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1 Introduction
Irr this article: we rvill explore a geornetrictrl problelrr iLS follows

Itt ir cottvttx rr-gorr, IV2...V,,, rkrrrott' ,4/; to lx'1,1u'rrrirlpoirrt. <il'V;V';11 (lu'n'Vr : V,,.rr. .A,lt - l\iI,,+ r.).
Wt'rk'firre t.lu'Ioll<>u'iug oPorirliorr. rvlri<'lr sr.rvill crll l rrrl:
(i) ('lroose , ¤ {1.2.....n}.
(ii) .1/,-\1,+1 rlivirk's thc lroh'gon into turr I)irlts: il tlilrrglt'artrl arr (n * 1)-gorr. \\i'r<'rrrovt'(or <'rrt off) tltc
t rirrrrglc.

The triangle is rerrroved an<i the (rr. * 1)-g<-ru is cousidertxl.
For instatrcc, for the hextrgolt VrV2VrVtVsVy otr the following pago, 11 possibh cut calt l;e perfonnecl bv

clroosirrg i : 3 (shown in (a)), trnd removing the triarrgle L,llfuVallla (shown in (b)) to obtain a heptagorr
(shacled brown). If we wish to perforttr a scr:ond operiltion, we cau sirnilarly take the rnidpoints of any two
adjacent sidcs of this heptag<-rrr. Again, the line tlrrorrgh these midpoiuts divide the polygon into a triaugkr
ilttrl a octagott. We reurove the triangler. Tlrree possibkr octagons are shown, als<-r shaclecl browu.

V4 M V 3 V M V
a 4 3

V2 V 2

1 1

(a) Initial polvgorl (1,) ,\ I)()ssilllr. 1)()1.\-L()rr irl'l('r' iln ()l)('r'irl iorr

f,'is,'111'1' I' Arr ()r)()r')rl iorr

I
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Figure 2: Sornc' of the possible polygons after 2 operatiotts

In Figure 3 on the next page, the cuts shown are not valid: in the figure on the left, the polygon shown
is not convex, therefore no operation <:an be perforrned. In the figure on the right, it is clearly irnpossible as
this will inrply i: 1 or i:3. But these woul<l iruply that we choose Il'I1l\'12 or lthllIq, contradiction.
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Figrrre 3: Not Operatiotrs

2 Motivation
A sinrilar problem, which flrst appeared a^s Problem 4 in the 1997 USA Mathematical Olympiad, asked to
prove that regardless of the nurnber of operations done starting from a regular hexagorr, the retnaining area
is e<1rral to irt least { of the area of the hexagorr.

3 Aim of Research
We start frorn a regular hexagon of side length 1, and area Ko:'*.

After performing a finite number of operations, we wish to determine the minimum possible remaining
area, denote it by K.

Afterwards, we will generalise the problern to finding the range of K, starting with a regular n-gon, n ) $
is an integer.
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A Hexagon Cutting Problem and its Generalisations

4 Two Important Lemmas
I'irt torrr,<'rtictt<t'. t[t'ttott' /r'1, - :11:i.

Dcfirritiorr 4.1. Rn'Lirrr st'ryrtt'rtl.s l1 ultd 12. l1 is lxrrt o.l'12 if l.ht' r'rul1xtirt.ls o.l l1 lxttlt lit' tnr 1.2.

Lcrrrrna 4.2. 7't is tottlr'.r Vl ¤ I\ (l {0}.
/'ruo.f. \\i'prrurtrl lrv irr<lrrcliou. \\'lrcrr l :0. it is tnu'.
Srrlrlrost'ilistlrrt'ltu'sourt'l:.1 >0.tlrcrrcorrsi<k'r'k':.j + l. l,t'l 7',:lili...l,(lrt'r't'1.,:l.,ri.V.r'¤l{).

Sirr<'t' 7-, is cottrtx. ll',.1-,, r1.,,: -- l,\0''.V.r' ¤ {1.2.....r}. \\'itlt6ttl Irss 6l'gt'lrt't'1lilr'. slll)l)os('llrirt irt

'l'i t, : Ii r\/r 112Iiti...t;.

Il srrflit t's I.o < ottsitlt'r ll\ \lt 112 arrrI ll'3112]11 ol 7;1 I to prorr' 7l 1 I is ( ()nv(,x.

(r)

(2)

V

Mr

Vl
V1

F igul'('' .l: 'llr(l n(,w pol.ygorr is still <'onv(\x

Ilcrr<r'7';;1 is rrruvt'x lrrrl is itpplitirlrlt'. l.il trratltr.ttra.ti<'al irr<lru'liotr. l.lrt'k'trrrrrar is lnrc VA'g N. tr
Lcrrrtrra 4.3. h't I' e N. lltr ttrt'lr ttlrtt ll o.f '111. tlttrt till lx' ttrt lirtt st'rltrttttl l' sttt'lt t.hu.l l' is lttut o.l'
st'qrrtrrtls [i ottrl l/l1..

1'rrro/. \\i'slrot'tlris lrv irrrlrrcliorr orr i ¤ l.l.

A P B

i

Figrrre 5: An edge of 70

Srrlrlrosc it is true f<rr s<-rruc A : I ) 1. Consirler k: l+ 1. Corrsirlcr:ury rxlge AB or fi1. Then onrr
of tlrtr txlges of 71, nanrc it C] D, lics orr scgrrurut .48. Let P lrc tlxr rni<lpoirrt c>f CD. At rnost one of
{C P, P D} is rernovecl when arr opcr:rtiorr is applicd. The rernainiug scgruent will lle in fi...1 and we are <lourr
by irxluctiorr. n

5 An Upper Bound of the Lower Bound
\di' have rvritterr er C+t pl'ogr'?urr to laurlorrrlv perfrrrm oyrcr:rtions orr a rcgrrlar rr-gou. wlrt're rr ) 3 is arr
irrtt:ger. For a ht-,xagon (which r.r'r' will llc focrrsiug on). thc arua rt'rrrainirrg aft,ur r:rrttiug ran<lornh' arxl
Grtxrlilv arc 0.81730 an<l 0.8,02Il-r rcsllcct,ivclr'.
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6 Geometrical Bounds

Dt'tt<rte To : PrPtPtPtl')r,Pt arr<l F to lrc tlrt'trtttulret'of rlllt'rirtiorrs. Bv Lernma 3.4. rvr: r:arr r:lroose
Qi.Vi ¤ {1.2.....6} srrch that Q; is otr l;oth I'i I'i*r arr<l I7... (llcrr'8rr; : Pi.()i+r;: Qi.Vi e N.)

Lemma 6.1. QrQzQtQQ{)6 is ront,o,irr.trl, i,rt'I'r.'.

Proof. Tlis is a r:r.ruseqrurtr<'r' of Lemma 4.2 u,lri<'h st:rtes t,lrat, 7i.' is <'orrvc.x. n
Dettotc [a] to lrt' thc arcn o['a polvgorr u.
Let lP,Q;l :rri.Vil ¤{1.2.....6}anrllt'ta7-rr1. Tlrt'alt':r-.1 r'rrtoff frorrrfils:rtisfir's

(i(;,Bt;
A S ItlQ, P;r,Q,+i: t r1r,(l -rr,11)sirr(t20"): +!,,,(t - rri+r) (3)

Dcrultt' 
{i

S: Irr;(l _rr;r1) (.1)

Then, we havc

(5)

(6)

(7)

(8)

(e)

Howevcr, (r, ,,lr-i11 e [0.. 1]. Hcrrce

and by (6),

11111

-r* ; : I i-(r,)( ;- ai+t) > 6 x (-i ) : -;
rvitIrt'c1ttitlit\,()(.CtlrirrgifI{tli.(I,+l}
Tlurs

,5 S :l ==+ A S:l/i.l
Tlre arcil of '/ir is 6(+)(l)(1)(sirrti0o) - + lr('rrcc t,he arr.a r'('rrrainirrg is

This is a,t, k,ast, +the arrla of tlre initial lr.xagrrr. 
2 -1

We know, intuitively, that this is not an optimal bound: The equality cases of (6) state that {o1,oi+r} :
{0, 1}.V, e {t,2....,6}. This is impossible. Thus, we want to find a better bound.

