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Tower of Hanoi and its Variations

1 INTRODUCTION

According to the legend of the Tower of Hanoi (originally the "Tower of Brahma" in a temple
in the Indian city of Benares), the temple priests are to transfer a tower consisting of 64 fragile
disks of gold from one part of the temple to another one disk at a time. The disks are arranged
in order, no two of them the same size, with the largest on the bottom and the smallest on top.
Because of their fragility, a larger disk may never be placed on a smaller one, and there is only
one intermediate location where disks can be temporarily placed. It is said that before the priests
complete their task the temple will crumble into dust and the world will vanish in a clap of
thunder.

Does this make mathematical sense?

The game "Towers of Hanoi" uses three rods. A number of disks is stacked with the largest
disk at the bottom and the smallest one on top to form a conical tower.

The aim of the game is to move the tower of disks from one rod on the left to another rod on
the right in the fewest possible moves.

The following rules have to be obeyed:

. In each step, only one disk can be moved.
. Only the most upper disk from one of the rods can be transferred in a move.
. The disk can be placed on another rod, if this rod is empty or if the most upper disk of

this rod is larger than the one which is transferred.

2 OBJECTIVES

» To find an efficient and systematic move sequence that can achieve the optimal solution,
that is the minimum number of moves required to transfer » disks from one rod to another
rod for The Tower of Hanoi.

» To prove the general formulae for The Tower of Hanoi by Mathematical Induction.

» To look for patterns and relationships for Variations to The Tower of Hanoi for four and

five rods and beyond.

» To prove the general formulae for Variations to The Tower of Hanoi by Mathematical

Induction.
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3 Tower of Hanoi

3.1 A Step-By-Step Approach:

Let us look for a pattern in the number of steps it takes to move just one, two, three or four
disks. The disks are numbered starting with disk 1 on the top and the left rod as S (SOURCE),
the right rod as T (TARGET) and the middle rod as A (AUX) which is needed as an auxiliary
rod to temporarily deposit the disks.

The disk moves of each step for one, two, three or four disks are shown by the numbering
above each disk in Figures 1 to 4 respectively.

1 Disk: 1 move

1 Disk (1)
pe | 1 1 1l
S A T S A T
Figure 1

2 Disks: 3 moves

2 Disks
D1
DZl'ﬁi l |
S A T
(1) (2) (3)
. | el | | e
S A T S A T S A T
Figure 2
2 disks Movement
Move 1 D1 to A
Move 2 D2toT
Move 3 DltoT
Total number of moves 3
Table 1

When n = 2, the choice of the first move is very crucial to successfully complete the game
with the minimal number of moves.
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3 Disks: 7 moves

3 Disks (1)
D1 mhm 1 | |
nlgzr“‘—]‘r | I g
S A T S A T
(2) (3) (4)
11 k| | e |
S T S A T S A T
(5) (6) ()
L L aE A
u| B 1
S A T S A T S A T
Figure 3
3 disks Movement
Move 1 DltoT
Move 2 D2 to A
Move 3 D1 to A
Move 4 D3toT
Move 5 DltoS
Move 6 D2toT
Move 7 DltoT
Total number of moves 7
Table 2

Algorithm Development:
Let the smallest disk be labelled D) and the largest disk be labelled D,. The moves are
illustrated by the numbering above the respective rod in Figure 4.

4 Disks (2) (3)

1)121i | | | l n ‘
D3 1 = I !A
T S A T
(4) (5) (6) (7)
P A e N \
S A T S A T S A T S A T

10 11)
L | (12) (14) (15)
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General pattern observed for placing a disk from the step-by-step approach:

la) If the number of disks # is odd, the first top disk is moved to the TARGET rod (T).
b) If the number of disks # is even, the first top disk is moved to the AUX rod (A).

2a) An odd disk cannot be placed directly on another odd disk.
b) An even disk cannot be placed directly on another even disk

3)  Only for even number of disks, when there are two possible rods: one with disks and the
other empty, place the disk in the non-empty rod (as shown in Step 9 of Figure 4).
The rest of the game continues similarly.

3.2 A Binary Perspective:

The moves of the Tower of Hanoi can be determined by reading the digits from right to left as
the smallest (topmost) disk is first moved. Each digit is used to determine the movement of the
respective disk.

For each move, there are two options: each disk is either being “moved" or “not moved"
(i.e.1" or “0"). Like the Step-by-Step Approach, the parity of the disk is a very important
factor in the move sequence.

Let k be defined as the move number in denary form. For each step, k is written in its binary
form. Starting from the right, we associate each place value with a disk number, starting with
D representing the smallest (topmost) disk.

The algorithm for the moves is as follows:

3.2.1. Locate the rightmost 1 in the binary expansion. Let the corresponding disk be the initial

disk.

3.2.2. Locate the second 0 or 1 from the right, and let the corresponding disk be the location
disk.

(a) Between the initial and location disks, if there are NO different digits or an even number

of different digits, then the initial disk is moved on top of the location disk.

(b) If there are an ODD number of different digits between the initial and the location, then
the initial disk is moved to the space that DOES NOT contain the location disk.

