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M ort dayl, ,|u,fu1 1 1 , 20 16

Problem 1. Trianglc BCF hns a right, angle at B. Lct,4 be thr'point on linc CF such that
FA : FB alrd F lics lrt't,wrxrrr ,4 an<l C. Point D is r:hosrrrr srrch tha,t DA : DC and AC is t,lrc
lriscctor of IDAB. Poirrt .E is chosen such that EA: ED arrl AD is t,hc biser:tor of IEAC. Let ll[
lrc tlrrr rrriclp<-rint of CF. Lct X lrc thr'poirrt srurh that AA.IXE is a palallclograrn (wlrt:re AI|I ll EX
irrrrl AE ll I\[X). Provc that liru's BD. FX, an<l t]IE are ('orr('un()rrt.

Problem 2. Firrrl all positilc irrtcgcrs n firr rvhit'h each <'r'll of arr n x rr talrle can be fillerl rvith orrc
ol'tlu' k'tters /. /l/ aurl 0 irr sru'h a u'av that:

o irr each row anrl each r:olrrrrrn. txre'third of thtr eutrit's are /, one third are M ancl orre thir<l are
O; and

o iu arr)' diapional, il' tlrc rrrrrrrlrr.r <lf <'utrics on the <li:rgorral is a nnrltilllrr of threc, tlrcn oue t,hirrl
ol'thc entrir:s ar<: I orrc thir<l arc M awl one thir<l arr' O.

Note: The r<lrvs autl <'ohtrnrrs ol'arr n x z talrle are ea<'h l;rlrcllrrl 1 t,o n in a uatrrral or<ler. Thrrs
ca<'h ttll r:orresy;orr<ls to a pair o['positivc intcgcrs (i, j) u'ith I < i,.i ( z. For n > l, the tablo has
4n - 2 diugorlals of trvo tvpt's. .\ rliagorral of the first t1'1rc corrsist,s of all cells (i, j) frrr rvhir:h j + j is
a ('onstalrt. atrrl a rliagotral of thc sccou<l t.vlle consists of all <'clls (,l, j) frrr n'hich i - j is a ('onstant.

Problem 3. Let P: ArA2...,41. lrc a collvex polvgolr iIt tlte platu'. Thc vcrti<:os At, A2,....,41.
have ilrtegral coor<liuates aurl lir' otr a circk:. Lct S bc thc art'a ol' P. An odd positive irrtegt'r z is
giverr srr<'h that the s(lllar(,s of thc sirle lengths of P are irrtogers rlivisible llv n. Prove that 25 is arr
integer divisibk, lx' n.
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Problem 4. A set of positive integers is called tragrant if it contains at least two elements and
each of its elements has a prime factor in common with at least one of the other elements. Let
P(n) : n2 + n + 1. What is the lea"st possible value of the positive integer b srtch that there exists a
non-negative integer a for which the set

{P(a + t), P(a + 2),. .. , P(a + b)}

is fragrant?

Problem 5. Tlrr' ('(lllittiott

(r - 1)(r - 2) "'(r - 2016) : (, - 1)(r - 2) "' (r- 2016)

is t'ritten on the board, with 2016 linear factors on each side. What is the least possible value of ,k for
which it is possible to era"se exactly k of these 4032 linear factors so that at least one factor retttains
on each side and the resulting equatiou has no real solutions?

Problem 6. There are n ) 2lirc segnu'uts il the plaue such that everv two s('glllcllts <'ross. tttt<l
rur thret'segrn('nts rnrct at a pnint. Cltuff has tcl choose an eIt<lpoittt uf eat'lt s('glllellt att<l pla<'r'a
frog on it. fat'iug the other cnrlpoirrt. Then he rvill clap his halr<ls n - 1 titttes. Ertrv titttt'he <'laps.
cach frog rvill irnruediatclr'.jrrnrp fornar<l to the urrxt intcrsectiott point on its st'gttx'ttt. Fr<lgs Itt'vcr
change the <lirection of their .lurnps. Geoff r'ishes to ;llace tlte frogs irt sut:h a rvay that tto tlvo of
thern u'ill ('\'('t'(x'cupv tlte sattte itrtorsrttiott point at tltt'satut'tilttt'.