6.2 Tightening the Bound
In this section, we will introduce some terminologies that will be used throughout the rest of this article.

Let the edges of the hexagon be E; : P.iP;+t,i e {L,2,...,61.
Deffnition 6.2. A diaiding segment is a line segment that d,iaid,es a polygon into 2 parts during an
operation.

Mathematical Medley. Volume 42 No. 1 37



u

A Hexagon Cutting Problem and its Generalisations

\\:il,lr rcslrt'r:t, to a poh'gorr 7i.:1', l j...Il rr'itlr ll+r : ll. ut assigrr st'ls ol'tttttttlrt'rs lo tlivitlirrg s('glll('rlts
atr<l rxlgt,s irs lirllows:

(i) Iiru'h e<lgc tll';1.; ol'7i. has {Ill", 1 1} itssigrrtrl lo it.
(ii) Iivcn'scgrrrt'rrl /r llrat is rr tlivirlirrg s<'grucrrt Iirrrrr 7i. olrs'ru'<ls pirsst's (luorrglr llr<'rrrirlpoitrts ol lrr',r

t'tlgcs /rr. /r2 t.rf 7i.-'1., til'solru, ,('' ¤ NU {0}. 'l'lrc sct zrssigrrtrl lo ir is llrt'rrrri,rrr ol tlu'scls irssigtr<rl lo lt1 :ttttl
l, z.

(iii) Arrr'p:rt't ol'it st'gttu'rt lr ltzrs tltc sitlttt'st't iLssigtrtrI lo it its /r.

P.
ol

P,a"

F'igurc 6: Arr Exutttlrlt'

Take for instance the diagrarn in Figure 4. c, d, g are <lividing segmeuts attd have {Er, Ezl, lEt, Ezl,, {Ez, Etl1
assigned to them respectively. with respect to the original hexagon 7i1.

Lemma 6.3. The set assigrr.ed to ang diuiding segment with rcspect to tt. polygon T* : VrVz...Vt is in the

Jorm, {VrVnar,VqVt+t} where p,q ¤ {1, 2,...,i},lp - ql = Ll (mod i).
Lemma 6.4. A diaiding segrnent with {7t,q} assigned is orr.ly adjacent to diuiding segrnents or edges 'with

{p}, {q} or {p,ql assisned..

ProoJ. We prove the above two lemuras sirnultarteously.
To obtain 7rr+r, we rnust join the rnidpoints of two adjacent sides. Henccr the two lernrrtils are true.
Suppose both statements are true for the (ft *,t')tft dividing segment, A:' ¤ N. Consider the (k * k' + l)tlt

dividing segment. It pa.sses through the ruidpoints of two adjacent edges of ft*;,,. Therr the union of the
sets assigned to these two edges h1,h2 havc at most 2 eleureuts in the forrrr {p,q} where lp- rl= tl (ntod
i). This follows by the second lemrua for the (ft + k')th dividing segment. Hence the set nssigned to the
(k + k' + l)th dividing segnlcrnt ha^s at nrost 2 elements differing by tl (uu,rd r) assigne<l to it. However. it
cannot have only I elerneut unless it is an edge. Thus we have provetr the first statentent.

Note that the edges adjrrcent to the (ft + k' + l)fll dividing segrrrettt zr,re parts of /1 arrd 12. Thrrs the
secoud statentent must lte true. By nrathcnrntical induction, both staternents are always tnte for all dividing
segmcnts. n
Definition 6.5. Define a diuiding segme.nt to be (p,q)-origi,nating uith rcspect to 71, if thc: set. assigned to it
it lp,q\ with respect to 7l1".

Lemma 6.6. An (VpVp+r,VnVna1)-originating d,i,aiding se.gment u'ith respect to T* lies entirely i,rt the triangle.
t fonned by points VTr,Vpat,Vq,Vq+r.

Prcof. The statement is true for the (fr + 1)th dividing segment.
Suppose it is also true for the (fr + l)th, (k + 2)th, ..., (li + lc')th dividirrg scgment for sotue fu' ¤ N. The

endpoirrts of the (ft+ft'* l)th dividing segrnent are on one of the edges VpVp+r,V,tVq+t or ot (VpVoal,VqVq+r)-
origirrating dividing segrnents. Each of these are coutnined entirely irr t by the inductive hypothesis. Since

a

{ )
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the endpoiuts of the (A'+ A'' + l)th clividing segment are both in f, hence the entire diviclirrg segment is in
t. Herrce it is tnre for the (k + l)th, (k + 2)th, ..., (k + k'+ i)th dividing segrnent and we are done by
rnatheuratical iuductiorr. n

6.3 A Lower Bound of $f 1{o

Consider .,I, the rnidpoirrt of Pr4l and 1. the point on segnrent P2J such that l/./l :0.41P2J1. We claim
tlrat all (E1 .82)-originatiug clividing segments with respect to fi1 lie outside LP:1IP1. By svrnmetry, this
will irrrplv that nll dividing scgrlrents lie outside the dodecagon, coloured brown, iLs showrr below.

P3

2

Figure 7: Dodecagon

Su;>pclse otht't'wise tltat sotrte part a dividing segment lies inside AP3I P1. Consider the first time. duriug
the A'th operatiorr, that a dit'icling segnlent is (.81 ,E2)-originating with respect to ft.

Srrppose the segment is DE, with D or P1P2 and .E on P2P3. Theu

P

P

I

DPz 1 EPz I
2

(10)

/

Pt Pz 2' P3P2
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Definition 6.7. The remaining part o! a segment h afier a sequence operations is the part of h lefi after
these ope.mtions.

If there are no other (E1 ,.E2)-originating segmentst we are done. Otherwise, consider the next time a
dividing segment is (.O1,82)-originating. Let the remaining parts of EP3 and DR be segments be.EX and
DY. The rnidpoint IvI of DE and the midpoint M1 of either EX or DY form the dividing segment. Without
loss of generality, we assume that 1t11 is on .EX.

Any other (81,E2)-originating dividing segments must be either (XLlr ,IItII), (I'ItII,lllD) or (l\ID,DY)-
origirrating segments with respcct to the currertt polygon.

Thtrs, all (9,82)-originating segments with respect to T0 are in either LXLhll'I . AIvIrll'ID or AIIDY
by Lemma 4.3. Let Xt: It'lX f\ M1D,YI: Iy'IY n IvhD.

On the xy-coordirrate plane, denote J to be the origin' P3 : (-1,0),P1 : (1,0).
Consicler T' : P:tXXrYtYPr. Note that X, which is on 7/, is outside of L,PsIh. Thus 7/ intersects

this triangle at lea.st twice on points not lying on P1P3. However, 7' cannot intersect an edge of the triangle
nrore than once, hence it intersects P3.I and P1f once each. Thus l is in the interior of P2XX1Y1Y. Let P2
have y-coordinate 91.

6.3.L Case 1: -{ is inside triangle EPyD.

-L'iurrl /J lravc )-trxrr'<lirratcs at k:ast j/r. h"rr." 1. whi<:h Itius y-ctxrtrlirratt'0.,1i71 . tttttst, ltavc v-<:oorrlittate
largt'r tlrarr jllr. a <',,utrruli<'t.ion.

6.3.2 Case 2: .I is in LXEAI .

Tlurrr 1 is irr A.PrL-l/.
Ler E : (-l +a. +JJ;r).n: (1- t,.*b) for sorut'o.b e ["t.t].

n, -," -l'.]tll (rl)^,_\ 2.[ 2 t

.[ is on the same side of P3NI as E, hence P3f intersects segment EIII. Let the intersectiorr be.L.
Line P3f has equation y :0.49fi * 0.4y1.
.L lies on segment DE, hence the y-coordinate is greater than 0.5gry hence the x-coordinate is greater

'gHlt: t. this implies that M has x-coordinate greater than |.
Thus f > | + a-b>j, contradiction as o,be [],1].

