ® o
K D |
€
The sum of sines is
1 =
— DT
sin A; = 7sin 9 Fsin ZBCD 4 sin ZCDE + sin ZDFEF + sin ZABC
=] '

" J7 oy
~ 9sin 9 ~ 8.863

|

9.2.6 Upper bound for S,

Similarly, the diagram for n = 12 has 2 angles approaching 27 and all the other
Qo
angles are around <.
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oE
‘xS
\ g
7'
Iy

The sum of sines is

12
~ 3T

sin A; = 8sin — +sinZBCD +sin ZCDFE +sin ZDFEF + sin ZABC
1

=

. 3m B
~ 10sin — =~ 9.511

9.2.7 Upper bound for general 5,

In general, we have the upper bound for general n (when we assume that all

reflex angles are very close to 27) which is

max (n — x)sin
0<x<n—-2 N — &

We obtained this result by the following: Suppose we have @ reflex angles.

n n—a n
Z.\in;l, = Zﬂn;l, | Z sin A;
1= =1 i=n—x+1
n—a
< X.\in ;
i=1
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Below is a table of the maximum sum of sines for small n. as well as the number
of reflex angles to achieve this value.

' n | Max sum of sines | Approx. value | No. of reflex angles
7 6 sin = 7 6 |
8 7 sin :4;7 6.824 I
9 8 sin 22 7.391 1
10 8sin I 8 2
11 9sin 47 8.863 2
12 10 sin 2% 9.511 2
13 L1sin 35 10.006 2
14 [ 1sin ﬁ 10.888 3
15 l'_)sin'J’—g 11.591 3
16 13 sin Jl 12.155 3
17 13 sin ‘l—" 12.905 |
18 14 sin =+ 13.649 |
19 15 sin 2X 14.266 1
20 15 sin 1% 14.918 5
21 16 sin l—; 15.693 5
22 17 sin Jé 16.351 5]
73 17sin 55 16.928 6
24 18 sin I% 17.727 6
25 lf).\-m:% 18.419 6

| 26 20 sin 5F 19.021 6

m(2+a

Now, we will investigate the graph of (n — ) sin ) and find a closed form
5 graj p

n
for x.
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9.3 The closed form for »

A W

tAl

N . . m(24x . .
Figure 1: Graph of (n — x) sin % form =13

n

Now, looking at the graph of (n — ) sin Itl“’t,'——) for 0 < ax <n — 3 (as there can
only be at most n — 3 reflex angles), we observe that the graph increases and
reaches a maximum point before decreasing and reaching 0 when =z = § — 1.
Therefore, it suffices to find the first value of x such that the gradient at = will
be 0, and as such, indicating the highest point on the graph. We can do so by
calculating the value of & such that the first derivative is equal to 0. That is,

(2 + x) 7(1/+2)(~().\'L“I’_ﬂ

—sin — — = =0
n 1 a n
. w2+ ) (2 + x)
—(x — n)sin — m(n + 2) cos =0
n— n—ux
() s ar{ 9 .
. (24 x) m(2+ )
(n —x)sin ——= = mw(n + 2) cos -
n— T w— .2
(2 4+ ) w(n+ 2)
tan =
n—ux T =T
w(n+ 2) T(n + 2)
tan [ —— = - —
W= n—ux
m(n + 2) m(n + 2)
tan -
n—ua n—ux
T . m(n+2
Now, we have to solve the equation tana = o where o = ””4‘)
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9.3.1 Finding the value of o

We use the Newton-Raphson method to find «.

tan o = «

sina = «cosa
Let f(x) = sinax — zcosx and let the initial estimate xy be 2X.

f'(x) = xsinx

I L))
- Y ./‘/(-"U)
~ 4.4934195430395
flxr)
o = T1 — e
f(xy)
~ 4.4934094579317
S J(x2)
3 = - - =
J'(x2)

~ 4.4934094579091

As such, we found that a = 4.49340945790906 (approximate). Therefore, we

can solve for x

m(x+2)

Let g(z) = o — ——.
We can get the number of reflex angles required for an n-gon by obtaining the
maximum among v, and vy where vy = |g(x)] and vy = [g(x)].

9.4 Proving the assumption

To get the upper bounds that we have obtained above, we have made an as-
sumption.
We assumed that for the sum of sines of non-reflex angles to be maximised. the

reflex angles have to be as close as 27 as possible. To prove this, we consider 2

cases. We define x to be the number of reflex angles.
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9.4.1 Case 1l: = < ”;’
n

When = < ”;1. the expression E sin A; reaches the maximum when all the

i=1
reflex angles are as close to 2.
This is because the sum of remaining non-reflex angles is less than (n—2)r —x
(when the reflex angles are as close to 7 as possible) but more than (n—2)r—2xw

5

(when the reflex angles are as close to 27 as possible).

2n+4
n—p = —
3
(n—2—2x)7 (n+2)7
—_—— =2F — ——
n—zx n—x
n—+ 2)7 3n—+6)r 7
o BEUT o, RO T
m— 1T 2n +4 2

Hence, it means that when the reflex angles are as close to 27w as possible, then
the sum of sines of the remaining angles will increase as the angles will get closer
to 2w

9.4.2 Case 2: r > %

We do not need to consider this case as the sum of sines for this case would
+ . -y ). . . . . .

definitely be less than n — % = :”.;i'. which can be achieved (arbitrarily close)

from the previous case.