(o) Prove that Geoff can ahvavs fulfil his rvish if n is odd

(lr) Prove that Geoff c:An never fulfil his wish if n is evell.

Titrt,e.: /, h,otLrs and 30 nfinutes
Each problenr, i,,s utorth, 7 poi,nt,s

21

Lun,guage: Enqlish
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l. Solution by Tan Junyao Joel. Let IBAF: 0. All the marked angles in the figure
are easily seen to be equal to 0. Note that lX EA : 180o - lM AE : l80o -20 : IDEA
so that X,D,E are collinear.

ll

C

x E

Lemma. AE: MF.
Proof. First note that IBFC :20. Let IIIF : a. Then CF - 2a, AF : BF :

2acos20, and CA : CF + AF : 2a(t * cos20) : 4acos20. Thus in the isosceles
triangle ADC, we have AD : ffi : 2acosp. Also in the isosceles triangle AED, we
have AE : #k :'m : o,: MF.

As triarrgles BFA and CDA are similar, we have BA/CA: AF/AD. Also IBAC :
IFAD. Thus triangles BAC and FAD are similar. Hence IDFA: ICBA: 90o * d,
and ICFD:90o-d. Hence IBCD: IBCF+IDCF: (90o -20)+ d:180o-
[20 + (90' - 0)):180" - (IBFC + ICFD): 180" - IBFD. Therefore, B,C, D,F are
concyclic. Hence IDBF : IDCF: 0 and IDBA:20.

As triangles BFA and DEA are similar, we have BAIFA: DAIEA. Also IBAD :
IFAE :20. Thus triangles BAD and FAE are similar. Since the triangle BAD is
isosceles with AD - BD, the triangle FAE is also isosceles with AE : FE. Conse-
quently, MX : AE : F.E. Note that IMXE : 20 : IXEF. Hence MXEF is an
isosceles trapezium. Also by the lemma, MF: AE: FE. Thus IEMF: IIEFA:
0.

Let ME and XF intersect at O. Join BO and OD. Thus the isosceles triangles
MOF and EOX are similar, and IEOF :20 : IMBF. This shows that B, M,O,F
are concyclic. Consequently, IOBF : IOMF : 0 : IDBF so that B,O,D are
collinear.
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2. Solution by Wang Peng Jun Bryan. The answer is that n is a multiple of 9. The
first condition implies 3ln. When rt:9, we have the following construction.

I IvT o o I M M o I
I h,I o o I M h,I o I
I M o o I i:VI TvI o I
o I M I\4 o I I M o
o I LI M o I I IvT o
o I ivI Iv'I o I I Iv't o
M o I I M o o I M
lt o I I Ifl o o I Ivt
I\I o I I I\,7 o o I M

For n - 9m, we can adjoint m2 copies of the above 9 x 9 construction to give a
configuration for the n x n board satisfying the conditions of the problem.

Write n:3k. Suppose it is possible to fill in the letters I,M,O for the nxn board
satisfying the conditions of the problem. We can subdivide the board into k2 subboards
of size 3 x 3. Call the center entry of each 3 x 3 board a critical entry. So there are
k2 critical entries in the n x n board. Note that the number of entries of a diagonal is
a multiple of three if and only if that diagonal contains at least a critical entry. If a

diagonal, a row or a column contains a critical entry, we shall call it a critical diagonal,
a critical row and a critical column respectively.

Let u be a primitive cube root of unity. For instance we may take a.r : "T. Assign
to the letters I,M and. O in the n x n board the corresponding values l,u arrd u2
respectively. By the two given conditions and the relation 1 * a.r * ti2 : 0, the sum of
values of all entries along any row, any column and any critical diagonal is zero.

Sum of values of all entries along all critical diagonals * sum of values of all entries
along all critical rows * sum of values of all entries along all critical columns : 3x sum
of values of all critical entries -l sum of values of all entries.

That is 0+0+0:3 x sum of values of all critical entries *0. Thus sum of values
of all critical entries : 0.