No. 1 August 2016
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6.3.3 Case 3: I is in LDIuIY
By syrrrmetry, frorn Case 2 we deduce that / also cannot be in LD I'IY

6.3.4 Case 4: I is in LIuITED

Denote y(P) to be the y-coordinate of any point P.
Let L[2 to be the midpoint of. P2P3, .&/3 to be the midpoint of IvI2P3 and Mq to be the midpoint of P2P1

as showrr in the diagram on the rrext pa¤le.

37(r,r11 : '!!+, . Ul?j! : lyua): u(i\r:,)

herrct' .11. I[3. I11. I)2 irre orr P2P1 in that or<lct'.

1 ir.rul P2 alc orr the saux'sirk'of trl1D arr<l herrcc a.rt orr tlte satrx'si<lr: of i\I:r/)

(12)

Pz,D,lVa,P1 are on P2P1 in that order hence I and Pz are on the same side of ll,Itl\[A. Thus 1I13Ma
intersects the y-axis at a point Q with y-coordinate strictly smaller than 0.49(P2).

l5

05

M.l

1.5

Figru'(' {)

By' I\lenelaus' Theorenr I

, : 1",'3! ll:nI'l lllA: l','3!1 =:v rp,.4r :3rpr.Ar
lAPsllLhPzllr/nP'l l.4P3l 3

Thus lAP3l :l&Ol:loPrl where O is the origin, as seen in the above diagrarn
By Menelaus' Theorem agaiu.

(13)

(t l)| _ lOAl lP3t1:,1 ll'zQl _ ll\Ql'a = * ')- lAll,l l[hPzl lQol lQOl s - lP2Ql:;Pol - lot)l: ;PPl
Tlnrs Q : f. a <:orrtradictiorr.

1In a triangle L,ABC ard, a transversal intersecting AB, BC,CA al D, E,I' respectively, ffiffiffi : ,

,-f

Mathematical Medley. Volume 42 No. 1 41
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A Hexagon Cutting Problem and its isations

6.3.5 Finding the area of the dodecagon
The claim that P2XX1YY1 is always outside the dodecagon ha^s been proverr, so we have a lower bound of
the area of the dodecagon.

P P3

P2

Iiigrtt't' 10

Let the areaof the dodecagon be,4. We define X,S,LI',Lt,Lzto be the centre of Te, the midpoint of
P5Pa, the midpoint of. PlX, the point on segment P5.ltl' with lLrItI'l : 0. lPsllI'l and ,Ll PaoSX respectively.

Note that lPsLl: itlPrXl t"""" E? : ?.
Using Menelaus' Theorenl once lnore,

lLzxl _ t4
-7 lsxl - t7

( 1s)

Heuce

A lLL2LtXl +lL2XllLtXlsin(ii0') lL2Xllr.txl 4e
/'; : l &xsl-: J-sxilp..-{t-t,(} .) 

: Exl |l,,.-rl : &5

This is 0.576 to thxr: rlccirual 1>lat's.

( 16)
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In fact. we coulrl have cousidered urort iu<lividrral cases thart the .l given here. Howt'ver, this will be
te<li<rrrs. Hence. rvc ilttrorlttct'the Polygon Anay *; shorvu in the ttext s(rctioll.

7 Polygon Arrays and Tbees
Irr I.lris srrtiorr. \\'(! lsslnrr('llrr. lt't.ir lirr ol llrr, lrcxitlgott fl; to lrt").1 Iirl tottrttti<'tt<'t'ittstt'ittl.

7.1 Polygon Arrzrys
Dcfirrition 7.1. [ll , rl,I.,,,r] i" tltt l',.-srrlxttru o.l'tltt ytlytlorr l'r l;...1'1 u'illr irtdit'ts lrtA'rrr rrtrxlrrlo i.

Dcfirritiorr 7.2. ll't tlr.lirtr tltt lrtltltlorr ttrrrrrl .11,. rt.l'rr yil11t1ort'l-1. ltt lx lltt urtttrl tts.lltllttu's:
(lirtrt tt ytlytlott l'r ll...l'; u'itlt itttlitts lttl r'rt rrrttlrrlo i. tr ltttlt'lht lxtltltlort u.r'ru11 to lx'

./A. -- [./(AI:tllr)../(Aljl.:l:r)../(AI!1.'il1)....../(All rll[i)] (17)

ir'lrlrr'.1'(Al', rl,,l:, tt\ =,-l,rytiAlL rl.,1., rr]) lZ.V.,'¤ {1.2.....,}
('ottsi<lt't' 7i1 its irlr t'xittttlrk'.

P-r
The area of triangle MPaPr is
2, so f( M PrP:) =- logz( 2l+)=1

Ps P:

N
The area of triangle PoNM is 1, The area of triangle PrP:P: is 4, so

so f( PeN M)=-logr( Ll+2=2 PrP:Pr)=-logr(4)+2=0

P P:

Pr

Figtrrc 1 1: T0

rtspcct ix'lr'.

yrrrllgorr atLlr- ol T'1 . A e { 1.2. .... F}.

Defirrition 7.3. 'l'hr' .jllt ttrtd .j'llt dt rrt.t'rtls irt tt 1xilr1r1on ut't'o.tt .lL. ut'(' ('otls('t'tttirt i.ff l.j - .j'l : I ot l.4 I - 1.
u:lrt',r' 1.,^., is lltt t'tntl.irtulilq o.f .17..

trilh L'1{ .\'. l'.: < I'r * .V. ,{4aiirr. ittdi.ct's rtn' luAt'rr rrt.ulu,l,o rr.

o.f .17. lty tltt .llttrr'-r'lt'rrttrtl srtlxtntr4 [a + l.[ *'2.lt-t 2.r'+ 1].

N{

-1
6--\

I
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Proof. Consider the polygon Tr : VrVz...Vi. Without loss of gerrcrality, suppose that the line segrnent
joirring the rnidpoints I12, IvIs of V2V3 alnd V3Va was the (n' + l)tl, dividing segment. This rneans Tk+r :
VVzlvlzl\trVq...V.

Tlre [, Vs,V;,..., V;-subareas of fi. arc equal to the %, Vs,Va,..., fi-subarea"s of Jr,+r.
Let the secoud, third and fourth eleluulnts of {. be [o, b, c].
The V2,V4-srtbarea-s <lf fi11 is half tlre V2, f4-subaretLs Jft respcctively and the Il,I2,iljl3-subareas of Jr+r

are a quarter that <-rf the l/3 subarea of {. as s}rown in tlte figure ltelow.

M3- sub a rea is now q ua rte r of V3-subarea
v3

M
3

v4

vs

Vz- s a is now half the original

I

F'igurt' L2: Srrllarcus

By the definition of polygon arrays, we olrtaiu the second to fifth elernents of Jr+r a"s [n*1, b+2,b+2,c+l).
The conclusiorr follows. n

As irr tlrt.itlrou'prrrol. if [a.0.r'] is <'lurrrgrrl to [a * 1.1,r+ 2. lt*'2.t' + l] irr tlx'l'/ir olrt'r':rtiorr. rrt sav tlu'
A'lir operatiorr is [rr.L.r'] -r [a + l.r+ 2.[ +.2.,'+ t].

I

PxnJ'. Tlx:itt'r'rt sttlrlrirt'tetl is { ol'tlrt'Lsrtlrirrtir u'hiclr is } lN rlt'lirritiorr. D

7.2 TYees

#
44 Medley. Volume 42 No. 1 August 2016
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(i) Each element of the polygon array is represented by a vertex. This vertex has the element labelled on
it.

(ii) There is a central vertex C (layer -l) connecting to 6 vertices, Iabelled 0, (0r/, Iayer) representing
the elements from the initial polygon array.

(iii) All elements from a polygon array Jr are represented by vertices in the kth layer.
(iv) For every operation, as proven, the subarray [n,b,c] of J6 becontes [n+ 1,b +2,b+2,c+ll in ft11

if an operation is applied to b. We corrnect the vertex with label b to the vertices with label b + 2. For the
other vertices representing elements of J&, conrrect it to the vertex representirrg corresponding elernent in
.fra1. (For example, o is connected to a * L, c is connected to c * l.)

