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1 Introduction

[n this article, we will explore a geometrical problem as follows:

In a convex n-gon, V1 V5...V,,, denote M; to be the midpoint of V;V;yy (here Vi = V, ., My = M, 1.).
We define the following operation, which we will call a cut:
(i) Choose i € {1,2,....n}.
(ii) M; M,y divides the polygon into two parts: a triangle and an (n + 1)-gon. We remove (or cut off) the

triangle.

The triangle is removed and the (n + 1)-gon is considered.

For instance, for the hexagon V;VaVaViVsVs on the following page, a possible cut can be performed by
choosing ¢ = 3 (shown in (a)), and removing the triangle AM3V,M,; (shown in (b)) to obtain a heptagon
(shaded brown). If we wish to perform a second operation, we can similarly take the midpoints of any two
adjacent sides of this heptagon. Again, the line through these midpoints divide the polygon into a triangle
and a octagon. We remove the triangle. Three possible octagons are shown, also shaded brown.

(a) Initial polygon (b) A possible polygon after an operation

Fionre 1T+ An oneration
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Figure 2: Some of the possible polygons after 2 operations
o J O

In Figure 3 on the next page, the cuts shown are not valid: in the figure on the left, the polygon shown
is not convex, therefore no operation can be performed. In the figure on the right, it is clearly impossible as
this will imply ¢ = 1 or ¢ = 3. But these would imply that we choose M, My or MsM,, contradiction.
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Figure 3: Not Operations

2 Motivation

A similar problem, which first appeared as Problem 4 in the 1997 USA Mathematical Olympiad, asked to
prove that regardless of the number of operations done starting from a regular hexagon, the remaining area

is equal to at least l‘ of the area of the hexagon.

3 Aim of Research

We start from a regular hexagon of side length 1, and area Ky = 39

After performing a finite number of operations, we wish to determine the minimum possible remaining
area, denote it by K.

Afterwards, we will generalise the problem to finding the range of K, starting with a regular n-gon, n > 6

is an integer.
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4 Two Important Lemmas
For convenience, denote Iy = 2¥2.
Denote T to be the initial regular hexagon and Ty to be the polygon formed by an operation on Ty, Vk € N.

Definition 4.1. For line segments [y and ly, 1y is part of lo if the endpoints of 1y both lic on l5.
Lemma 4.2. T}, is convex Yk € NU {0}.

Proof. We proceed by induction. When &k = 0, it is true.

Suppose it is true for some k = j > 0, then consider k = j + 1. Let T; = V,V,...V; (here V, = V., Vo € N).
Since T} is convex, ZV, V. Voo < 180°,Va € {1.2....;i}. Without loss of generality, suppose that in

the (j + 1)th operation, we choose the line [ through the midpoints Ay, My of ViV, Vo Vi respectively. Then

T ViM{MyV3Vy.. V.

7+1

[t suffices to consider ZVi MMy and ZV3 MyNM,y of T4 to prove T; 4 is convex.

LVi My My = 180° — LV My M, < 180 (1)

LVaMaM; = 180° — VoMM, < 180 (2)
V2

M, V1VyV3<180° M,

M;M,V3<180°
ViM;M,<180° 1\2?\\\/{

Figure 4: The new polygon is still convex
o J O

Vi

Hence T4, is convex and is applicable. By mathematical induction, the lemma is true V& € N. O
Lemma 4.3. Let k € N. For cach edge E of Ty. there will be an line segment I such that U' is part of
segments E and Tj,.