Suppose there are a letters of I, b letters of M and c letters of O among the critical
entries. Then sum of values of all critical entries : a * bu + cu2 : O. This impties
a : b : c. [To see this: 0 : a*dr.t*c,,)2 : a*bu*ct s2 -a(l+u+w2) : r((b-a)+(c-a)a)
so that (b - ,) + (c - a)u :0. Since 1 and c.r are linearly independent complex numbers
over real numbers, we have b-a:0 and c-a:0. Thus a:b: c.] Therefore there
are equal numbers of letters I, M and O among all the critical entries. Consequently
3lk2 and so 3lk and 9ln.

\
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3. Solution by Ma Shao Yu. Let P : ArAz...Ak, and let Ak+t : At f.or i > L.
Let the coordinates of. A;be (A,At) for i : 1,...,k. By the Shoelace formula, 25:
lDf=r rta*r - r+tArl. is an integer. It suffices to prove that for an odd prime power
p', we have p"l2S. We use induction on k. When k : 3, the polygon is a triangle. Let
the side lengths of P be t/p"a, t/p"6,,/FZ. By Heron's formula, 1652 : p2"12ab+zbc+
2ca - a2 - b2 - c\.As po is odd, we have p"l2s.

Lemma.Let a1,...,ar be positive integers. If ,/-q +...+ ,/a, is a rational number,
then it is an integer.

Proof. Each ,/-aa is a root of a monic polynomial with integer coefficients, namely
12 - at.It is a well-known result (see [1]) that their sum ./a1+'..+ ,/a, also satisfies a
monic polynomial with integer coefficients. It follows that it \/aL+. . .+ \/G is a rational
number, then it must be an integer.

Let the circumcenter and the circumradius of P be O and ,B respectively. Since O
is the intersection of the perpendicular bisectors of the sides of P and the vertices of P
have integer coordinates, the coordinates of O are rational numbers. Thus .R2 is also a
rational number. For a rational number z : t,let ar(z) be the exponent of p in the
prime factorization of a minus the exponent of p in the prime factorization of b. Let
thelengthof the sideAiAi,rl of Pbe \/"F,i:1,...,k, where ¤1,...)ekare positive
integers. Let Xr be the midpoint of the side AiAial, i :1,.. .,k.

Case 1: ,p(R2) ) a. Write R': T, where elg are positive integers and uo(g) : g.

For each i:7r...,k, we have

ox? : pz - (Ar4t+t)' : 4 - ",p:- : \tn"n - "s2).\2/g44s
Thus, area of the triangle O ArAr+1 : iloAr+r x O Xt,- *lW b (4"g - eis2) -

*p"r/"0, where ai: ge6(4e- e6) is a positive integer. Therefore S: f,np'Q/u+...+
tm).By the lemma, p"l\gS.Since t,r(2g) :0, we have p"l2s.

Case 2: up(R2) ( a. Write R2 : +, where ,u)u axe positive integers and or(z) :
uo(u) : g. Thus ur(,R') : P < o. As OXI : R2 - (A*)'z, we have uo(OX!) :
uo(R2) : B. Similarly, ur(OX]) : B. By Ptolemy's theorem applied to the cyclic
quadrilateral OX1A2X2, we have OA2 x XrXz : OXr x A2X2 + OX2 x A2X1. Squaring
both sides and noting that OA| - R2, we have

R2 x XlXl : Ox? x A2Xl + OXZ x A2X! -t 2OXr x OX2 x A2X1 x A2X2.

Since t,r(AzXil 2 ",^::*fr*j) = 1 the right-hand side of the above equation can

be written in the 16.- a---1t/i+ t/Ur+ /ar;, *t"re b1,b2,b3,c are positive integers
with (p, c) : 1. Thus

A.AZ: 4xLxZ : Tfli + \/b, + t/arl.
By the lemma, p"lucAlA!. Since (u,p) :1 and (",p) :1, we have p"lArA\. We then
cut P along 41,43 and apply induction hypothesis to complete the proof.

[1] H.Pollard and H.G.Diamond, The Theory of Algebraic Numbers, The Carus Math-
ematical Monographs, No 9, 2nd edition, MAA, 1975.
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4. Solution by Toh Shan Hong Dylan. The smallest size of a fragrant set is 6. Using
Chinese remainder theorem, there exists a positive integer a such that o : 0 (mod 3),
a = 6 (mod 7), a:5 (mod 19). For example, take o: 195. Then

P(a+ L) : P(a*4) : P(1) : 0 (mod 3),
P(a+ 2) : P(7) : 72 +7 * I :0 (mod 19),
P(a* 6) : P(11) : !12 + 11+ 1 :0 (mod 19),
P(a+3) :P(9) :92+9*1:0 (mod7),
P(a+ 5) : P(11) : ll2 + 11+ 1:0 (mod 7).