(v) Ifvertex o ha^s label l, we say that the corresponding vertex ofI isTr.
An example of such a tree is shown below.

0

I
I 22

Figure 13: TYees

7.3 Important Definitions
Definition 7.7. We call a aertex V1 V2-originathrg if we can find a path Jrom Vt to Vz, in the tree,, with the
V1 haaing a layer number not less than that of V2. ( For example, if V2 is in the 6th layer, V1 could possibly
be in the 6th or 7th layer but not the Sth.)

Denote J[/c][j] to be the j( rnod lJel)th vertex from the left irr the tree on the &th Iayer for k e
{L,2,...,F}, j eZ; ard l(V) to be the label of a vertex V.

Deffnition 7.8. Two uertices J[kr][fr] and Jlk2llj2l are consecutiue iff kt : kz : k' for some kt and
Ur - izl: t1 mod I;/.
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A Hexagon Cutting Problem and its Generalisations

\ott'tlral tlrt'lrrlrt'1. Itol tltt'tt'tlt'x. is rt rttttrrcLical varlrrr'. 'l'lrc lorlr,x rnrrrrlrt'rirrg orrll rk'lcrrrrirrt's tlrc
posiliorr irr tlu' trtr'.

ttt'xt litvt't. \\i'srn'tlrc l'//i opt,rirtiorr is rLrrrc on:r rtltcx l-.

.l:ui.rtq t.lr,u,t. t.ht' illt olxrttliorr uto.s ott, r,t,r'tt'.t ..li.Vi ¤ {1.2 A}

t'ltrr.rl q t'.rists.

Dcfinition 7.11. 'l'ht shttpt o.f tt tnt'is tt lrr,t u,illr lltr lrtlxls tr'trrottrl.

Iloutvt't. il'rvt' Ittttovt' tltt' ttttttu't'icirl Illrcls. llrt't' u'orrl<l lx' irk'rrticirl.

13
4

0

/\ 4
15 15 0

{\
1,6 0

3

{\
5

6

5

I

L7 L7
77

F-igrrrc l -l: 'Shalrt's' oI t l'(.(.s

8 More I*portant Lemmas
Wc rrow (:onsitlt't' tltt' t,t'ct' tonrr()d l)\' I)()l'lorrrrirrg F <11>eratir-urs.

Lemma 8.1. Consid,er a uertex a in the tree. Let the operation,s on a-origi,nating uertiuts be on uertices
{qt,q2,...,a.\. Then S : DI=, znf,; . ,r#r-r
Proof. lf., instead of thc operation [a,b,c] -+ [a+ 1,b+ 2.b+2.c+ 1] we perform [a,b,r:] -+ la,b+2,b+2,c1,
while still reuroving fi from the area, S will clearly increase. Thus we consider the latter. Wc call it a
pseudo-operation.

Note that a pseudo-operation on a vertex is irrdependent of the pseu<looperations on neighbourirrg vertices.
Irr other words,

(i) If a, b are distirrct vcrtices irr the ,tth layer of the tree, and wc apply a pseudeoperation on an o-
originating vertex tltetr on a Loriginating vertcx, we can do the rcverse and keep troth the srrnt and the
resultaut polygon array the same.

(ii) If we apply a pseudo.operation on arr n-originating vertex, it will not change the valuc of b.
Thus. ,S is less than the surn attained when we continuously trpplv the pseudo.opcratious whenever

possible. This can be represetrted a^s itr thtr following cliagram with evcry two arrows poirrting fronr a vertex
representing one pseuclo-operation:
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.lllt

t

;t

e+z e+z

e+4 Jl'l ,'J,I JI,,

,lllt ,ll(t .lllt ,ltlt ,tl(t
\

,l I lr

I"igtu'r'' lJ-l:'Pst'tttlt)-()l)('t'itt iott's

,5' t lrrrs n'ill llt' stricr lv lt'ss I lrirtr f ,1,, 2'r]1; - I,- ,, + - r+

Lerrrrna 8.2. Clcnsidt'r'A'.t' srtth lhol l(.lli')lc) ): rr + l./(./[i'] [( + l]): rt l2 Jor sottt(' ttott-tt('tlrtlitt' irrtetler'
tt. 'l'ltt, olx,ruttiorrs ur .llL')l') ttttd .ll|')l + l)-orirlinotitrtl r,r't'tit't's t('Ittot'('s ttt rrtr.tst | .7rr,,,, lht trtt'tr.

/'rrxrl. \\'it lrottt loss o[' gt'rr<'r'alitr'. sttppost' r' - l.
ll srrlfir.cs to cousi<lt.r ollv opclatious orr ,/[l'] [1] arrrl ./[A][2]-origirrtrtirrg urt'tict's.
Srrpllosc rvt' c'ortl<l sttlrtt'ru'l tttolt' tlratt $ fiolrr tltt' it.l't'it.
Norv. srrppose the filsl, opclltiorr rvls rlrplit,rl on ,/[l'] [2]. 'l'lrt'rr [rr + l.rr +'2] -+ [o l'2.tt * l.a f l]. Bv

Lcnrma 8.1. tlxr lraxinlrrrr:rrt'n rkrlrr<'trxl is k,ss tharr ;j- + r--f, +2rI-: f , a <'ottt,tatlit'l iotr.
'l'lrrrs[a+1.a*2] -+lrr+:1.(,+;].r+:]].Nor'.tlrcsrrlrirLr':n'rrrttsislsoltlrt'first.st'trrtt<l irrrrl tlrilrl('l('rlrcnts

ol' ,/1.1 1 .

Srrpposcthesecorr<iopt,r'aliotrl'asapplictlou./[l'+1][2].'l'hcrr[a*;].rr*3.a+;t] +[rr*t.a{J-r.a*l-r.afJ].
llv Lcmma 8.I-. tlrc rrraxirrnrrrr irlcl rkrlrrctcd is lt'ss tlrln ;lr + ;+-i + 2,,+ + 2r+ : $. arrotlrer
<'orrtrirrlit l iott.

'['lurs srrpposc otlx,r's'isr'. \\i'rrrrrst pt'rforru trrr opt'taliolt ott ./[A'+ l]11] or ./ll'+ l][:t]. l]1' svttttttctn-.
\\'(. urir\'.jrrst <.ousirlcr' ,lll,'+ llIl]. lrrrl llrt'serlretrct'of oyrt't'ittiorrs is [a * l.rr * 2] -+ fu * il.a *;].4 *;]] -+

[o * l-r.a -1' J-r.rr * J.o +:]1. 'I'lris firral srrlrarLzn'r'olsists o['tlu'iirst lirttr t'lctttt'ttt,s of ,l1..y2.

Lct .d lrt'the rrraxirrurrrr possilrlt'irlt'a rltrlrr<'tc<l firrtrr./[l][t] rrrul ,/[I][2]-origiua.titrg vcllirts.

is Irss tlrarr {. At.,r. 11, Lcrnrna 8.1. tlu' rtrtrxitrrtrttt lrossilrlt' it.l't'it <[txlttcterl li'orrr lrotlr rr. 1i->origirra.tirrg
."'<'r'licr.s is lcsi tlrtur 2r+ : ,+

l'lcrur'.

-Ylll.Y3-t' J +.),,rr + .),rr + .r,,,, -; + ,2,,-, (18)

Soh'irrg. l'c olrtairr .\ I + 'l'lris is it <otttratlit'ti<.rtt. tr

tt.rttt. drd.rttt,rtl. u.s th.t: str,trr. o.l'

( i.) j (,fturt, .fi,rst. o1x'nt.t i.rnt.) :
(ii) +. (.lion 11 .2) bq tht'ttlxtrt'ltttrrrttt):
(iii) + (lrom 12.l) sintiltn'lu)
(ir) :\ x |- (lrrr,,, lol. [o]. [o] ).

tt.l'tt1x'rtttiotts.

llrt' prrrof irr tlu' firllorvittg st'r'tiotts.

