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1 Introduction
It is wcll kuolvn tlrtrt the First Fundatrretttal Thcoretrt of Calcrrlrrs plttvs nrt
irnportant rokr iu ervtrlrru,tirrg rntuly eletrxrtttary itttegrals. Howevcr, sincei tlris
irnportant tlurlrern ncrxl not hold for irnproper irrtegrtrls. we tttxrl trew icletrs
to cak:rrlatc srrch intcgrals. hr this project, rve cvtrluate an inrproper iutegral
arisirrg frorrr a,rr abs<-rlutclv couvcrgerrt scrics arrrl thc cotaugetrt ftrtt<'tiott. F<lr
any absolrrtc runvergerrt series ![, b1. of real nruubers. wc will prove tlrat the
irnprr4rer integral lirn,.-1y-,f (DL, bl.sirrlt) cot I dt exists atrd ha.s a valttc of

" IL, 01.(whicfi is our urairr r<sult).

The papt'r' is organizcrl a^s follorvs. Itt sectiott 2. we olrtairt rurif<lrttr boturtls
for a fiuite lrigonoux'tri<'serits(Theorcrn 2.5) arr<l tr crtrciirl integrnl itrvolvittg
trig<nroruetric polvnorrrials(Lr:nrrrra 2.2). lt sectiotr 3, wc 1>Love tlttr tuirirt t'cstrlt
ancl establish zr <urollarv. Firrallv. irr stx'ti<lu 4 we will lrc discttssittg possilrkr
appli<:ttions of the rnairr result.
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2 Uniform Bounds For The Sum Iil_, uf
[,t't, N dcrrotc tlu' sct of all positivc itrtegcrs. \\tr usc rrrathcurati<:tl irrdrt:tiorr to
cst,ablish thc lollowing cnrr:ial trigorrornctric itlcrrtity.
Lemma 2.1. Ld I ¤ (0. r). lf n ¤ N. tlrcrr.

, lL

sittrrfc'rltrl:, n2f,,.,*A:/-crlsrtf. (l)
- t': I

l\rnf. l,cl, I ¤ (0,n]. Frx'or<:lt z ¤ N, wt: krt P(rl) I>t'l,lrt: stu,tt'rrront (l). Whcxr
n. : 1. u't' lritvcr

t
sitr zt <rrt -2

(sinr)# ifre (0,n),

0 if t - tr.
1 + cos,

I
1 + 2Dcos kt - cos t,

k:1
which proves that P(1) is true. Let z ¤ N and suppose P(n) is true. Then the

strrtt:rtrent PQt * 1) is tnrt':
tsirr(r * l)l c<lt -

(sirr nt cos I * ,'ir nt,,i,, t) cot I,,2
: (sirr rrl "ot 

I ) ,'.r, t. 2, rt * (<usrrt)(sirrtcot f )

/rt\
: (t *rl,',,*l'l - r'osrrt ).,,r1* (cosrrl)(2cos2l; 1*i,,,','P(n) is tnx')

\ ^:t'=t ) 2'

: <rrsl * f{.',,*{t' + 1)/ + cos(A: - 1)l) - txrsrt,l rxrsf * <:osrtl<'os1 * cxrsrtt
I;: I

n+l rr*l
: cosl * !,'urA:t + !cos(A: - l)f

t.:2 /t: t
rr*l rL: I,.,,*A:t+ I +!<.osA:f
ft.,. I /t-: I

1 + zDcos kt - cos (n + L)t
??+1

ft-r
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Since P(1) is true and P(n) implies P(n + 1) for all rr, ¤ N, it follows from
mathematical induction that (1) is true for every n ¤ N and, ¤ (0,7r1.

tr

Let n ¤ N and let t ¤ (0,zrl. Using Letrrrna 2.1 tr,nd the contimrity of the
furrction , F+ 1+ 2[l::rcoskt - cosnt on [0.r], we see that the following
riglrt-hand linrit

linr /, *irr,rt cotl ttt,-o- J, 2

exists. For sirnplicity, we write tlte trbove riglrt-hand liruit a^s

f'' t
/ sitt ttt cot , dt.

The following result shows that./f sirrntcot L at- r is a trigononretric polyno-
nrial.