Thus 3lP(a * 1), P(a + 4), 7lP(a* 3), P(a * 5) and 19lP(a * 2), P(a* 6). Therefore,
the set {P (a + l), P (a * 2), P (a * 3), P(a -f 4), P (a + 5), P (a + 6) } is fragrant.

Next we shall show that there does not exist a fragrant set of size 2,3,4,5. Suppose
there exists a fragrant set with at most 5 elements. We may assume it contains exactly 5
elements P(a),P(a*7),P(a*2),P(a+3),P(a*4) since the following argument works
with fewer elements too. We have the following calculations.

Firstly, (P("),P(n+ 1)) : (n'+n*1,n2+3n+3) : (n'+n*1,2n-r2):
(n2 +n*7,n + 1) : (n(n+ 1) + 1,n* 1) : (l,n + 1) : 1. The third equality holds
because 2ln(n+ 1) but Z[n2 +n*1. That is

(1) (P(n),P(n* 1)) : t.
Secondly, (P(n),P(n + 2)) : (n' + n * L,n2 + 5n + 7) : (n' + n * L,4n * 6) :

(n' + n * l,2n + 3) : (2(n2 I n * l),2n * 3) : ((2n* 3(n - 1) + n * 5,2n + 3) :
(n * 5,2n -13): (n * 5, -7). Thus

(2) (P(r), P(n +2)) : I 7 if n= 2 (mod 7)
' "r'' - \ 1 if nt'2 (mod z) '

Similarly, one can calculate that
1 (mod 3)
1 (mod 3)

Consider P(a+ 2). By (1), it is relatively prime to P(a * 1) and P(a+ 3). Without
loss of generality, we may assume (P(o), P(a+ 2)) > 1. By (2), a:2 (mod 7). Thus
a * | l2 (mod 7). Then by (2), (P(a * l),P(a + 3)) : 1. In order that the set is
fragrant, (P(o),P(a+ 3)) and (P(a+l),P(a*4)) must both be greater than 1. By (3),
o : 1 (mod 3) and a*t:1 (mod 3), which is a contradiction.

(3) (P(r), P(n +3)) _ { i'r'r|}
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5. Solution by Tan Kieren Sheldon. The answer is 2016. Note that if a linear factor
(" - i) still appears on both sides of the equation, then r : i is a real solution. So each
linear factor can appear at most once on the board. Thus each linear factor must be
erased at least once. This implies k > 2076. Now we claim that the equation

504 504

II("- @t-2))(r- (4i- 1)) : fI@-@i -t))@-+i) (1)
i:t j:l

has no real solutions. To do so, we shall prove that LHS >.BHS in (1).

Lemma. Let o be a positive integer. Then for all real numbers r,

(, - (o+ 1))(r - (a + 2)) > (" + a)(r- (o + 3)).

The lemma can be proved by direct simplification on both sides of the inequality.

Note that the LHS of (1) is negative if and only if 4i - 2 < r < 4i - | for some
| < i < 504, and the RHS of (1) is negative if and only if 4j - 3 < r < 4j for some
1 3 j < 504. We split into the following cases.

Case 1: (r < 1or r > 2016). By the lemma, (r- @i-Z))("-(4i- 1)) > (" -(4i-
S)X"- 4i) > 0, for all i:1,...,504. Thus multiplying across all i on both sides, we
have LHS > RHS in (1).

Case 2: (r is an integer from 1 to 2016). lf r:0,1 (mod 4), then LHS > 0 and
RHS:0. If r :2,3 (mod 4), then LHS:0 and RHS < 0. So,L,FI,S > RHS.

Case 3: (k < *< /c+ 1 for some k where 1 < /c < 2015).

Case3a: (/c:1or3 (mod4)). ThenitisclearthatLHS >0> RHS.