'l
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A Hexagon Cutting Problem and its Generalisations

I Optimal Operation Sequences

.'1 r..'1:. .... Ap- Jltt'ttt u ttort-tltt'rtrtsitttl scqtrrtttt. ll:t' trtl.l sttt'lt tr. s(,(lu('nl,(' tL good s(,(lu(,n(.(..

tlrt' r'irlru' 2. rvitlr | 1 l, < /.' -- I srrtlr tlrlt /(.^1,,) > i(-,12r r ).
l.at .1,,-, : [Dr. /,,r.....1,r ]

Sttpyrost'tlrt'11/r olrt'r'atiotr u';rs opt'rirt<rl orr vt'r'tr,x ./[2 l][:]l ri'itlrorrt loss o['gt'rrcrir.lilr'. tlrt'rr

.1,, : lb1, b2 * 1. l,t +'2,1,, + 2. /r, + 1.05,. ....01s] (19)

14 l'2. Ht'rrcct,ht. lalx'l t'arrlrt'rr'plcscrrttrlasl.,l*11 u'lrcn'tr ¤{0. l}.1¤{1.2......Y}.
'l'lrt'rr the Trlh arr<l (p + l)tlt opt't'irtiorrs \\'('l'(. as firllos's:

[1,,.1,r. .... /,r'] -) [br.1r: + l. /.,;1 + 2. b;s * '2.|t1+ 1.b7,. ....1r,v]
+ [1,,, + l.lt,2 + 3. lrz + i].b;1+ :t, /r;1 * 2.1,r + 1.1,,,i.....|r,v]

rvitlr # + #- sttlrt,t'iu'l,t'rl fl'orrr tlxr a,r'ctr,. \\i'r:irll tlris ^5llruut,'io'rt t.
Orr t,ltt'otltt't'ltuttr[. if'rvc lrirrl irpplit.rl tlrc fblkxvirrg r)l)('r'iltiorrs:

/
Bz+1 Bs+2

\

(20 )
(21)

[6r, bz, ...,1,1y] -+ [b1 -f t,bz + 2,h2 -t 2,b3 * 1, ba, ..., Diy] (22)
+ [lr, + L,b2 t 2,bz * 3,b3 + 3. br * 3, ba * 1, bs, ..., biv] (23)

with fr + X.-fi subtracted frorn the area. We call this Situati,on 2. Florn these first two operations in
lrcth situations, we find that Situation 2 rernoves Nh - yj=r ,ror" area than in Situtrti<ln 1. We also note
that the only two elernents that are different, cornparing both arrays, are the secoud and fifth elements.

FYorn here, we consider the trees for both polygon arrays. Call them .EI1 and I/2 for the first and second
situations respectively. h H2, deuote J'lk)lc) to be the cth vertex on the kthlayer.

Bs Ba aaa
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Bn

I
Bn

I
Bn

Bo

I
Be

Bo

Bs

I
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\

\
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BzBr

I
Br

/

\_,

Bz+3 Bs+3 Br+1 Bs

Figure 16: First Sitrratiorr
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Figrrrc' 17: Seconrl Sittttrtiott

Definition 9.2. Consider two uertices A: J[A:r][cr] (i,n H1) and B: J'lk2)lc2) (in H2).
(i) A and B aru. similar iff fu - kz: k' for some k' and Q = c2( rnod k/).
(ii) A and, B are constant i,ff they are simi.lar and l(A) : l(B).
For cxample, the two vertices in orange are constant, those irr green are similar. while those in llrown are

neither.
We then consider the other F - 7t - 1 operations in Situation 1. Consider these operations applied in

Sitrratiorr 2 instead. In other words, after we apply the operations on both trees, I/1 arld I12 have the same
shape after the (p* l)th layer.

Let r : bz *2,a : b:t *2. Then r: ( Y.
Now, if on both trees rve conduct operations on two constant vertices, there will be no difference in the

area subtracted in both situations due to these <lperations.
Thus we only consider the operations originating from the pairs of vertices that are not constant: in this

case, the two pairs
(i) (Jlp+ 1l[2], J'b+1112)), and (ii) (J[e+ 1][5],J'h+ ll[5]).
(Their corresponding Iabels are r * 1. r and V,A * | for these pairs respectively.)
Consider those vertices originating from the vertices irr the second pair. Any vertices originatirrg from

J'[p + 1][5] in I1z will clearly be 1 more tharr the vertex similar to it and originating frorn J[p + t][S] in Ar.
H"rr.u, rrppo"u we did operations on vertices with labels zL\22,...2n in I11, that originate from J[p+ 1][5].
Thenin H2,wearedoingoperationsonverticeswithlabels zr+1.22+L.....2,,*l,originatingfrom./'[p+1][5].
The difference in area caused by these operatiotts is thus +Di=, +-

By Lemma 8.1, this is less than + < fr:!1, < lH - +- Thus the second situatiorr results in at
least yr\1 - ,r"!r - + > 0 more area subtracted than the first.

S.,ppor"rvi-aia arioperation on a vertex air Hl originating from./[p+ 1][2], and also on the vertex in
I/2 origirrating from J'b+lll2l, similar to a. The area subtracted in the second situation will be more than
in the frrst situation due to these operations.

However, this means that considering all operations, the second situation results in more area subtracted
than the first, contradicting the optirnality of the optimal seqtrence.

Therefore, the (p+ l)th operation is on a vertex not consecutiver to J[p][3] or J[p][a] which have label
bs*2. This means the order of these operations does not matter, and we can swap the pth and (p+ l)th
operations. Now, l(Ar) < I(Ap+r).

It suffices to show that these swappings will not go on indefinitely. This will result in a good optimal
operation sequence.

Define S : Dt, i x t(A), and ff to be the largest label of the vertices in the operation sequence. If we
swap 2 vertices Au) A, *'ith y ( z in thesequence, then S increasesby (r- A)(l(Ar)-l(A,)) > 0 while 11

remains constant.
However, S S DL, iH : F(\+t) 11. Sirrce each valid swapping of two rron-equal elements in the operation

sequence cause S to increase by at least 1, and ,S is bounded, ^9 will remain constant after some point, and

-Tt
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A Hexagon Cutting Problem and its Generalisations

t ltt'st' su,tr1t1-litllls rvill en<1. \\i' tlrcrr get a lr()lr-(lecretr.sirrg olltinral st.t1u('rr(.(,
tr

10 Using Greedy Algorithm
\\i'lrorr't't.rttsi<[r'r'llu'st't1tu'tttt'oI o1><'ratiorrs tlrat lcsrrlls irr a goorl oplirrral opt'rirtiorr s('(lll('lr(,('.

l;rlrt'I. VA' ¤ { 1.2. .... 1,'}.
\\'lrt'rr tr : 1". sitrt't'it is t.lrt'fittttl oyrt'rirtiotr. rvt'<'irtr lal<t'thc rnirrirrrul lalrcl rvitlunrl a.lli'r.lirrg irrrv ot.lu.t'

opclirl iorrs.
Sttyrlrtrst'il is llrtt'lbr',(': rrr. I ( ttr ! l:. ('orrsitlt'r' l,': rrt - l. l,r't -\l :.lltrt ll[rl lrt'tlrc srrr.lr thal

rr:.llrt - t][(,'- l) rrxrrl l,/,,, rl].c:.llrrt l][(r'+ l) rrro<l |J,,, tl't.

Lctrrtrra lO.l. 'l'ht'(ttr l\llt o1x'rrt.titttr is otr t.itlnr tt or r..

1'riro/. Srrppost' ol ltt'tu'ist'. 'l'lrt'tr tlrc (rrr l)t/i olr<'r'irtiorr is rurl corrrIrr<'ltrl orr rr..\/ ol r.. It is also rrot

.1,,, l.
llt'ilr<lrr<livc lrr'potlrcsis. tlrc rrrl/r o1;t'r'irtiotr is corrrlrrtltrl orr tlrt.r,t'r'lcx u'itlr rrrirrirrrirl lalr<'1. 'l'lrrrs it rrlrsl

'l'lris is ir <orrllrrtlictiotr as tlrt'opr.r'aliorr s('(lll('lr((, is goorl. tr
\\'itlxlrrt, loss oI gt'rrcralil,v. slrl)l)os('llr<'opt'r'ltiorr n,ils torrrlrx'tt'<l orr rr.
l,r'1 liy (il <'xists) to lrt'tlu'rrrirrirurrrrr positirt irrlcgcl srrclr tlrirt il \'('l't('x u'illr lalrcl /(,1/) I liy is.'11-

ol igirrirt itrg :rrrrl o1l<'r'irtt'rI orr irr sorrrt, ollt'r'irl iorr.