I

Proof. We show this by induction on A ¢

B
o —0- @ O 2 J

Figure 5: An edge of T}
5 =)

Suppose it is true for some k& = [ > 1. Consider & = [ + 1. Consider any edge AB on Tj. Then one
of the edges of Ty, name it C'D, lies on segment AB. Let P be the midpoint of C'D. At most one of
{C'P, PD} is removed when an operation is applied. The remaining segment will be in 7)., and we are done
by induction. OJ

5 An Upper Bound of the Lower Bound

We have written a C++ program to randomly perform operations on a regular n-gon, where n > 3 is an
integer. For a hexagon (which we will be focusing on), the area remaining after cutting randomly and
Greedily are 0.81730 and 0.80215 respectively.
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6 Geometrical Bounds

6.1 A Lower Bound of K > %I\'.,

Denote Ty = P PoP3PyP;Ps and F to be the number of operations. By Lemma 3.4, we can choose
Qi Vi € {1,2,...,6} such that Q; is on both P;P;,| and Tr. (Here P;i g = P;, Q16 = Q:,Vi € N.)

Lemma 6.1. QQ,Q2Q3Q4Q5Q¢ is contained in Tp.
Proof. This is a consequence of Lemma 4.2 which states that T is convex. ]

Denote [w] to be the area of a polygon w.

Let |P,Q;| = a;,¥i € {1,2,....6} and let a; = a;. The area A cut off from T}, satisfies
6 6 V3
1 i: Z[A(J/I)/é l(w,)lrl] - Z E”/(I — ;4 I)Si“( 120° ) = "ll' Z”/(l ”/#]) (';)
i=1 1= 1=1
Denote
(§)
.5'7211,(1*”,41) (4)
=1

Then, we have

6 6 6
3 3 | | 1
—-S + 2 — Z(I,(I,,,l — Zl}, + 3 = (7l : 241/ 5(1,’ |+ a;a;)
=1 =1 ==l -
) (5)
- |
=2 (5 —a)(5 ~ ain)
1=1
However, a;,a; 41 € [0,1]. Hence
1 1 111 .
\(E*“,HE ”’/»l)‘i}(:_)‘)(é)'ij (6)
and by (6),
6
3 | 1 3 .
S+5= (5l —ain) 26x (=) =3 (7)
i=1
with equality occuring iff {a;,a;41} = {0,1}.Vi € {1.2,....6}.
Thus )
3V3
§<3 = A<=~ (8)
The area of Ty is G(%)( 1)(1)(sin60°) = ~“_7; hence the area remaining is
C 3v3 3v3
K=[T-A=2"_4> —= 9)

This is at least & the area of the initial hexagon.

We know, intuitively, that this is not an optimal bound: The equality cases of (6) state that {a;, a, ¢} =
{0,1},Vi € {1,2,....,6}. This is impossible. Thus, we want to find a better bound.

6.2 Tightening the Bound

In this section, we will introduce some terminologies that will be used throughout the rest of this article.

Let the edges of the hexagon be E; = PP q,i € {1,2,....6}.

Definition 6.2. A dividing segment is a line segment that divides a polygon into 2 parts during an

operation.
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With respect to a polygon Tp=V,V5...V; with Vi1, = V|, we assign sets of numbers to dividing segments
and edges as follows:

(i) Each edge V; V4 of T has {V;V; 1} assigned to it.

(ii) Every segment h that is a dividing segment from 7} onwards passes through the midpoints of two
edges hy, hy of Ty for some k' € NU{0}. The set assigned to h is the union of the sets assigned to iy and
}I’).

(iii) Any part of a segment h has the same set assigned to it as h.

Figure 6: An Example

Take for instance the diagram in Figure 4. ¢, d, g are dividing segments and have { Ey, Ex} { Ey, Ex}, {Es., E:
assigned to them respectively, with respect to the original hexagon Tj.

Lemma 6.3. The set assigned to any dividing segment with respect to a polygon Ty, = ViVo...Vi is in the
form {V,Vpiy1, VgVys1 } where p,q € {1,2,...,4},|p — q| = £1 (mod i).

Lemma 6.4. A dividing segment with {p,q} assigned is only adjacent to dividing segments or edges with
{p}.{q} or{p.q} assigned.

Proof. We prove the above two lemmas simultaneously.

To obtain T 1, we must join the midpoints of two adjacent sides. Hence the two lemmas are true.