Case 3b: (/c : 0 (mod a)). By the lemma, (x-@t-2))(r-@i-1)) > ("- (+t-3))(r-
4i)for alli:1,...,504. If i>klL,theterms (r-(ai-2)),(r-@i-1)),(r-( t-3))
and (z -4i) arc all negative as k < r < k+1, and i > kl4 + i > kl4+1+
4i-4 ) /r =+ 4i-3> k+l > x. If i < kf4,thenr ) le ) 4iand thusthe
terms (r - (ai -2)),(r - @i - 1)),(r - (ai - 3)), @ - ai) are all positive. Hence

@-@i-z))("-(4i- 1)) > (" -(4i- 3))("- 4i) > 0 for all'i:7,...,504. Thus
multiplying across all i on both sides, we have LHS >,RHS in (1).

Case 3c: (le :2 (mod )). In this case, both LHS and RHS are negative. By the
lemma, (r-(ai - t))(" -(4i+2)) < ("-ai)(r-(4i+ 1)) for all i:1,...,503. For
i>(k-2)14, theterms (r-@i-1)), (r-@i+2)), @-ai,) and(r-(4i+ 1)) areall
negative as i > (k-2)/4+ i> (k-2)14+1+ 4i-1 > k+1 > r. For i < (i,-2)f 4,these
termsareallpositive. Therefore,0<(r-(4i-l))(z-(4i+2))<(x-ai,)(x-(4i+1))
for all i:1,...,503. Lastly,0 < r -2 < n-l and lz-20151 < lr-20161 with
r-2015 ( 0 and r-2016 < 0. Thus multiplying across all i on both sides, we have
0 > LHS > RHS in (1).

Equation (1) is obtained by erasing 2016 linear factors from the original equation and
it has no real solutions. Thus the minimum value of k is 2016.

l#"
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6. Solution by Lim Wei An Glen.We may enclose all segments by a circle, and extend
each segment to a line so that each of them intersects the circle at two distinct points.
Label these points in the clockwise sense as Pt,...,P2n- For any 1 ( i 4 n,let /l be the
line through Pi, and let its other intersection point with the circle be P'. Since every
pair of lines intersect inside the circle, there are exactly n - 1 points between k and P,
along the circle. Thus r : i + n. Therefore the lines containing the given line segments
are precisely the lines P1Pr.,'t,P2Pn+2,...,PnP2n.That is /t is the Iine containing the
points Pi and Pn'ri.

(.t [*t
(.i (.r

The dotted lines intersect the segments P;P

and Pi P in an odd number of points.

Pt+ t +n

The dotted lines intersect the segments PiP
and Pt+tP in an even number of points.

(a) Since n is odd, i and n * i have opposite parity. For each line segment on the line
/i containing the points P; and Prr..,.i, place a frog on the endpoint of the Iine segment
closer to Po, where a : 'i or i * n is odd. We claim that the frogs on (..i and (.i do not
meet for any pairs of i and j. Without loss of generality, we may suppose the frogs start
at Pr and P; respectively. Let l; and /, intersect at P. Note that there is an odd number
of points between the arc PiPi. Each of these points belongs to a line /;. Since a line
/; must intersect exactly one of the segments kP and PiP, making an odd number of
intersections. The other lines may intersect both segments PiP and PiP, or miss both
of them. Hence, the total number of intersection points on the segments PiP and PiP,
not counting P, is odd. If the frogs reach at P at the same time, then there should
be the same number of intersections on PtP and PiP, which gives an even number of
intersections. This contradiction shows that the frogs do not meet each other.

(b) Let n be even. Consider any way that Jeff places the frogs. For each pair of points
P1 and P,21,;, color fl black if the frog jumps away from it, and white otherwise; do the
same for P",+r. So out of each Pi and Prrl;, one is black the other is white. Since n is
even, there exist 2 adjacent points of the same color. That is Pi, P;11 are of the same
color, arrd Pnt i, Pnti+t are of the same color. Without loss of generality, suppose both
points P; and P.ia1 are black. Let P be the intersection between the segments P;Pn'ri
and Pia1Pn1ia1. Then any other segment meeting one of the segments PiP and Pi'4P
must also meet the other one, and so the number of intersections on PiP and PialP are
the same. This shows that the frogs jumping away from P,; and Pr..1 will meet at P.
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