Lemma 2.2. If rr ¤ N ond u ¤ (0. r). then,

/" ,i,, rrt "nt! dt : t: * 2f sin ku 
- 

sitt rtr'.
Jo -,, 

,",".," 2 _ 
?=, k tt

Prool. Wc ha,ve

/' ,,itt rtt ,',,t 1 rlt,t,, 2

,,3il- ,[.' (, . , I r',s A'r - .os,,r) dt (1,]' Lettrttut 1 l )/

[' (' +'2r..,sA:/ - ''""'t) rh

[,.,[TI Y] :
r*ri

I;: l
Tl,s stn kr sin nrr*zL k "k-1

k-"-
sin kr sin nr o-2Do+o

'n

/c: I

tr
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Evaluation of an lmproper lntegral

'l'ltt'trt'xl Lt'ttttttit. slrorvs that tlrr'fiur<'tiorr .r'-) ./ii sirrrrl <'ol ! ttl is rrorr-rrcgalivt'
orr (0. r'].

Lemma 2.3. I.[ rr ¤ N orr,d.r' ¤ (0. r]. tltt,rt

ft l
.7l., 

t',, rtl t'ol ; r1l > 0.

Prnof. Usirrg irrt,cgrirliou lt\' lllrls. rvr' <llrtirirr

/ ,ir,,,/ t',,t L ,lt.1,, .2

. , Tl,t, t,
SllI- 

- 
COt -22

1 ,) rtt,
- 

qlll- 
-n,2 (:s('2 ;,,)¤-)0+

2

lirrr

TL

[,+(:
Ttt

T
,2

SIII
,lrr'

ll . ,s SIIIA'.I')/- A:
L,'- I

t:

:
.,)slll-

nrr
-cot_+22

,)('s('- dt
t
,

'Ihe last r<qrralitv is tnt'lrt'r'arrsc rvt'htrr,t'lirrr"-,,. i sirr2 f trrt i : 0 Irv L'l'krspital's
nrlc[l, 1>p.l8i]]. Tlro irre<lualitv rurs' folklvs. n
'fher ut'xt irrcqrralitv will also llr. rruxkxl.

Lemma 2.4. I.f rr ¤ N rzzrl I e l0.rl. tlttrt

-2tr 1-, + III . g

Prrxtf. l;r<trrtlx- irrt'rlrralit'i, I sirr rrtl < ,,r. lr',,<lt,<lrr<.t' tlrirt

_ zr I -t - t< -f + sitrrrf a -/ + / < g.

n

Ilsitrg Lcrrrrrratir 2.2.2.]1. atrrl 2.1. sr'('iln ll()\\'firrrI tlrc rrrrifilrrr lrorrrrrls firl tlrt'
surrr lil , ,#.
Theorem 2.5. Wt, lxt,t,t'

sup slrp
r¤[0,n] rr¤N

Proof. Let tr. ¤ N. If r e {0.2r}. theu ti:=, *#* :0. Henccfirrth. wc sul)l)ose
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that ;l: ¤ (0, zr') arrcl otrservtr tlttrt

sitt tt.r'rll - .r'*
lt

(bV LcttIIIrtI, 2.2)

(bV Lenrma 2.3)

(bV Lemnra 2.4)

)

+ sitrA'.r'./ A.
A.- r

; ([, sitt,/ c:r n :
1 / sit r tt.r' \
,(.-'- " )
- 

,7i
lt.

It rcnririrrs to r.stalllish tht'inrrlralitl. Iil:, **t ( n'. Ac<'rlrtlitrg to Lt'tlttttit
2.',z.

i+=: i("-'*'"i;"' - /".."' "t""'r= 'tt)
A.: I

Ncxt. w(' ltso itttetgrtrt iort lr\' ltttt'ts trl wt'ite

1,"
sitt rrf t'ot dt

t:
T
2

t
,
t
,

cr lt'n:rT2 sirr2

I;: I

;(

;(

;(

l''i 1 ,) rtt .) t+ I sirr' ':-dt' .1, n '2 '2

'2 . ') ttt
n2

I l'" .) ttl .) t
tt.l, '2 '2

1,,,,,i rreclr trrli t, icsthe, sirtce
zr'), we

Finallv
:ti ¤ (0. have

sin A,r
ll

, 2sin'Tcotfi
T- : l-" sin2 T"*'*")

A'

sit r tt.t'
i-.r-T

lt

T

f IclIt'r' u,r' llaVr'

sitt n.r: .t'7T-.t'f *.t't'ot-ll '2

sitt l t .t'
iT -.r'* + 2

ll )

s

(ll.r, Lt'tttttra 2. I )