Lcrrtrrrir LO.2. l's t'.rists.

lrt' 1r,,.1{.17 irrrtl /1,. tlspttl irth'. I)t'rurlt' l) : rrttt.r(1i,,. A-,.). \\'itlrorrt loss ol'gcru'r'irlilr'. k't l) : /r.,,.

stt<lr llrat ttos'. tlu'pitt'l ol tltt'lrct'111 firltrr<'rl lrr'-11-origirrirlirrg v'r'tilcs Iras llu'sirrrrr,slrapr,irs irr 1/.;.
Atr cxarrrplt'ol lrorv tvc rkr llris is slrorvrr irr tlrt'lurr glirplrs lrclorv.

a M C

M c

I
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/\/\il M+2 M+2
a+2 a+2 M+1
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(a) 'l'lr() origilral so(pl('n(:() <lf olrcrtrt,iorrs
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E F

We perforru the new sequence of operations such that the two trees itt the orange and brown boxes have
tlre szrrrre slrape (Refer to Defi.nitiort,6.11).

Tlre area that is subtracted due to operations ou 1!/-origirrating verticcs is trow 2D >- K" *K,,. By the
optirrrality of the operating sequence,2D - K,, + K" I l{o - 11,..

(i) If uo operation was applied orr eoriginating vertices, then ftl : (. + no operation ha.s been
applied on n-originating vertices. This is a contradiction.

(ii) If operations were applied on c-origirrating vertices, theu we have fouttd a shorter operation sequellce
tfuat renroves ar) area not less tharr the original operatiou sequence. Hencc tlte original operation sequence is
rrot optirnal. This is a contradiction. tr

Let r be the vertex ./[m - 1][(r: - 2) rnod l,/,,,-rl].
Clearly. l(a)>l(ItI) otherwiseauoperationisappliedonavertexwithsatnelabelas LI .If l(c:):l(I1),

then bv irtductive hypothesis c stroulcl be operated on the rnth operatiotr, contradicting that the optirrral
operatirrg sequerrce is non-decrea^siug. Thus both l(o),r(c) > l(/tf) + 1.

Let Il, A, IVt ,C be the labels of r,a, IlI,r: respectively. Consider lR, A, IvI' ,C] -+ [R+ l, A+2, A+2, Il[t +
1,C1. Dcuote this five-element srrbarrtr.y by ,1". If C > IuI' + l, then thc vertex in with label IlIt + L

(reltresentcd by the fourth elenrent irr .,I") nrust be operated on. (If not, tltett operatious must have beert
corr<ltrcte<l on the vertex with label A * 2 in the subarray ,I" , or o\ c. both with labels greater than l(I/) -l 1.

tr cotrtrarliction.) Thrrs Ag : 1.

L<'t q :./[rn - 1][(c * 2) rnocl l./,,,-r l], arxl Q : l1q;.
Otherwise. C : IlIt* 1. Consider tlre rrext operation. It is either on a vertex with label ItIt + L or r'. If

it is on rr vertex with label /1// + l. theu ft1y:1. Otherwise. consider the rrext operation [R+ t, A+2,A+
2,At'+t,C,Ql-+ [^R+l,A+2.A+2.11'+2.C+2.C+2,Q+1]. If thevcrtcxwithlabel IIt+2 (theforrrth
cletrrerrt in the current subarray) is uot operated on, then the vertices cotuectttive to it must have operations
appliecl ou it. This will be neede,cl to causc this label IIt + 2 to irrcrca^se over tlte next polygon arrays, so
tlrat arr operation can be appliecl on an ill-<.rriginating vertex. However, both A + 2, C + 2 > I\It t 2, hcttce
operations carrnot be applied on thern bcfore an operation is applied otr this vertcx, contradiction. Thus
,. _ o
^ll - L,

Hettce A;11 : I or 2.

Definition 1O.3. .4 left or right cont.u' operatiort. on o,n element oJ a subo,rray is the ope.rati.on applied, on thtt
uertict:s coresponding to the le.ftntost or riqhhnost element of the subarray respectittely. For example, if the
subarruy rs [3,4. 1.2]i. operations on, tlx: con'esponding uertices to 3 and2 ore \e,ft. ontl righ,t cor"rte.r operations
respectiuel'y, while those on the c-ornspondinll ue.rtices to 4.1 irt. tlte tret: ore not.

In the followiug sectiorrs. we will show that for all sequences of operatiotrs startiltg froru a. there exists a
urore optirual sequence of operations if we start operating orr 11 iustead.

10.1 A',, ::- I

\\i' sl ;rrt oII' u'it lr Ul. -{ . ,\ I' . (')

10.1.1 No operations were applied on r-originating vertices before the 1l/-originating vertex
labelled ItIt + |

Tlrcrr [r?. A. LIt .C] -+ [R + 1, A + 2. A + 2, AI' + l.C).
If anv operation was appliecl ou a vcrtcx with label C. we have a cotrtrndiction. Thus amollg all the

vertices corresponding 5 elernerrts irr tlrc subarray in the tree, the first to ber operated on is the vertex with
label t1.['+ l

Flom here, O i, i e N represent il seqllence of operations on vertices not origitrating from r, a, lll. c.
W'c thrrs deduce that the seqllence of operatiorrs on vertices are as follows: [R+ 1, A+2. A+2, AI' +t,Cl -+

o1 -+lR*1*:r, A+2,A+2.Il', +1,C+yl-+lR*1*e. A+2,A+3.I/'+3,/\I',+3,C+11y] wherer,lrT
are sonle nou-negative integers. The area srrlltracted due to operatiotts olrly ott r,a, I\I,c-originating vcrtices
is fi + 7*;r.-Howeiver,considerthefollowingsctofoperations: [.R,A,M'.C] -+[R,A+l,lV'+2, IVt+2,C+1] -+O1
-+ [1?+ x,A+l,IuI'+2,1\I'+2,C+ I +ly] -+ [fr *x*L,A+3,A+3,ltlt +3,ltl'+2,c + 1+g]. The area
sulrtracte<l is fr + zah which is at lerast *+- - # > 2fi ,rrore thtur thc original set of operations. Thc
only clernerrt ii the final subarray that is nrore thau the original is A + 3. trut we have proven that operations
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A Hexagon Cutting Problem and its isations

ott vertices originating frour tr vt-'rtex with label A * 3 subtract at ruost Z*, f.n* the area by Lemma
8.1. This is still less ttran 7#. AIs<1, all other non-r,o, Iy',eorigirrnting vertices are not affected by this
reordering of operations. This can be verified bv checking that the nurnbt:r of Ieft comer operations and right
corner operations renrain constant in lroth sets of operations after every operatiorr on r, o, 11, c-originating
elentents. Therefore, the second set of operations is more optirnal, corrtradictiorr.

10.1.2 An operation was applied on r-originating vertices before the ,t/-originating vertex
labelled lI' + |

Sirr<'c the operation is applkxl ou a vertox with label at nrost l? + 1. we have l? + 1 < 11' * 1. Tlrus R : A[' .