Disks Movement Reasons

D3, D2, Di move Di on top of D2 No zeros between the consecutive
0 1 1> ones

D3, D2, D move D to the space that Odd number of zeros between the
I 0 1, DOES NOT contain D3 et -

Di, D2, D Odd number of ones between the
0 1 0> ZEros

Ds,D4,D3,Dz, D move D1 on top of D4 Even number of zeros between the
01001 ONES

Table 3
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3.2.3. There is one binary digit for each disk. The leftmost digit represents the largest disk.
Disk positions can be determined by reading the digits from left to right starting with
the largest disk. Each binary digit can be used to determine the positon of the

respective disk.

A value of 0 indicates that the largest disk is on the Source rod, while a | indicates

that it is on the Target rod.

The algorithm for determining the disk positions is as follows:

+ A digit with the same value as the previous one means that the respective disk is
stacked on top the previous disk on the same rod.

« A digit with a different value to the previous one means that the respective disk is
on another rod, either Source (S), Aux (A) or Target (T) rods.

»  From the patterns observed in Table 4below, if there is an odd number of ‘0’s or
“I’s in the initial string of *0’s or *1’s before the next different digit, the subsequent
disk is on ‘A’. From section 3.1, if the number of disks » is odd, the top disk is
moved to the TARGET rod (T) and if the number of disks 7 is even, the top disk is
moved to the AUX rod (A). Since the binary numbers shows the positions of the
disks after they are moved, it can be concluded that if there is an odd number of
disks at the Source or the Target rods, the subsequent disk will be at the AUX rod.

n=2 21 20 Refer to Figure 2

k D2 D1 Optimal Movement

0 0 0>

1 0 I, D1 to A[ nis even]

2 | 0> D2toT

3 | 1> Dlonto D2

Table 4
n=3 | 22 | 2! 21 Refer to Figure 3

k D3 | D2 | D1 Optimal Movement | Final Disk Positions
0 0 0 0> S,S,S
1 O 1 0 1 2| DltoT[nisodd] SS.T
2 0 1 0> D2 to A S,A,T
3 0 ] 1> Dlonto D2 (A) S,ALA
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4 1 0 02 D3toT T,AA
5 1 0 12 D1 to S [NOT onto D3| T,A.S
6 1 | 0> D2 onto D3 (T) T,T.,S
7 1 1 1> Dlonto D2 (T) T,T,T

Table 5

An example of how the above rules are applied is illustrated in Tables 6 and 7:

For n =6,
k Dy Ds Dy D D, D, Final Disk Positions
43 1 0 1 0 1 1 T,A,S,T,AA
Table 6
Position of Binary Digit when read Position of Disks
from left to right
| leftmost digit is one D is at the Target rod
2 only one digit ‘1’ before the digit 0’ Ds is at the Aux rod
3 odd number of ‘0° between the Dy is not stacked onto Ds
previous ‘1’ and the current ‘1’
4 D4 and Ds have different digits D4 and Ds are not on the same rod
Dy is on the Source rod
S | odd number of ‘1° between D3 and Ds D3 and Ds are not on the same rod
6 D3 and D4 have different digits Ds is not stacked onto Dy
Ds is on the Target rod
7 | odd number of ‘0’ between D> and Dy D> and Dy are not on the same rod
8 D> and Ds have different digits D2 is not stacked onto D53
,D> is on the Aux rod.
9 Dy and D> have the same digits D is stacked onto D>
D is on the Aux rod
Table 7
33 Recursive Pattern

Let the disks be labelled as D (smallest), D> and D5 (largest) and the rods as S (SOURCE), A
(AUX), T (TARGET). For the tower of two disks (disks D and D), three moves were needed
to move to A. Now D3 was moved to T, where it was finally positioned. The last three moves
moved the tower consisting of D:D; from rod A to rod T to place them on top of Ds.

There is a general rule for moving a tower of size n (n>1) from the rod S to the rod T:

1. Recursively move the top n—1disks D, ,.....D, from rod S to rod A. This takes a

minimum ofM(n —1) moves. Disk D, is left alone on rod S.
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th

il. Move the n" disk D, to rod T. This requires only 1 move.

iii. Recursively move the n—1disks D, ,...... D, on rod A to rod T, i.e. on top of Disk D, .

n-1
Again, this takes a minimum of M(n— 1) moves. The number of moves will be the same

as those needed to transfer n»—1 disks from rod S to rod A.

Thus the minimum number of moves required to transfer a stack of » disks from rod S to rod
Tis M(n—l)+1+M(n—l).
Hence the recursive formula for the relationship between M(n) and M(n —1) is

M(1)=1, forn=1, and M(n)=2M(n—1)+l, forn>1.

Table 8 is an illustration of the use of the recursive formula for 5 disks.

No of disks (n) No of moves from rod S to rod T
1 1

2M (n-1)+1=2(1)+1=3
2M(n—1)+1=2(3)+1:7
2M(n-1)+1=2(7)+1=15
2M(n—])+1=2(15)+l:3l
Table 8

A general formula where the value of » can be substituted to determine the minimum number
of steps needed to solve the n-disk game would be more useful.

W o

| B

Let n be the number of disks, and let M(n) be the minimum number of moves it takes to

complete an n-disk game. We construct a recursive formula for M(n) .