7l

il.,!r SIII A,ll:\1'- A:
A:- 1

.y
\

for all n e N and r ¤ [0,2r]. The result now follows from the definition of the
supremum. !
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3 Main result

Let ![, b5 be an absolutely convergent series of real numbers. By the Com-
parison Test, the series ![, b6sinkt is absolutely convergent (in particular,
uniformly convergent by the Weierstrass M-Test[l, pp.282]) on [0,2r]. Thus, for
each r e (0,2r'), the function t H ILrbrsin/ct is continuous and hence Rie-
mann integrable on [z,zr]. Since the fuuction t r+ cotN is Riemann integrable
on the interval [r,zr], we conclude that the function t'+ (DLrbrsin,tt)cotf
is Riemann integrable on the interval [r, z'] too. T]re following Lemma yields
the value of the definite integral

l" (Er'r sin'tt) "otf, at'

Lemma 3.1. Let DE, bn be an absolutely comtergent series of real numbers.
Ifre(0,r),then

I k-1

7t )c

f [r1. sirrA'f cott rft -f u-

Proof . In view of Lemma 2.2,, we need to show that

[ 1," 
b1 si, ktcotf, dt - 1." E bp sin-,) cot. dt ->0 as n -+ oo

Let ?z ¤ N. Then
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Since the series fL rbx is absolutely convergent, we conclude that

,lg (n- *) (.", l) i lbrl -o
k-n*l

An application of the Sqrreeze Theorem[l, pp.66] completes the argrtmettt. tr

Theorem 3.2 (Nlairr Il.t'srrlt). #IL, b1. is rt,rr' obsriltr,td,y utrttte:r'Trttt srn'ics o.f
nrtl rruntbtrs. t.htrt t.ht' itrt.Ttrrt1x'.r' intcrpol

!It. /. (i r- ,i,, r r) ,,,r f, ,tt (2)
\A:I /

t:t:i,sts tt,tt,d,

(Errrsin-,) cor
oo

lim ["
:r+O+ J *

ti rlt: "Lt *

Proof. Ac<'ording to Theorc'nt 2.5 arr<l th<: trianglc irre<1ralitv. for caclt ,t g N
a,nrl :r' ¤ [0, zr] wc: havc

I{"-,,-,f u4+.+} I=,,It 71 k Jl-
Ht'rrcc. by \\/eierstritss l\l-f'est. the scrics

a / *' .r ,i, Ar\iu- (r-.t:-rt+#.=F 
)t:r\7'/

is uniforrrrlv corrvergent <ln [0.r] . Tlnrs the fitnction
ts / * 

irr j.r ,i, A'.,'\,',---tt,^(r-r-2Lt, t k Ir:r \ ,=, " /
is contimrous <ln [0,2r]. Sitrce Lcrnrrra,3.1 hol<ls artrl thc abovt: furrcticltr is <xrtt-
tiuuorrs otr l0.n'1. n'e conclttde that the itttltrolter illtt:gral (2) exists and

,n /- \

,,lli, .1" (E r^ si,Ar) ",,t f, at

x / * ,\

,tinl lr,^ [ n -.r - 2s srrl'/r I stnA:'t' Ili,'-!"^\" " "? i ' r )

k-1

"Itu
?c

Ic- 1
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Eva luation of a n I m proper Integ ra I

'l-lttts ut ltav'sluxrtt llrirl llrc itlrsolttlt'('()rr\'('r'!{('ll('('o{'tlrt'scrit's !i-, lr1.

is ir sttfliticrtt t'otrrlitiorr lirl tlrc irrrptopt'r irrtcglal (2) to cxisl . Nou'. ut ask
tlrt'r1tu'stiorr: \\'lrirt <'otrrliliorrs irrrpostrl orr tlrc sclics !f,-,b1. will alkxv 1lrr,
irrrlllolrcr irrl cgnrl

fn I \

,,'lll / ; I,,^ sirr,('/ r//
l, l

to t'ottvct'gt"/ 'l'lrrrl <1ttt'sliotr r:ir.tt lrt':rrrsrvorrrl lrv tlu'lirlklviug rtsrrll of lixrs[2.
pp. l]. n'lrir'lr tiur lrt, rk'rlru'r'tl [iorrr 'l'lrt'olcrrr i1.2.