Suppose both statements are true for the (& + Eth dividing segment, & € N. Consider the (k+ k" + 1)th
dividing segment. It passes through the midpoints of two adjacent edges of Ty p. Then the union of the
sets assigned to these two edges hy, ho have at most 2 elements in the form {p,q} where |[p —¢| = £1 (mod
i). This follows by the second lemma for the (k + A')th dividing segment. Hence the set assigned to the
(k + k' + 1)th dividing segment has at most 2 elements differing by £+1 (mod ¢) assigned to it. However, it
cannot have only 1 element unless it is an edge. Thus we have proven the first statement.

Note that the edges adjacent to the (k + & + 1)th dividing segment are parts of [; and [,. Thus the
second statement must be true. By mathematical induction, both statements are always true for all dividing
segments. (]

Definition 6.5. Define a dividing segment to be (p, q)-originating with respect to Ty, if the set assigned to it
is {p,q} with respect to Tj..

Lemma 6.6. An (V,V,11,V,V,11)-originating dividing segment with respect to Ty, lies entirely in the triangle
t formed by points V,,, V11, Vy, Vg

Proof. The statement is true for the (A + 1)th dividing segment.

Suppose it is also true for the (k + 1)th, (k + 2)th, ..., (k + &’)th dividing segment for some k" € N. The
endpoints of the (k+A"+1)th dividing segment are on one of the edges V,V,, 11, V, Vi1 oron (V,V, 1. Vo Vii1)-
originating dividing segments. Each of these are contained entirely in ¢ by the inductive hypothesis. Since
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the endpoints of the (k + & + 1)th dividing segment are both in ¢, hence the entire dividing segment is in
t. Hence it is true for the (k + 1)th, (k + 2)th, ..., (kK + k" + 1)th dividing segment and we are done by
mathematical induction.

O
6.3 A Lower Bound of :2/\].

j
Consider J, the midpoint of Py and I, the point on segment P».J such that |I.J| = 0.4|P,.J|. We claim
that all (£, E»)-originating dividing segments with respect to Ty lie outside AP3IP;.

3y symmetry, this
will imply that all dividing segments lie outside the dodecagon, coloured brown, as shown below.

Figure 7: Dodecagon

Suppose otherwise that some part a dividing segment lies inside AP;IP;. Consider the first time. during
Pl I g seg 34 17 g
the kth operation, that a dividing segment is (E,. Es)-originating with respect to 7}.
5 5 1 2 5 5 I
Suppose the segment is DE, with D on PP, and E on P, P;. Then

DP;
PP,

1
=5

1
PP, <3 (10)
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Figure 8

Definition 6.7. The remaining part of a segment h after a sequence operations is the part of h left after
these operations.

If there are no other (E,, Es)-originating segments, we are done. Otherwise, consider the next time a
dividing segment is (E;, Es)-originating. Let the remaining parts of EP3 and DP; be segments be EX and
DY . The midpoint M of DE and the midpoint M of either £X or DY form the dividing segment. Without
loss of generality, we assume that A is on EX.

Any other (E;, F»)-originating dividing segments must be either (XA, M, M), (MM, MD) or (M D, DY )-

originating segments with respect to the current polygon.

Thus, all (F,, Es)-originating segments with respect to Ty are in either AXM; M, AM;MD or AMDY
by Lemma 4.3. Let X = MX N MDY, = MY N M,D.

On the xy-coordinate plane, denote .J to be the origin, Py = (—=1,0), P, = (1,0).

Consider T" = P3;X XYY P;. Note that X, which is on 77, is outside of AP3IP;. Thus 7" intersects
this triangle at least twice on points not lying on P, Py. However, 77 cannot intersect an edge of the triangle
more than once, henee it intersects P31 and Pyl once each. Thus I is in the interior of P, X X 1Y Y. Let P
have y-coordinate y;.

6.3.1 Case 1: [ is inside triangle EP,D.

E and D have y-coordinates at least ;_l;yl. hence I, which has y-coordinate 0.4y;, must have y-coordinate
larger than &m. a contradiction.

6.3.2 Case 2: [ isin AXEM.

Then I is in AP3EM.