M(n)y=2M(n-1)+1
=2[2M(n-2)+1]+1
=2*M(n-2)+2+1
=2 [2M(n-3)+1]+2+1
=2Mm-3)+2"+2+1
=2’ [2M(n—-4)+1]+2* +2+1
=2*Mn-4)+2° +2" +2+1

=2""MO)+2" 2 +..+27 +2+1
=2"" 42" 42242142

n-1
This is a geometric sum: M(n)=2""+2""+..+2°+2' +2° = ZZ"
k=0
~ . = k 2” —]
The general formula is M(n) = 22 = Tl =2"-1.
k=0 -
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3.4 Explicit Patterns

No of disks () | Minimum number of moves Additional moves A(7n)as the number
M (n) fromrod S to rod T of disks is increased from n—1 ton
I 2' -1=1 [=32"
2 2’ —1=4-1=3 2
3 2’-1=8-1=7 4=
4 2'-1=16-1=15 §=2’
S 2’ -1=32-1=31 16=2"
n 2" —1 2"
Table 9

Claim 3.4.1:
The optimal solution (minimum number of steps) to transfer all the disks is M, =2" 1.

Proof: By Mathematical Induction.

Let p, be the statement that M, =2" -1, ne’Z".
When n =1,
LHS =M =1
RHS=2'-1=1
Since LHS=RHS, p, is true.
Assume that p, is true for somek € 7", i.e. M, =2" —1is true for some k e 7" .
To prove: p,,, is true based on the assumption that p, is true.
LHS of p,,, =M, ,
=2M, +1
=2[2" -1]+1
=21 -2+1
— okl g

=RHS of p, ,,

Hence p, is true implies that p, , is true.

Since p, is true and p, is true=> p, , is true, by mathematical induction, p, is true foralln e 7Z".

From this formula if it only takes the priests one second to make each move, it will be
2 —1~1.844674407x10" seconds before the world will end.

Since there are 365x24x60x60=31536 000 seconds in a year, this 1is
1.844674407%10"
31,536,000

~5.849424174x10" years~ 585 billion years!
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Claim 3.4.2:

From the data of values in Table 9, as the number of disks increases from #—1 to 7, the number
of additional moves A(n) is A(n)=2"".

Proof:
An)=Mn)—M(n-1)

:(2”_1)_(2” I_l)
- 2/1 _2;1 1
:2/74

We will now investigate the precise move for any disk for three rods.
For this, the disks are enumerated from top to bottom by 1, 2, 3, 4....n.

If n = 2, the sequence of moves is S, =(1,2,1). This means that disk 1 is moved first, then disk
2 and finally disk 1 again.

For n =3, the sequence of moves is obtained by first transferring disks 1 and 2 according to S,
then transferring disk 3 and finally applying S to the top 2 disks. Therefore the sequence of
moves is S, =(5,,3,5,).In general, we have S, =(S, ,,n,S, ).

The sequence of moves with its frequency and at which point a disk at an optimal sequence of
moves is moved up till # = 6 is shown in Table 10.

S, =(1)

S, =(1,2,1)

S;=(1,2,1,3,1,2,1)

S, =(1,2,1,3,1,2,1,4,1,2,1,3,1,2,1)

4

Ss=(1,2,1,3,1,2,1,4,1,2,1,3,1,2,1,5,1,2,1,3,1,2,1,4,1,2,1,3,1,2,1)

Se=0,2,1,3,1,2,1,4,1,2,1,3,1,2,1,5,1,2,1,3,1,2,1,4,1,2,1,3,1,2,1,6,1,2,1,3,1,2,1,4,1,2,1,3,1,2,1,5,1,2,1,3,1,2,1,4,1,2,1,3,1,2,1)

Table 10

In particular, disk 1 is moved in every other move, more precisely in the odd moves 1, 3, .....

Disk Starting Point of Subsequent Move of Disk & | Frequency of Moves
Number (k) Move for Disk k tor Disk k
1 I*' move Every 2! = 2™ move 37 =28 — g
2 22— nd have Every 2° = 4" move 16 =2% =262
3 23— 4% move Every 2% = 8" move 8 =97 =983
4 241 —gth ;mave Every 2* =16" move 4=2% =964
5 2" =16 move Every 2° = 32" move 2=l =5
6 2" =31% move = 1=20=26%¢
Sk 2Kt move Every 2" move -
Table 11
Claim 3.4.3:

In this way it is possible to determine the starting and subsequent moves a particular disk.
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4. Variation 1: Four-Rod‘Tower of Hanoi’

Claim 4.1:

As seen from Table 12, if n and n—1are two of the x numbers in the range ¢, <n<t_, then

.. ~ ~ . 71
the additional number of moves from n—1ton is 2° .

Mathematical Medley « Volume 43 No. 1« August 2017

Triangular | No of Minimum number of Difference Number of
Number disks (n) | moves fromrod S to rod T , -
(t) 2 ael 2¢
0 0 0 !
1 1 1 20=1 ]
z : Dar=2 2
2 3 5 ] 2.
7 5 D 22 =4
N4 3
5 13 L4
3 6 17 g
7 25 ) g ‘ .
8 33 g g
9 41 ts
4 10 49 ]
I 65 D2 =10
12 81 :> 16
13 97 4> 16 5
14 113 16
5 15 129 L
16 161 D 25 =32
17 193 3 22 .
32
18 225 . G
19 257 1> ;3
20 289 :> 1
6 21 321 >
22 385 <> i
Table 12
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Claim 4.2:
There is a general rule for moving a tower of n (n>1) disks from the source rod (S) to the
target rod (T) via the auxiliary rods (A):

Based on an integer j satisfying1 < j < n,

1. Recursively transfer the top »— j smallest disks D,

Dy from S to A, using all four

rods in the process. The (n—_/') disk is underlined in Table 12.