Considering only the operatiotrs ou vertices originating fronr r, o, lll.c:. we have thc sequence of operations

Array Area removed Cumulative area
removed

I)T IiT
+ 1, + + 2,, + l. N/A Ifr

1? + l,A+2, A + 2, Lf', + 1., C + r I

'ITTT
# + rrh.'

n + 3, n + 3, A + 3, A+2, AI', + 1, C + r N/A lrIffi f 5Fi-
+ *y, + + + +1. *.r* Iffi ,TTrffi-r1'!rl

[B+3 *7J, R+3' A+3, A+3 ,, Il,I' +3, III' +3, C +r+z+ 1] N/A #+rlr++ilh
where rr, y,z are non-negative integers. The area subtracted is fi + irr- + r+- : # + i*

On the other hand, suppose we applv the following set of operations

Array Area removed Cumulative area
removed

R,, A, II[' .,C I
,

I
,

R., A + 1, Il,[' + 2,, L[' + 2,C + I N/A I
,

lR, A+ 1,, NI' +2, X[' +2,C + 1 * :r I
,TT

I'l
,MT f 2n

[n + 2,, R + 2, A + 2, L[' + 2, XI' + 2,,C + 1 * :r N/A IrI;^7 r 7r
[r?+ 2+ a,B+ 2, A+2, AI', +2,, AI', +2,,C + 1 * r * z Ifr-t lrlrl,^7TrT{Trqt
[n+ 2+:u, B+ 3, A+4, A+4,, ll',+lJ. lI', +2,C *r* z N/A lrlrl

NTdnT2W'

Tlrc ittta sttlrttactt'<l fnrtrr tlrcst'oJrt'r'utiorrs is j7 + # + ,1! r,lri<'lr is at lt'a.st ;" - ,# rrrorc tlrirrr

lalu'l (..1 + J). Thc arca sttlrtrit<'tr,tl tlru' to opt'rttiorrs ()u tu'() v'r'l iccs lalrt'lk.rl .,1 + l is less tharr

211:t
.r.rrt < ,>-*2 A ,2\t' - yt+2 (21)

opct'atiotrs as rtsrull, rvc ltn'r' a lrcltt't' o1x.r'nt,ion sc(llt('n(:('.

lo.2 A.o:2
I;r'ottt lu'rr'. 1r,. i ¤ N l'ol)r'('s(.llt il s('(llr('rr('(' of'opcratiorrs llot ()ll r'. a. 1/. r'. r7-origirratiug veltir:r's.

Aflt'r oru' olreratiotr. rr ' lrirvr,

lR,A,AI',C,Ql + [R+ 1, A+2,A+2,lrlt + L,C,QI (25)

Clearly no operation can be applied on any of the vertices labelled.4+2 before those labelled IvI'+2 as
A+2 > II' +2.

Thrrs, to increase It['+l to ltlt+2 for an operation on a vertex with label 14'*2 originating from IvI ,we
need to operate on the c-originating vertex with label C. Now, the label of c must be have the minimum label
alnong those in the same layer a^s c. lf C > I\[t + 1, we would be forced to operate on the vertex with label
M' + L. Thus C : IuI' * 1. Also, if any operation was conducted on a q-originating vertex before a vertex
with label M'+2, then C would be larger than M'+1. Again, this contradicts the inductive hypothesis.
Therefore, when a c-originating element is operated orr, it ha^s label C * l.

Derrote r?' to be the vertex with label r? t 1 in the current subarray.
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Array Area removed Cumulative area
removed

l,R,A,,M" lv[', + l,Q) I,v I,T
[n + l, A + 2, A +2, IvI' + 1, IvI' + 1, Q] N/A Ifi
[E + 1 * r, A + 2, A +2, L[', + 1, Iv[', + l,Q + a)

Iffi n+#
[R+l*r, A+2., A*2, NI',+2, IvI', +3, M',+3,Q+1+y] N/A r1

9A t olvlt +l
[R + 1 + r * w,A+2,A+2,M' +2,M' * 3, M' +
3,Q +1*y+z)

Iw F+;n *,

[ft + 1 + r * w,A*2,A + 3,,lvI' + 4,M' + 4,M' *
4,,M'+3,Q+1+y+zl

N/A f1.1
2A ' 2nr'+,

10.2.1 No operations were applied to R'-originating vertices before 11 + 1

where u;, x,U, z are non-negative integers. The area subtracted is fr + 6fu + 7)a
The follow diagram demonstrates this, without .E1 and .E2.

MM+l qr a

/

x a+2 a+3

\\\r+t a+2 a+2 M+l M+l q

After some operations...

x a+2 a+2 M+2 M+3 M+3 q+1

\
M+3

\

Consider a second scenario with a different set of operations:

M+4 M+4 M+4
Figure 19: Oltcrating on a

q+1

Array Area removed Cumulative area
removed

l,R,A, Iv'I', L[' + 1, Q] I
ilvT

IN
lR, A+ 1, h[' + 2, fuI' + 2, L[' + 2, Q] N/A I

;Mr
E1 N/A IN
[E + r, A+ 1,, h[' + 2., fuI' + 2, fuI' + 2,Q + y) Iw bffi
LR + r, A + 1, h[' + 3,lv[' + 4, fu[' + 4, ful' + 3,,Q + y) N/A cffi
E2 N/A b

ffi-tr2
[E+ r *w,, A+ 1, M' +3, M' + 4,, M' + 4, M'* 3, Q +
1+a+zl

IN 1lWT 
'Trt

[R + r * w * L,A+ 3, A + 3,,M' * 4,M' + 4,1\[' +
4,M'+3,Q+a*zl

N/A b1rW T rTTr

The following diagram shows this without Et and E2.
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A Hexagon Cutting Problem and its Generalisations

r a M M+l q

// \\
r a+1.

x-L a+1.

M+2 M+2 M+2 q

After some operations...

M+3 M+4 M+4 M+3 q+t

54 r

\\\
x a+3 a+3 M+4 M+4 M+4 M+3 q+l

Figrrlt' 20: Optrratirrg ou i\I

The areasubtracted is 7,L; + fr. This is ,f* - r+* > 2*., ,ror" than in the first scenario.
The ouly element in the secoud subarray more than the corresp<.rnding elernent in the first subarray is A+3.

However, operations on vertices originating frorn a vertex labelled ,4 + 3 sulrtracts at most ;n a 1# f.ort,
the area. Again, non-r, o, &1, c, q-originating elenreuts are rrot affectecl by this switch in opera.tiorrs. Applyirrg
all other operations as tuual, we have a better opcration sequence.

LO.2.2 An operation was applied to an .R'-originating vertex before a vertex with label L"I' + |
Similarly a"s with the case lio : 1, this implies R : III' . We deduce that the operation sequence is as follows:

IR,A,M',M' + t,Ql -+ [R + l,A + 2,A + 2,M' + l,M' + t,Ql (26)

Then, we will operate on two of the vertices represented in the current subarray with label M' +L: fi+ 1:
the second and sixth elements. (Note that we cannot operate on the fifth element as it is iV-originating.)

Since they are not consecutive, the order does not matter. We apply both operations aud the operation
on the M-originating vertex with label M + 2 to get

Array Area removed Cumulative area
removed

R+ 1,,A+2,A+2,I[' + 1, L['+1,Q) N/A 0

E,2 N/A 0
n + l, A + 2, A + 2, L[' + 1 ,lI' + 1 ,Q + y) Iffir
R + 3, R + 3, A + 3, A + 2, L'[' + 1 , h[' + 1, Q + y) N/A

E:t N/A
[n+3+r, fr+ 3, A*3, A+2, A,l', * 1, Ivf', +L,Q *'y*w) Iffi + +l
[E + 3 + n, R+ 3, A+3. A+2, M' + 2, M' + 3, IvI' +
3,Q +1*y +r]

N/A 2-rh, + N:F
Ea N/A + +l
[E + 3 + m * r,R+ 3,A + 3,4 + 2,L[' + 2,lvl' +
3,L{'+3,Q+1+a+w*n)

Iw ,#* + 2nl-*,

[R + 3 + rrt, * r,,R + 3,A + 3,A + 3,,fu[' + 4,, I\I' +
4,M' * 4,M' +3,Q+ 1 + y + ra * rl

N/A I'i,Nf 
'W

where r, y,z,u) are some non-negative integers. The area subtracted is 2t +;-1a
On the other hand, consider
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Array Area removed Cumulative area
removed

lR,4., X,l" LI', + L,Q I
,

I
,N

NiA I
,

Apply ,82 N/A I
,

+ + + + + I
,TT #+n

fr + 2, R + 2, A + 2, LI' + 2, AI' + 2. IrI' + 2,Q +,a N/A #+rtr
Appl.y .E;3 N/A lrlNfTt