Let B =(—1+a.—=a),D = (1 —b, -=b) for some a,b € [.—1;. 1].
V3 V3 2

a—b 1 a+b

g "¥3 2

M = (

[ is on the same side of [) M as F, hence ]) I intersects segment FEM. Let the intersection be L.
3 3 g
Line [) [ has equation y = 0.4z 1T 4= 0.4y;.
3 | b Yy Y1
L lies on segment I)[‘; hence the y-coordinate is greater than 0.51 hence the x-coordinate is greater
=} . S n =}

0.5y, —0.4 e s 2 k ;
ur—0Ayr 1 Thig implies that M has x-coordinate greater than 1.
0.4y, 1 =) 1
Thus %2 > 1 — ¢ —b > L contradiction as a,b € [+, 1].
2 i 2 )
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6.3.3 Case 3: [ is in ADMY

By symmetry, from Case 2 we deduce that [ also cannot be in ADMY .

6.3.4 Case 4: [ is in AMED

Denote y(P) to be the y-coordinate of any point P.
Let My to be the midpoint of Py Py, Ms to be the midpoint of My Py and My to be the midpoint of P, P

as shown in the diagram on the next page.

E)+vy(X) 1/2y(Py) + 0 ]
gl = SR D] - M Bl TU(P2) = y(My) (12)

9 = 2

hence Py, M. M, P, are on P, P5 in that order.
[ and P, are on the same side of M; D and hence are on the same side of M3D.

Py, D, My, P, are on PP, in that order hence I and P, are on the same side of M3M,. Thus MzM,
intersects the y-axis at a point (Q with y-coordinate strictly smaller than 0.4y(FP).

o °
L 4
-~
A P | F
> *— 24 L 4

Figure 9

By Menelaus’ Theorem !

|PLA| |PsMs| |PaMy|  |PLA| ]

] = ‘ = ——- = |PjA| =3|P3A (13)
|AP;| |M3Ps| | My P | APs3| 3
Thus |AP;| = |P30| = |OP;| where O is the origin, as seen in the above diagram.
By Menelaus’ Theorem again,
= 1ABs| [MsP5| [QO] ~ [QO| 3 T MRl kUl = PRI = FIEA

Thus Q = I, a contradiction.

'In a triangle AABC and a transversal intersecting AB, BC,C' A at D, E, F respectively, [A

Mathematical Medley - Volume 42 No. 1 August 2016

41




42

A Hexagon Cutting Problem and its Generalisations

6.3.5 Finding the area of the dodecagon

The claim that P, X X YY) is always outside the dodecagon has been proven, so we have a lower bound of
the area of the dodecagon.

Figure 10

Let the area of the dodecagon be A. We define X, S. M’ L, Ly to be the centre of Tj, the midpoint of
Ps Py, the midpoint of P; X, the point on segment P; M’ with |LyM'| = 0.4|PsM'| and L; P;NSX respectively.
T 3 - s Ly | 3
Note that |PsL1| = {%|PsX| hence 17234 = 4.
Using Menelaus™ Theorem once more,

y 3

= el bl 1L — — |SLo Lo X
|LoX| |Ly Ps| | PyS]| L. X]| 3 5Ll 11‘ L (15)
L |LeX| 14 .

|SX| 17

Hence

A [ALyL, X] %\]434\'HI,|4\'I.s‘in(ii“’) |LoX| | L1 X| 19 (16)
_— = = = — = = )

Ko [APXS] — 1SX||PsX|sin(30°)  [SX] [P;X| 85

This is 0.576 to three decimal places.
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In fact., we could have considered more individual cases than the 4 given here. However, this will be
tedious. Hence, we introduce the Polygon Array as shown in the next section.
7 Polygon Arrays and Trees
In this section, we assume the area K of the hexagon Ty to be 24 for convenience instead.
7.1 Polygon Arrays

Definition 7.1. [AV, |V, V,1] is the V,-subarea of the polygon Vi V...V with indices taken modulo i.