2. Transfer the remaining ;j largest disk from rod S to rod T, using the standard three rod
algorithm, with the top »— j smaller disks at one of the Aux rod.
If the remaining number of j disks is odd, then the topmost disk at rod S is moved to rod
T, otherwise it is moved to rod A.
3. Recursively transfer the smallest n— j disks D, .....D, onrod A to rod T, again using
all four rods in the process.
4. Figures 5 and 6 show the two possible optimal moves for 5 disks.
5 DISKS (stack of 2 in 3 move) 8 = 1,2,1; 3,4,35,3,4,3; 1,2,1
R4/S2 R3/S3 R4/S2
(1) (2)
S Ax A T S Al Az T

Figure 5
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5 DISKS (stack of 3 in 5" move) s.=1,2,3,2.1; 4,5,4: 1,2.3,2.1
/(42.\‘3 R3/S2 R4/S3
j (1) ‘ | (2)
b2 g |
D3
D4
: S A A T S A1 A T S A A T
(3) (T) (5)
S A A T S AT A T S Ay éz T
‘ (6) ([) | | (8)
S At AT S A1 Az T S A AT
§) (10) s
> M M T S A AT ST A AT
(12) | (13)
5
S A A T S A A, Th

Figure 6

In Figure 5, the topmost two disks are moved to an AUX rod (as shown in step 3). Moving D3
is an important deciding factor to ensure the optimal solution.

D3 is moved to rod T because there are an odd number of remaining rods at rod S. Steps 4 —
10 of the moves follow the three rod algorithm.

Moves 11 — 13 is exactly a repetition of the first three steps to complete the game in the
minimum number of moves.

In Figure 6, the topmost three disks are moved to an AUX rod (as shown in step 5). Moving
D4 is an important deciding factor to ensure the optimal solution.

D4 is moved to AUX rod because there are an even number of remaining rods at rod S. Steps
6 — 8 of the moves follow the three rod algorithm.

Moves 9 — 13 is exactly a repetition of the first five steps to complete the game in the minimum
number of moves.

Other combinations of moves will not yield the optimal solution.
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Let A be the x" triangular number, » and r be the number of disks and rods respectively.

Let Rr/Sn be the number of disks » using the » rod algorithm and y,y e Nbe the optimal

number of disks that must be moved to another rod. The sequence of moves for 1 <n <10are
shown in Table 13.

SH

S, =
S, =(1,2,1)

g=| Iz 232 q ]

Ra/s1  R3s2 R4/SI

s.-[1.21; 3,43, 1,2,1] o 5,-(1232,42321)

R4/S2 R3/S2 R4/S2 R4/S4

Ssz 172717 3,4,3,57334’3; 19291] or S<[1’2’§,2,1; 4)5347 1,27392’1]

R4/S2 R3/83 R4/S2 R4/S3 R3/S2 R4/S3

S = lazagazsl; 4,5,4,6,4,5,4; 1,2,3,2,1)

R4/S3 R3/S3 R4/S3

s,=11,2,3,2,1; 4,5,4,6,4,5,4,7,4,5,4,6,4,5,4; 1,2,3,2,1] or

RA/S3 R3/S4 R4/S3

S; = 17293a234_|'72939271; 5,6,5,7,5,6,5; 1,2,3,2,4,2,3,2,1]

R4/S4 R3/S3 R4/S4

S _[1929372’1,472)4,172937251; 6,7,6,8?6,7,6; 1,2,3,2,1,4,5?_4,1,2,3,2,1] or
Sx[172,3919493919291; 5,6,5,7,5,6,5,8,5,6,5,7,5,6,5; 1,2,3,1,4,3,1,2,1]

R4/S4 R3/S4 R4/S4

S,

Il

[1,2,3,2,1,4,;4,1,2,3,2,1; 6,7,6,8,6,7,6,9,6,7,6,8,6,7,6;1,2,3,2,1,4,5,4,1,2,3,2,1

R4/S5 R3/S4 R4/S5

s, :[1,2,3,2,1,4,5,4,9,4,5,4,1,2,3,2,1; 7.8,7.9.7.87;1,2,3,2,14,54,6,4,54,,2,32,1
19293,29174’594’994959431,2’3)2’1; 7,8,7,9,7,8,7,1 0,7,8,7,9,7,8,7;
8, = R3/S6 R3/S4
’ 1,2,3.2,1,4,5,4,6,4.54.1.232.1
Table 13
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Claim 4.3:

4.3.1 The choice of move for the topmost ;" disk is of great importance as it follows the three
rod algorithm.

x(x+1)
2

Let 7, = denote the x" triangular number and M(n) be the number of moves

needed to move a tower of n=1_ disks.