Also, we note that the number of reflex angles required is less than %

200 < 3
2(n+2)a < 3(n+2)7

2(n 4+ 2)a
¥<(n+2)7r

3
—4 2)m
. - (n 4+ 2)7
3 Q
(n+2)r n-—4
n — <
Q 3

10 Sum of cosines in a triangle

Now that we have found an upper bound for the sum of sines, we shall now find

an upper bound for the sum of cosines in a triangle.

Observation 10.1.
+ B B-A

cos A — cos B = 2sin 5 Cos
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Proof.

A+B A-B A+B A-B
cos A — cos B = cos 5 + ~ — CcOos —

2 2 2 2
< A+ B A—-B A+ B . A-— 1)’>
= COS COS — ST, S111
2 2 2 2
A+ B A-B . A+B . A-B
— COS COS 5 + S1n 5 S111 5

A+B . A-B

= —2sin 5 sin

. A+B . B-A
= 2sin 5 sin -

Observation 10.2.

.o /L
cos A =1-—2sin” =

Proof.
oA en A A2 A e A A oA
COS / f(()h§+—2‘ = COS —575111 gv — Sin E — Sin 3
.9 A
=1 —2sin” —
2

Lemma 10.3. In a triangle with angles A, B,C', we have

B C
cos A+ cosB+cosC =1+ 4sin 5 sin Fl sin L
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Proof.

A+ B A-B

(cos A 4 cos B) 4 cos C' = 2 cos — coS - +cosC

™ C A-B )
=2cos| = — — ) cos ——— + cos(
2 2 2

C A — 13 5 CF
— ’\111—(()\ | — 2sin? %

C A-B (')
\11 = COS sin —
2 2
g O (7 A+B
+ 2sin ? COS Sin 5 — 5
cC < A+ 13>
=14 2sin — | cos — COS ————
2 2
» C ,u Ay B
+ 2sin ? sin ? sin —)
| A B . C
=1+ 4sin 3 sin 3 sin 3
O
Lemma 10.4. In NABC,
A a
sin — < -
2 b+c

where A is the angle at verter A and a,b,c are the side lengths opposite the
angles.
Proof. Let the area of AABC' be

. o : ; o

S = _)/)(('.\111 A) = —clasin B) = —a(bsinC).

. . P 4
Multiplying by ;= gives

28 )

— =sin A4
be

Similarly we can get

2,9

— =sin B
ac

28

— =sinC
ab
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Now

25

abc

sin A
sin B + sin C
2 sin } CcoS ,\
2sin 2£€ cos 25

sing A
= ——=_ >sin
Ccos —w[’,,(

o

by noting that 0 < cos 25 < 1, because 0 < |B—C 7. Similarly we get

b o
—— > SIn

a+c

NN
W

\
+ o
sl

S

o O o
O Q) o

Lemma 10.5. For nonnegative real numbers a,b, we have
a+b>2Vab
Proof.
(a—b)*>0
aZ +b%—2ab>0
a’® + b* + 2ab > 4ab
(a+b)* > 4ab
a+b> 2V ab

Theorem 10.6. In ANABC',

2}
)

cos A+ cos B+ cos(C' < =

Proof. By the above lemma,

A B . C abe
S — SN — sin — <
9 9

2~ (a+b)(b }7(')(}‘7# a)
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Lemma 10.5 yields
(a+b)(b+c)c+a)> (2\/(11))(2 be)(2+/ca) = Sabe

Combing the last two inequalities, we get

A B G abe

sin — sin — sin — < —
2 2 2 (a+b)(b+c)(c+a)

abe 1

— Kabe 8

Thus

1

. A . B . 13
cos A+ cosB +cosC =1+ 4sin - sin — sin — <144.—-= 5

11 Sum of cosines in an n-gon

For even n, the sum of cosines in an n-gon can go arbitrarily close to n. The
construction is as follows:

We have 22 angles arbitrarily close to 0, and “52 angles arbitrarily close to
27. We construct the polygon using angles with value alternating between 0

and 27. For example, the diagram for n = 6 is shown below:

®m

This value is the maximum possible as it cannot go beyond n (as cos(x) < 1).
[t also cannot reach n as to do so would result in the angles being 0 or 27, both

of which would not be possible.
We conjecture that the maximum sum of cosines for odd n is given by the

n—3 n+3 2m
1+ CcOS
2 2 n+3

formula
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12 Limitations

In this project, there were some limitations that we faced to get the formula for
the upper bound of S,,.

I. Since « in the equation o = tan «a has no exact form and an approximate
value can only be found through the use of calculus, this may affect the
results for large enough n.

NP4

2. Although the value of (n —x)sin = L seems to vary little in the domain

[v1, V2], we cannot round off n — ﬂ%f')' to the nearest integer and use the
obtained value as it may not be the correct answer.

An example of thisisn = 13. n— w rounded to the nearest integer is
3 but the number of reflex angles that are needed to maximise the answer

is actually 2.

3. As n grows larger, it becomes more difficult to construct the polygon that
maximises the sum of sines due to the large number of angles that are
arbitrarily close to 2. We have not verified if it is possible to construct
polygons for large n.

13 Conclusion

In conclusion, we have found the general upper bound for sum of sines in all

- 7rlu+'.2)j. Vg = [“ o TT(II+‘_))‘|‘

(8}

n-gons. We define v, = [n

(8}

. D . »
< nsin (<X) for all convex n-gons or n < 6
< = <
o , s m(24v1) , i T(24v2) . ) R TN - 0
< max{(n — vy)sin /=== (n — vp)sin =} for all n-gons when n > 6

A

We also propose a conjecture for the general upper bound for sum of cosines in
all n-gons.

i <n for all even n
Z('()H A, S . sl o i
L B9 | DS g [ 2T for all odd n
i=1 2 2 n+3
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