Corollirry 3.3 (liras l95l\, l.l Ii- ,l,o is rLtr ttltsolrrltlrl trtrttt t't1r'rtl st,r'it':; o.l'
rt'ul, rr,rr,r t t.lx: r's, t.lt t'r t l,h r' it r r.Trt r rltc't' ir t t.t'tytrtl,

lirrr i " + i br sirr A'1 (1r (:i).r->i' ,l .,. t ?. | "

t:.t:ist s.

l)trxt.l'. l-ct!t,o)-0arrrl 17(1):i-t.ot,1 firr'1¤(0.;r] .Tlrcrr.qis<.orrtiruurrrsorr
[tt.zr]. Sirr<'t'lhc {ittr<'t.iotr 1., Ii-,D1.sirrA'/ is <rrrrtirnr()us ()rr [(t.zr]. nc corrr'hlk'
tlr:rt tlrc ftttr<'tiorr t + q(t)ti ,l.r1.sirrl/ is corrtirlrorrs irrr<l lu'rr<'r. Rir,rrrzrrrrr
irrtt'grllrk'orr It). r]. 'flrrrs. llrt. irrrprt-rpt'r' itrlcgral (l]) r'xists rrrul

,,,:ii f ," iEr,rsir,r'r) ,rr

,ri:li f 
. 
rr,,, (Ir^ si,,A/) ,,, * ,rilli l" j (ir,r"i,Ar) c,,r L ,tt

tnt /t \ - 
r

= .1,, ,vrrr(pirr sirr,lr,) 'tt ' lpr'^
tr

Rcrnark 3.4. 'l'lrc alrsohttr'(:orrvcr'!{('lr((r o['tlrc sclit's ![:,b1. is ir srrfiir:it'rrt.
(lrrrt uot utrtssan') <'orrtlitiorr firr tlr<'r'xistt'rrcc ol'1lu' inryrlol>t.r irrtt'glirl (;t). Orr
tlrr. otlx'r' lritrrrl. tlrr' lollolvirrg irrrpropcr irrtt'gral

lirrr
r->0+ [." A,/ltrSl,r.

I

7 i
A,--l

(lt

82

rrrrry rrot exist. Fcrr a,n oxarrrple: s(x)[3, pp.22l)

All irr all, irr this 1>trpor, wc first t:sttr.trlislxrd scvertrl lerrrrnat,a involvirrg
trigotrotuctri<: futrctiorrs, thcrr wr: lrrclcrxrrlul to llrovc thc ruairr rcsrrlt. \tir als<r
rniuragtrl to <lstal;lishc<l Boa"s' resrrlt as tr. <xx'olla,ry.
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'l'lrc rrrairr lcsrrlt lurs sotrrr.l'irtlu'r srtllrisirtg apy>lictticltts. l')rlrr tlx'trraitt resttlt.
it is llossilrl<'to olrl lirr ir rrt'u' llroof ol'Ft'it'r' .lirt'ksotr iut'<lrurlitr': Iirl all rr ¤ N
lrrrl .r' ¤ [0. "]. sl lrirrt

n Slll A'.1'L u >rt'
l.: I

It is irlso llossilrk'lo <k'<lrr<r.llu'r'irlru'o1 <t'rlrrirr irrfirritc trigoturtttt'lrit'st'rit's
fl'orrr t lrr. rrririr lcsrrll. Fr.rt' r'xirtrtpl<'. t lu' vithl(' ()[' l lttr st'l'it's

-\ sirr l.r'\_
!.,A.11,,.n:+()2)'

n'lrclt' // ¤ C\"2. r'arr lrr' Iorrrul. \\i. t'arr tr]s<l ttst' thc tttititt t'cslllt t() ('\'trlllat('
rtltairr nrl)r'()l)('r' itrtcgrals. Orrc sttclr ('xiunplc is llu' itttylropcr ilrtt'gtal

/,.,' (,,,(r,,,, i))' ,,,

u'hich cirrr llc plovcrl to lrart ir valru',,t' '1JIi. Arrotlrcr t'xatttl>le is tlx'iutcgral

fo t

.1,, 
,r," r ,,,.

n'lrclc ur'(ilu I)l()\1'lillrr llrc rrrairr rcsrrlt that it lras a vitltu'of 2zrlrr2.

4 F\rture Directions
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