[\’ Slf = M(,\)
=(1)

Lol MQ1y=M(t,)
=l move

s.x:[l; 23,2 1]

Ra/S1 R3/S2 R4/SI
M(3)= M(t,)

=(I+3+1)moves

=5moves
M(6): ({3)

=(5+7+5)moves
=17 moves

172’)332917495949§9495747172333271; 7,8,7,9,7,8,7,1 0,7,8,7,9,7,8,7;

B = R4/56 R3/S4
10

1,2,3,2,1,4,5,4,6,4,5,4,1,2,3,2,1

R4/S6

M(10) = M(z,)
=(7+15+17)moves

=49 moves

Table 14

M(l)= M(1) =1
M(@3)= M(/)—(2 )+(2°-1)=5

32 M(6)=M(t;)=(2x5)+(2'~1)=17
M10)=M(1,)=(2x17)+ (244):49

If n=t_,then M(t)=2M(t_,)+2" -1, and the optimizing choice forj is j=x.
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Using recursion, we can also obtain the general formula for M,(z,):
M,(t)=2M(t_,)+2" -1
=2[2M(t,,)+2"" —1]+2" -1

=2’[2M (1,,)+27 -1]+2(2")—(2' +2°)
=2'M (1, ,)+3(27)-(2°+2'+2°)
=2’ [2M (1, )+27 -1]+3(2") (22 +2'+2°)

:24/\// ' 4)+4(2‘)_(23+23+2I+2())

The general formula is M, (7 )=2"(x—1)+1

The number of differences of 2%, 2', 22, 23 and so on are consecutive natural
numbers. Let '{‘M”},, be the sequence that consists of’

1of 2", 20f2', 30f2% 40f2°, 50f2*, 60f2 and so on.

f \
9y

{1,2,2,4,4,4,8,8,8,8,16,16,16,16,16,32,32,32,32,32,.....}

o

{2",2',2',23.2~,23,2*‘,2-“,2“,2"‘,24,24.2ﬂ2*.2ﬂ222i7‘,2-‘,2‘,2‘,....}

:{I of 2°. 2 0f 2", 30f 2% 40f2°, 50f2% 60f2°,....... }

Whenn=1_then M(1,)=>i2"" =(x—-1)2" +1.

i=l

Proof: By Mathematical Induction.

Let p_ be the statement that Zi2’ '=(x-1)2"+LxeN.
i=1

When x =1,

LHS = 1x2" =1

RHS =(1-1)2' +1=1
Since LHS=RHS, p, is true.
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k
Assume that p, is true for some & e IV, i.e. ZIZ’ '=(k-1)2" +1.
i=1

To prove: p, ., is true based on the assumption that p, is true.

k+1
LHS of p,,, =Y i2""

=1
=[ 2 (k=1)+1]+(k+1)2""
=2 (k=1)+1+(k+1)2"
=2(2k)+1
=k 2" +1
=((k+1)=1)2"" +1
=RHS of p, ,

Hence p, is true implies that p, , is true.

Since p, is true and p, is true= p, , is true, by mathematical induction, p_is true for

all x e N.

4.3.5 If the number of disks, n, is NOT a triangular number, 7, , then,
M(n)=M(t,)=2""(t,—n) iff t_, <n<t, , and both x—1 and x are optimizing

choice for .
From 4.3.2, M,(t,)=2"(x-1)+1

M(n)=M(t )-2" ‘(I\ —n)

=2"(x=-1)+1=-2° '(/\ -n)

x(x+1
=2+ 2(.\‘~l)fw+n}+l
2
=2 = _4+17J+I
2
_2[‘217+3.\‘—.\‘“-4}H
4

. _ , | Zp43g-%" ~14
The general formula is M, (n) =2 {—4—} +]

4.3.6 The recursive formula for solutions to the Tower of Hanoi problem with » disks
and 4 rods is as follows:

J2M4(n—j)+ M, () n>0;j=xifn=t

M,(n)= _ ) ) ) .
12/&/_‘(;7—‘/)+MA () Jj=xorj=x-11ft_ <n<t
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5 Variation 2: Five-Rod ‘Tower of Hanoi’

As will be shown in column 4 (highlighted in red) of Table 16 on page 24, every new
difference begins with a consecutive tetrahedral number.
x(x+ ])(x+2)

Let T be the x"tetrahedral number such that 7. = and let S, be the n"

sequence of the Tower of Hanoi such that §_has x number of disks.

Table 15 shows the number of moves M(n) needed to move a tower of n="7 disks.

IS :(1)

M, =1 move
T, N |
sk 238301

M,=M(T,)

=(1+5+1)= 7 moves

T,
‘ m—[1234321 5,6,7,6,5,8,9,8,10,8,9,8,5,6,7,6,5; 1,2,3,4,3,2,1;]

R5/S4 R4/S6 R5/S4

M, =M(T,)

10

=(7+17+7)=31 moves

: 1,2,3,4,3,2,1,5,6,7,6,5,8,9,8,10,8,9,8,5,6,7,6,5,1,2,3,4,3,2,1;
11,12,13,12,1 1,14,15,14,16,14»,15,14,1 1,12,13,12,11,17,18,17,19,17,18,17,

S = R4/S10
- 120,17,18,17,19,17,1817,11,12,13,12,11,14,15,14,16,14,15,11,12,13,12,11;