Definition 7.2. We define the polygon array Jy. of a polygon Ty, to be the array as follows:
Given a polygon Vi Vo...V; with indices taken modulo i, we have the polygon array to be

i = [f(AV;W V), f(AVIVRVS), f(AVRV3VY), ..., f(AV;_1ViV1)] (17)
where f(AVy_1VaVit1) = —loga([AVe_1VeVeya]) +2,Vz € {1,2, ..., 4}

Consider Tj) as an example.

P4

The area of triangle Pgl

50 f(PeNM)=-log2(1)+2=2

P,
Figure 11: T}

The initial hexagon’s polygon array would thus be [0, 0,0, 0,0, 0], representing Vi, Vo, Vi3, Vi, Vs, Vg-subareas
respectively.

If F is the number of operations. we define a sequence of polygon arrays Jy.Jo. .../ where Ji is the
polygon array of Ty, k € {1.2..... F'}.

Definition 7.3. The jth and j'th elements in a polygon array Jy are consecutive iff |j—j'| =1 or |Ji| — 1,
where | Ji| is the cardinality of Jj.

Definition 7.4. A subarray of a polygon array [ay,as, ...;an] s [ar, Qg 41, @y 424 -on iy | for some ky < ko

with ky < N. ko < ki + N. Again, indices are taken modulo n.

Lemma 7.5. Let k be any nonnegative integer. Jy 1 is formed by replacing a three-element subarray |a, b, c]
of Ji. by the four-element subarray [a +1.b+ 2.0+ 2.¢ + 1].

Mathematical Medley « Volume 42 No. 1 August 2016
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Proof. Consider the polygon Tp = ViV,...V,. Without loss of generality, suppose that the line segment
joining the midpoints My, My of VoVy and V3V, was the (b + 1)th dividing segment. This means Ty, ; =
ViVo My M3 V.. V.

The Vi, V5, Vg, ..., Vi-subareas of J,. are equal to the Vi, Vs, Vi, ... Vi-subareas of Jj. .

Let the second, third and fourth elements of Ji. be [a, b, ¢].

The Vi, Vi-subareas of Jy4; is half the Vi, Vi-subareas Ji. respectively and the My, Ms-subareas of Jy

are a quarter that of the V3 subarea of .J, as shown in the figure below.

M_}—subarea is now quarter of V),—subarea.

V

VZvSI,;bar a is now half the original.

Figure 12: Subareas

By the definition of polygon arrays, we obtain the second to fifth elements of Jy. 11 as [a+1.b+2, 042, c+1].
O

The conclusion follows.

‘+ 1] in the kth operation, we say the

S
o

As in the above proof, if [a,b, | is changed to [a + 1,0+ :
kth operation is [a,b.c] = [a+ 1,b+2,b+ 2,c+ 1].

Lemma 7.6. An operation [a,b,c] — [a+ 1,0+ 2,0+ 2, ¢+ 1] causes the area of the polygon to decrease by

1
b

Proof. The area subtracted is Jl— of the b-subarea which is & by definition. O]

7.2 Trees

We construct a tree with '+ 2 layers numbered —1,0, ..., F as follows where F'is the number of operations:
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(i) Each element of the polygon array is represented by a vertex. This vertex has the element labelled on
it.

(ii) There is a central vertex C' (layer —1) connecting to 6 vertices, labelled 0, (Oth layer) representing
the elements from the initial polygon array.

(iii) All elements from a polygon array .Jy are represented by vertices in the kth layer.

(iv) For every operation, as proven, the subarray [a,b, ] of Ji becomes [a + 1,0+ 2,b+2.¢+ 1] in Jgi
if an operation is applied to b. We connect the vertex with label b to the vertices with label b+ 2. For the
other vertices representing elements of Ji., connect it to the vertex representing corresponding element in
Jis1. (For example, a is connected to a + 1, ¢ is connected to ¢+ 1.)

(v) If vertex v has label [, we say that the corresponding vertex of [ is v.

An example of such a tree is shown below.