I
, M-'| f,, p+#

[n+2+r,,R+2,A*2,, Iv['+2, Iv[' +3, M'+4,M'+
4,Q*y+1+*)

N/A y+fu
Appl.v .Ea N/A fr+#
[R + 2 + r * m,R, + 2,A + 2,h,l', + 2, ful', * 3, I[', +
4,, M' * 4,Q + A + 1 + u * n)

Iw fi+fu
[R + 2 + r * nt,R + 2. A + 3.,L[' + 4,h[' + 4,A,I' +
,1,, I\I' + 4, h[' + 4,Q + a * 1 +,ur + n]

N/A ,n+fu
Tlre area subtracted is plr which is at least T^+* - 2f nrore than the previous scenario. The only

element in the final polygon array that is greater tharr in the previous scenario is the (/14'+ 4), and the
maxinrunr area subtracted by operations on vertices originating from a vertex with label L[' * 4 is less
ttran p|; S fia - fr. Agairr, we can check left and right corner operations to verify that other non-
r, a. IvI, c, q-originating elernents are not affected. If we apply all other operati<lns as usual, we thus get a
better seqrrence.

The two cases ke : 1 and ko : 2 both contraclict the optinrality of the operation sequence. Thus, try
rnathematical induction, we should operate on 11 first.

Therefore, we call use Greedy algorithnr to find the minirnum area left. In other words, we can do the
A'th operation on the vertex with sntallest label in the /cth layer to give the maxirnum area subtracted for all
fr e {1,2,...,F}.
Remark 1O.4. There nfight be nr,ultiple ways to obtai,n the largest area subtracted, but using Greedy is one,
of the ways. This still does not tell which we should, pick. We will consider the possibilities.

Remark LO.5. This proof hold,s only when a finite number of operations is perlonned on the hexagon. It
doe.s not h.old when an infinite number of operations ure performed.

11 Algebraic Bounds
A Bound of ]f.n

altcl lr opt'r'ltiorrs. 1'lrcrr f > 6.
('otrsi<lt'r tlx, optitrral o1>cratit)n s('(lll('rr('c rvlri<'lr rrscs Grux[r' t\lgolithrrr.
Srrppos<'tlr first opr.r'irtit.rrr ri'as [t).0.0.0.0.tl] -+ [t.2.2.1.{).t).t)] withorrl loss of gcrrelalitr'.

(r) I1.2.2. r.0.0.01 -+ [r.2,2.2.2.2.t.o)
(2) [r.2.2. r.0.0.0] -+ [2.2.2.l.0.I.2.2]
(J) [r.2.2. r.0.0.r)] -+ [1.2.2.1. r.2.2.1]
Itr t'itlrt'r o[ thest'opt'tittions. n't'hirvt'onh'a totirl arta of 2 srrlrtlactc<l frrrrrr lhc ax'a. 'llnrs tr. ]rtnt lo

glt,rftlrtrr trrort, olrt lat iorrs.

,-)-.
Prrll. \\i' trritr- igturrt' lll r.rtlrt,r opclirtiorrs cxct'pt Iirr tlrosc orr ./[l]i,J../[A'] [r'+ t]..f [i'][r.+ 2]. l,t,t tlrt' a1r'ir
sttlrtractt'rl lrr' )'.

11.1
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lR,A + 1, Iv[' + 2,ll[' + 2, fuI' + 2,Q)

[R+ 2+r, R+2, A+2, h,l', +2, hI', +2, It,[', +2, Q*y*u]
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If the first operation was [a, a,al-+la+L,a+2,a+2,a*Ll, by Lemma 8.2, the area subtracted is at
rnost fi + 2f which is less than 75.

Otlrerwise, without loss of generality, suppose it was [a, o, al -+ la + 2, a + 2, a { l, a]. Consider the first
operation, if exists, done on a vertex originating from the corresponding vertex to the rightmost a. Suppose
itison ath.

By Lemma^s 8.1, and 8.2, and considering the subarrays [o * 2],la*2,a t 1] and [o], we obtain

11111Ys*+2*t*2,*F;J<*- (27)

unless k1 : 0. If kr ) 0, or doesn't exist, we are done with the proof.
If kl :0, then la,a,al -l [a* 2,al2,a*l,a] -+ [o* 2,a*2,a+2,a+2,a*21. The area subtracted

from (a*2)-originating vertices in [o* 2,a*2,a*2] is at most f,, while those from la*2,a*2] is at most
2# : f; by Lemma 8.1. We thus obtain

Y<*.*.I .* ( 28)

Solving, we obtain Y S r}1.. tr

For Cases (1) and (2), an operation rnust be done on a 0, resulting irr ..I3 - 12,2,2,2,2,2,2,2,2]. The area
subtracted from ?o is now 3. Dividing J3 into 3 subarrays 12,2,21, we realise that for more than an area of 6
to be subtracted in total, we have to subtract at least L from operations on vertices originating frorn vertices
in one of these subarrays. This is a contradiction by Lemma 9.1.

For Case (3), the area subtracted from vertices that are L,2-originating in the subarrays [1,2] or [2, 1] is
atmost#:tfromLemma8.2.HencethetotalareasubtractedXisatmost2+1+1*1*1:6.

In either case, X ( 6, a contradictiou.
Thus at least I of the area of ?s remains after any finite number of operations.

LZ Results
By establishing the polygon array, we have thus proven that starting from a regular hexagon, at lea^st 0.75
of the original area remains after any finite number of operations. Using geometric and algebraic rnethods
respectively, we obtain ffi 1O.SZ01 ana | (O.ZS) the original a,rea. (If the original area is Ko, then the
corresponding results are 1.496 and 1.949 respectively.)

We have also run a C++ program to estimate the bound for n-gons, n ) 6. Given the number of cuts as
input, it can either
(i) randomly perform an operation at each step;
or (ii) randornly choose one of the operations that will result in the most area removed (Greedy Algorithm)
and perform it at each step.

We have found that there exists a sequence of cuts that resrrlts in area Iess than 0.80216 of the original
by running the program for 1000 cuts a few times. Hence, our bound of 0.75 is actually quite high.

The following shows the resrrlts for polygons with more sides, where the polygon is inscribed in a unit
circle:

v

7
8
9

10

v vl
2.33738

2.501
2.62626
2.72527

Figure 21: Table of results

v

2.7364L
2.82847
2.89254
2.93892

v

2.34039
2.50551
2.63194
2,7L92

0.85417
0.88422
0.90794
0.92 523,

The following shows the trend for evell more sides

Randomilumber of Sldes Area of Inldal Mlnimum
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Figure 22: Graph

The folklwirrg grtrphs sltorv tlrc <lt'(:t'cttse itt tll'('il o\'cr cttts (Dorte ttsittg Exccl)

at
Irr.6 (ulr(Hrpt{ml

(a) Heptagor) (b) Octagolr

(a) Nonagon (b) Decagon

Figure 24: Various polygons

Note that for the decagon case, the area left after cutting randomly is less than that for Greedy. This is
not a surprise, a^s the program for Greedy randornly chooses one of the operations that will renrove the nrost
area at each step, and does not consider all possible outcomes.

13 F\rrther Research, Extensions and Generalisations
The bound of * is still short of 0.8 by a fair anrount, which is the approxinrate bouud fronr the progranr.
Further work urust be done to tiglrten this bouncl further. AIso, polygorrs with more tharr 6 sides were orrly
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A Hexagon Cutting Problem and its Generalisations

tou<:hc<l on irr this l'cport. Ilcscart'h can also lrc <lont'to cxt(.n(l this llrobltnr to rr-g<xrs with n ) ll. Rrlkrwirrg
tha,t, tlrc problern ca.n be cxttrn<lod to regulnl iJ-<lirrxlrsional pol.ylrtxlnr, where a vr.rtex is <fiosen an<l the cut
is rna<kr along the planc plssing through nll tlx' rni<lpoints of t;lxr eclg<s frorn the vcrt,t'x.
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