R4/510

1,2,3,4,3,2,1,5,6,7,6,5,8,9,8,10,8,9,8,5,6,7,6,5,1,2,3,4,3,2.1;

RS5/S10

M:u :M(TJ)
=(31+49+31)=111 moves

Table 15

Claim 5.1:

From Table 14, we can obtain the recursive formula for number of moves M(n) needed to move
atower of n=T_ disks where 7. is a tetrahedral number for the 5-rod ‘Tower of Hanoi’.
M (T.)=2M(T_)+M (T -T_)
=2M(T)+ M, (1))
=2M (7)) +2" (x = 1) +1

The recursive formula is M, (7.)= M (T )+2" (x—1)+1

X
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Claim 5.2:  Using recursion, we can also obtain the general formula for M (7, ):

=2 [2M(T,,)+ 2" (x=4)+1 [+ 2" [(x=1)+(x=2)+(x=3) ]+ 2" +2' +2°
=2'M,(T. J)+2‘[(.\‘71)+(.\-—2 +(,\-73)+(.\-—4)]+2‘+23+2'+2“

Claim 5.3

~ e ~ P 4 . . .
The number of differences of 2°, 2!, 22, 2% and so on are consecutive triangular numbers with

. 141 n+1 a
the general formula 7, = n(n+1) :[ . j where (/

] 1s the binomial coefficient.
\ )

{1,2.2,2,4,4,4,4,4,4,8.8,8,8,8,8,8,8,8,8}

:.2;~2:’2x‘2:~2:~7: 2‘. 2‘. 2;}

SIS
2
b
b2
)
o
3]

9
3]
[§S)
o
o

Mathematical Medley * Volume 43 No. 1+ August 2017




Tower of Hanoi and its Variations

Proof: By Mathematical Induction

(i1
Let p_be a statement that ZQT =g [.\‘(.\‘71)+2]— l; xeN

i=l =

When x =1,

1(1+1)
LHS == (2')=1

RHS=2""(1(1-1)+2)-1=1
Since LHS =RHS, p, is true.
k(41
Assume that p, is true for some k€ [N, ie Zl([ )2’ ' =3 '[/\'(/\' ~1)+2J—l; keN.

i=l

To prove: p, ., based on the assumption that p, is true

LHS of p,., =D

=24 [k (k=1)+(k+1)(k+2)+2]-1
=22k + 2k +4 -1

=2 [(k+1)k+2]-1

=RHS of p, ,

Hence p, is true implies that p, | is true.

Since p, is true and p, is true=> p, ,is true, by mathematical induction, p_is true for all x € IN.

Claim 5.4:

We can also obtain the recursive formula for any non-tetrahedral numberrn such that for
T _,<n<T,neN,
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Claim 5.5:  Using the above formula in Claim 5.4, we can obtain the general formula for
M, ()

Il
o
=
=
—
=
|
N
+
9
[
|
t

6
_ \(\7l)+2w,\‘(.\ l)(.\‘+2)—(m}]
| 6

_ a1 6x(x—1)—x(x+1)(x+2)+6n+12 y

- 6
_ el 6x> —6x—x’ —3x* —2x+6n +12j_1

6

:2\

(3x*-8x—x’+6n+12 |
6

: . . 3x’ —8x—x'+6n+12
The general formula is M, (n)=2" '[ S (\ ) jl.
)}
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6 Variation 3: Six-Rod ‘Tower of Hanoi’

Tower of Hanoi and its Variations

As shown in column 5 (highlighted in blue) of Table 17, consecutive pentatope numbers start

a new difference. Let P, be a x

The move sequence for pentatope numbers are as shown in Table 16.

h pentatope number.

=9 moves

R | ={1}
M, (F)=1moves

P, | S, ={1; 2,3,4,54,3,2; 1}
M (P)=1+7+1

P . [12345432]
S

M, (P)=9+31+9

=49 moves

. 6,7,8,9,8,7,6,10,11,12,11,10,13,

1T 14,13,15,13,14,13,10,11,12,11,10; 1,2,3,4,5,4.3.2.1

Table 16

The general formula for pentatope and non-pentatope numbers are respectively shown below.

General formula for pentatope numbers:

)+ 27 [(x

~)x+2]-1

=2’ '_2\~2+"(‘_')(‘+1q+1
_ o l:.\'(.\‘—l)(.\‘+l)+6(.\'l)}+l
| 3
o l_(,\'1)(.\'(,\‘+1)+6)}+]
i 3

The general formula is M, (P)=2"" {

P,)+2 7 [(x=2)(x=1)+2]-1]+ 27 [(x—1)x+2]-1
)+ 27 [(x=2)(x=1)+(x=1)x+2(2) ]-(2' +2°)
Cl(x-3)(x-2)+2]-1]+ 27 [(x-2)(x 1) +(x-1)x+2(2) ]-(2' +2°)

"M (P_y)+ 27 [(x=3)(x=2)+(x-2)(x—1)+(x=1)x+3(2) |- (2* +2'+2°)

3

(.\-—1)(,\~(.\-+I)Jr())}r1
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General formula for any non-pentatope number such that P, <n< P, neN:
X1
M (n)=M, (P )-2""(P —n)

