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1 Introduction
For a point O on the lirre segment AB h the plane, let a, B and 7 be the semicircles with diameters AO,
BO and AB. respectively constructed orr the same side of AB. The area bounded by the three semicircles,
or n)ore generally the configuration corrsisting of the three semicircles. is called an arbelos and is denoted
by (o,B,7) (see Figure 1). The word "arbelos" mear$ shoernaker's knife in Greek. Indeed the shape of
the boun<led region rescrnbles the blade of a knife rrsed by ancient cobblers [ ] and it is believed that
Archimedes of Syracuse studied the properties of this figure. In latc twentieth century, the publication
of the paper [3] seeurs to generate interest among mathernaticians irr this figure. In t]re present century,
there have been many rliscoveries on the arbelos again and again, sorne of which are published in a book
[6].

Figure l: (a,p,1)
In this paper we corrsider (q,0,1) together with its reflection in the line AB,i.e., we suppose that o,p and 1 are mutually touching circles with collinear centers, and consider a special type of the arbelos

called the golden arbelos. Two positive numbers o and b (o < 6) are said to be in golden ratio if

(1)

holds. This is equivalcnt to bla : 4t, where / is thc golden numbcr, i.e., Q : (t + Js) tz. Golden
ratio is also called goldcn rncan or golden section [7]. It can be forrnd not only in rnatheuratics, art and
architecture, but also in nature, since it is closely related to growth in plants and anirnals. Geometrically
golden ratio is closely a^ssociated with the regular pentagorr. Let a and b (o < b) be the radii of the circles
aandB, respectively. Thearbelos (,r,0,1) iscalledagoldenarbelosif (1)holds. Figure2showsarecent
discovery of four regttlar pentagons three of which are irrscribed in one of the circles a, B and 7 and a
regular decagon inscribed in 7 arising frorn the golden arbelos [5].
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Wc call the radical axis of a arrcl p, i.e., the pcrpendicular to AB at the point O, the axis of the
arbelos. Let 5i (i, : !,2,3) be the circles touching B externally 1 internally, such that 61 touches the
axis frorn the side opposite to A, 62 touches d1 externally from the side opposite to the axis, and p is the
tangent of 52 parallel to the axis touchirrg d2 from the side opposite to 6r, and ds touches p from the side
opposite to d2 (see Figure 3). Let ei (i:1.2,3) be the circles touchiug the external common tangents
of cr a1{ /l from the same side as n such that e1 touches o externally at A, and ¤i U :2,3) touches
¤j-l exterrlally frorn the side oppositc to A. Leon Barrkoff seems to be the first researcher studicd the
goldcn arbelos. He discovered that thc circles d, and ei (i:1,2) are congruent and e3 is congruent to the
incircle of the curvilirrear triangle rnadc lry fi,61 ancl the axis for the golden arbelos [2]. In later part of
the papcr, he pointed out that the incircle is also cottgntent to d3. Therefore 63 and e3 are also congruent.
But he {id not refer to this fact in the paper and irr a later paper [1] . While he also referred that the line
joining the centers of d1 and d2 is parallele to AB. Therefore 61 and d2 share a comlnon tangent parallel
to the axis as 62 ancl d3 do. In this paper we gengeralize thouse facts.

2 A new property of golden arbelos
\\t llsc) trvo lcttntttas (sct' Figtrres -1 all([ I-r).

Proposition 1. If a cir<:k'of rarlirrs r lorrches llrr. <'ir'<'l<'s,l cxtt'rtt:rllf iuxl 1 irrt,t'r'rrall.y, arrrl d is t,lrtr

rlist,a.rr<'c ft'orrr its <:t'ttt,t'r t,o t,lrc 1l<'rpt'trtli<'ttla.r Lo AII:rl tlrt'poirrl .1.i, Ilrcrr

,' : --!t ,1 (2)
tt *'2lt

Ptrxtl'. llt. tlrt,Pythirgor<'arr tlrturcrrr. u,r'har'<- Qt*b-,')2 - (d-(a*1,,))2: (b+r')2 -(d- 1.,)2. Ht'rr<'t'
wrr ha.vt'(2). tr
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Proposition 2. lf l,wr t.ir<:lus <lf tarlii r'1 iulrl r'2 (r'1 ) r'2) tott<:lt iJ cxtcnttlly l itrtt'rrrallv att<l a, pcl'p<'tt-
<li<,rrlirr lo AD firlrr tlrc ollllosilc sirlt'. llrctr.

t"2 lt

i: ,nr,
Pnnf. 11' d is t]rtr rlislarrr:t'lirlrn this yrt'rllcrr<lir:ttlar 1,o l,ltc 1>crperxli<rttliv 1'o AB at R. T]xlu

il ,, , (,rr: -l-*,(rl+ r'1). ,'r- i+Zl,(r/ -,".1).

lx'Prollositiotr 1. Solvitrg tlrc e<lratiotrs for /'1 atltl r'2. w{'gt't

,', : !d, t"2 = =-!-d.2b ' '2(u -f lt)
Tlx'rclirrc wc gct (li).

Tlu'ru'xt thcrlrcrrr giu's a rrt'n'r'harat'lt'rizatiorr ol tlrc golrlt'tt ar'llt'los (scc Figrrrt'6).

Theorem 1. If two circles of radii d1 and dz (dt > d2) touch B externally 7 internally and a perpendicular
to AB from the opposite side and two circles of radii e1 and e2 (e1 ) e2) touch the common external
tangents of a and B from the same side ars o and also touch externally to each other, then (a, 8,1) is a
golden arbelos if and only if drld2: et/ez.

(3)

4 Mathematical Medley . Volum e 42 No. 2 December 2016

tr



A characterization of the Golden Arbelos

Prool. Since ez/er- o/b, while d2f d1:b/(a+ b) by Proposition 2, the theorem is proved. tr
Let d1 : tl : o and let p1 be the axis (sec Figure 7). For a natural number j > 2, Iet d; be the

circle touchitrg B externally 7 internally and pj-r frorn the side opposite to a and let p, be the remaining
tangent of dr' parallel to p1 . Also let e; be the circle touchirrg the external common tarrgents of cY and p
from the same side as o and touching ej-t externally from the side opposite to o. Then the radii of d1

and the radii of e; form geometric progressions with common ratios bl@+ b) and afb,respectively, and
(a,0,1) is a golden arbelos if and only if d; and tj are congruent for any natural rrurnber j 2 2.
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