_(_\---r—I)(.\-(,\~+l)+6): N

=3 : -2*Y(P.—n)+1
_ .k(-\'—l)(-\'(-\'ﬂ)+6)_k2\ ,{\'(.\'+I)(,\'+2)(,\'+3)2417}”
I 3 24

8(.\'71)(.\'(.\‘+ l)—())~.\'(.\‘+l)(.\‘+2)(.\'+3)+24n}
24

A =xt+2x° —11x7 +34x+24n—-48
2 +1
48 |

1 3 .
g Y ) =Xt +2x7 —11x" +34x+24n—48
The general formulais M, (n)=2 { ' . § }H

48
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7 Minimum Number of Moves for the Tower of Hanoi for 3<r <8 and 0<n <28

o of rods, r

No ()f dis{ks, n

0

o 0 9 SN W

12
13
14

16
17
18
19
20

[N\ 21

22

28

15
31
63
127
255
511
1023
2047
4095
8191
16383
32767
63335
131071
262143
524287
1048575
2097151
4194303

4 5 6
o 1{0 1{0
i 1 'l

T3]3 3
Cis s s
3 @ _;w —. 7

|13 Ol
_ 17 15

25 6119 17
4433 23 21

41 27 25

- 49 31 129

65 39 33
Y| 81 47 37

97 55 41

13 63 45
L1291 71 49

61 |79 57
193 87 65

1 225 95 73
257 103 81
289 111 89

- 30| 127 97
385 143 105

Table 17
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15

79

6]

|
[\ 9] [S=—Y [— —
—@w — 0O 0 w»n W &

25
29
33
37
41
45
49
53
57
61
65
69
73

L
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Tower of Hanoi and its Variations

Legend:

1{ indicates the number of data values with differences of 2, 2?=4, 2°=8.... {i i>lie N}

/\ . and @ represents the x" triangular, tetrahedral and pentatope numbers
respectively, {.\‘ :x>1xeN } :

The triangular, tetrahedral and pentatope numbers are found in the Pascal’s Triangle as shown
in Figure 5.

Triangular numbers, t,
Tetrahedral Numbers, 7

Pentatope Numbers, 7

Figure 5

A power function graph for the Tower of Hanoi and piecewise linear function graphs for the
variations show the connections between the numerical, symbolic and graphical
representations. Since the number of disks and number of moves are discrete data, it is not
appropriate to draw a line connecting the plotted points.

The graphical relationship between the number of moves versus the number of disks for
0<n<19,3<r<6; n,reN isillustrated in Figure 6.

Graph of Number of Moves versus Number of Disks

A
500 = /
400 2
300
4 Rods
3 Rods
200
100 : .S Rods
. ¢ ° 6 Rods
. ‘ . . " .
¢ s o o 0 $ 7 Rods
. L} ¢ o N C
- ) . L] @ ® ¥ 1 4 b L L g g RS
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
Figure 6

As seen from the graphs, as the number of rods increases, the number of moves
decreases very sharply, particularly for three to four rods.

48 Mathematical Medley + Volume 43 No. 1 » August 2017




Tower of Hanoi and its Variations

Claim 7.1: For n disks on r rods, when n =r; n,rr € N, number of moves M(n)=2n+1.

Claim 7.2:

/}:{1 4,816, 2}
_ [ 5]
=12 L2252
{1 of 2°, 10f 2", 1 of 2%, 1 0f 2°, 1 of 2°, lot‘f}

For 3 rods, the number of differences of 2°, 2!, 22, 23 are ones only.

d,\=1{1,2,2,4,4,4,8,8,8,8,16,16,16,16,16,32,32,32,32,32!
4 J

:{2‘22',2‘,23,22 22.2° 2323 2% 2% 2% 2% 2% 2% 2% 2% 23 2° 25.25}

= {l of 2°, 2 0f 2', 3 0f 2°, 40f 2*, 50f 2%, 6 of 25}
For 4 rods, the number of differences of 2°, 2!, 22, 2% and so on are consecutive

natural numbers.

{ds} =1{1.2,2,2,4,4,4,4,4,4,8,8,8,8,8,8,8,8,8,8}

={2°,2,2',2,2%,2},2%,2%,2},2°,2°,2°,2°,2%,2°,2%,2°,2°,2*,2°}

:{1 of 2°, 30f2', 6 0f 22, 10 ofz‘}
For 5 rods, the number of differences of 2°, 2!, 22, 2% and so on are consecutive

- : . nn+1l) (n+l ay .
triangular numbers with the general formula 7, = —r 1 o where ; is the
<. < )

binomial coefficient.
{d} ={1,2,2,2,2,4,4,4,4,4,4,4,4,4,4}
=42°.2 23,202 2 3T 3733 T
={10f2", 40f2', 10 0f 2°}

For 6 rods, the number of differences of 2°, 2!, 22, 2% and so on are consecutive

. : nn+1)(n+2 n+?2
tetrahedral numbers with the general formula7, = % [ . j

:{1 of 2°, 50f 2", 15 01‘2'}

~ 1° 00 ~ 9) 3 5
For 7 rods, the number of differences of 2°, 2!, 22, 23 and so on are consecutive

n(n+1)(n+2)n+3) [i7+3]

pentatope numbers with the general formula 7, =
4! 4
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Il
——
b2

:{1 of 2°. 6 0of 2, 21 01‘23}

For 8 rods, the number of differences of 2%, 2!, 2%, 23 and so on are consecutive
n(n+)(n+2)(n+3)(n+4) (n+4
5! 5

numbers with the general formula 7, =

As seen from the patterns in Table 16 and Claim 7.2, we can associate the number of
rods with different types of numbers respectively as shown in Table 18.

No of | Unique General Formula applies when | Types of number for data values
Rods | the number of disks is a number | with differences of 2°, 21, 22, 23...
4 Triangular Consecutive natural numbers

5 Tetrahedral Triangular numbers
6 Pentatope Tetrahedral Numbers
7 To be determined in subsequent project Pentatope Numbers

extension
Table 18

8 Generalizing the Tower of Hanoi

Generalizing the formula for the Tower of Hanoi with » rods and » disks, r,n e N.

. _ (x+r-3
Claim 8.1: Vx > 0, we define

¥ —4

\

start of a new constant difference between each term.

J as "reference numbers". Reference numbers are a

Claim 8.2: The formulae for the reference numbers is as shown in table 18.

Number of | Minimum Number of Moves, | General Formula for Minimum Number of Moves,
Rods, r, based on the number of M (n), such that x,r,neN
reN differences of 2°, 2!, 22, 2% .
3 M,(n)=) 2" M,(n)=2"-1
i=1
4 M, (n)=M,/(t.) M, (n)=M,(t.)
o ) = —
(f,1sa 4 EAE: 4 a Uy
; - — 2 (y—
Triangular :Z,Q/ ! 2% (x=1)+1
Number) il
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5
(T isa MS(”):MS(T\)
Tetrahedral N i(i+1)
number) 2

M(n)= M,(T,)

=2 [x(x-1)+2]-1

6
(Pisa M,(n)=M,(P)
Pentatope (i) (i+2

number)

M,(n)=M,(P,)

X

\ \{(A\'—])(.\'(.\%I)+6)]+I
3

)

Claim 8.3:

Table 19

Number of Rods, r, r e N
Number of Disks, »,

General Formula for Minimum Number of Moves, M (n),

such that x,r,ne N

nelN
3 A/I;(”):zl'—l
- o 05
(1., <n<t)) 1”14(17)2{*'\ +“\+hn4}+l
4
5 ] 2
(T.,<n<T) M, (n)=2" |[3.\"—8A\'—.\' +()”+12J*|
) 6
6

M, (n)=2' {

—x*+2x° —11x* +34x+24n—48 1
48

M, (n)=M, [[‘T'_j]}—z '[['\‘Ti‘;3]—n]

Table 20
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9 Applications of the Tower of Hanoi

9.1 The recursive algorithm makes it a popular game for beginning programming students
and is taught in computer science course in first year university.

9.2 The game is used as a test on patients with dementia or stroke to see which areas of
their brains have been impaired.

9.3 The game can be used as a tool for problem-solving among students in schools,
providing an avenue for them to think critically and analytically as they look for number
patterns and relationships in each move.

9.4 It can also be played by senior citizens as a past-time to slow down their chances of
dementia as the neurons of their brains are activated.
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10 CONCLUSION

The game allows us to make natural connections between the disk moves and the numeric ‘
expressions related to each method. Through this project we discover an efficient and
systematic move sequence that can achieve the optimal solution, that is, the minimum number

of moves required to transfer » disks from one rod to another rod for The Tower of Hanoi ‘
through different lens, namely the step-by-step strategy including the binary perspective and ‘
the recursion method that leads to the general formulae.

For three rods, the choice of the first move is extremely crucial depending on the parity of the
disks at the Source rod. Disks of the same parity cannot be placed on top of each other. When ‘
there are two possible rods, the disk must be placed in the non-empty rod. Based on these disk
moves, disk positions can be directly determined from the binary representation of the move
number following certain rules. |

For the Variation on the Four-Rod Tower of Hanoi, the optimal number of moves is achieved |
by transferring the top #n— j smallest disks D, ..., from the Source (S) to Aux (A), using |

all four rods in the process. The choice of the n— j —1move is of great importance as it follows

the three rod algorithm.
If n=1¢_,the x" triangular number, the optimizing choice for j is j = x. |

If 1, <n<t_,both x—1 and x are optimizing choice for /.

Subsequently, the remaining j largest disk are moved from Source (S) to Target (T), using the
standard three rod algorithm. |

Similarly, for the Variation on the Five-Rod Tower of Hanoi, the optimal number of moves |

depends on T, the x" tetrahedral number. ‘

For the Variation on the Six-Rod Tower of Hanoi, the optimal number of moves depends on
P, the x" pentatope number. ‘

The use of numeric, tabular and graphical representations for The Tower of Hanoi and its ‘
Variations gives us the opportunity to see patterns and relationships that we might not normally

see if we were studying only one or two representations independent of each other. By looking

at the patterns and relationships, we are able to prove the general formulae for The Tower of

Hanoi and its 4-rod and 5-rod variations by Mathematical Induction.

Last but not least, this project has open up a new horizon and will definitely be a stepping stone

for us to explore further by learning basic programming that involves recursion. We will also
research deeper and try to prove some of our stated claims in our extension of this project.
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