O

el
H*_‘ o

1
|
A

Figure 13: Trees

7.3 Important Definitions

Definition 7.7. We call a vertex Vi Va-originating if we can find a path from Vi to Vi, in the tree, with the
Vi having a layer number not less than that of Va. (For example, if Vo is in the 6th layer, V) could possibly
be in the 6th or 7th layer but not the 5th.)

Denote J[k][j] to be the j( mod |Ji|)th vertex from the left in the tree on the kth layer for k €
{1,2,...., F},j € Z; and (V') to be the label of a vertex V.

o = k' for some k' and

Definition 7.8. Two vertices J[ki][j1] and J[k2][j2] are consecutive iff ky = k
lj1 — j2| = £1 mod k.
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Note that the label, not the vertex, is a numerical value. The vertex numbering only determines the
position in the tree.

In the Ath operation, only one vertex V' in the kth layer has two edges connecting to two vertices in the
next layer. We say the kth operation is done on a vertex V.

Definition 7.9. The operation sequence of a sequence of k operations { Ay, Ay, ... Ay} is the sequence satis-
Jying that the ith operation was on vertex A; Vi € {1,2,....k}

R s . . . . ; Tk
Definition 7.10. The optimal operation sequence is the operation sequence { Ay, Ay, .., Ay} such that 37| =
is maxrimised. (i.e. The mazimum possible area is subtracted.) This sequence might not be unique, but it
clearly exists.

Definition 7.11. The shape of a tree is a tree with the labels removed.

For example, the following trees have the same shape. They are not identical as their labels are different.
However, if we remove the numerical labels, they would be identical.

13 0

15 15 0

17 17 16 0

Figure 14: "Shapes’ of trees

8 More Important Lemmas
We now consider the tree formed by performing F' operations.

Lemma 8.1. Consider a vertex a in the tree. Let the operations on a-originating vertices be on vertices
{ar.q2.....qn}. Then S =5"" 1 1

1 20an) ol(a)—1*

Proof. If, instead of the operation [a,b.c] = [a+1,b+2.b+ 2, ¢+ 1] we perform [a, b, ] = [a, b+ 2,0+ 2. ¢].
while still removing =+ from the area. S will clearly increase. Thus we consider the latter. We call it a
pseudo-operation. .

Note that a pseudo-operation on a vertex is independent of the pseudo-operations on neighbouring vertices.
In other words,

(i) If a.b are distinct vertices in the kth layer of the tree, and we apply a pseudo-operation on an a-
originating vertex then on a b-originating vertex, we can do the reverse and keep both the sum and the
resultant polygon array the same.

(ii) If we apply a pseudo-operation on an a-originating vertex, it will not change the value of b.

Thus, S is less than the sum attained when we continuously apply the pseudo-operations whenever
possible. This can be represented as in the following diagram with every two arrows pointing from a vertex
representing one pseudo-operation:
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a+l A+

atd at+d a+4 a+4

a+o aA+6 at+oH NE ato at+hH ath ato

Figure 15: "Pseudo-operation’s
g

g cwill he ctrietlv less than $S°° 9i 1 _ §o0 | I
S thus will be strictly less than Y0 1 2' s = D g 57 = 3a-7-

d

J[k][c 4 1]) = a + 2 for some non-negative integer

Lemma 8.2. Consider k.c such that [(J[k

a. The operations on J[k][c] and J[k][c + 1]-originating vertices removes at most L from the area.

Proof. Without loss of generality, suppose ¢ = 1.
It suffices to consider only operations (»11 J[k][1] and J[k][2]-originating vertices.
Suppose we could subtract more than ﬁ from the area.
— la+2,a+4,a+4]. By

' - , a contradiction.

Lemma 8.1. the maximum arca deducted is less than 7a7z T 3a ,'. + 25573
Thus [a+1,a+ 2] = [a+3,a+3,a t3]. Now, the subarray consists ¢ f the { \t second and third elements
of Jpy1.
Suppose the second operation was applied on J[k+1][2]. Then [a+3,a +3,a+3] = [a+4,a+5.a+5,a+4].

Lemma 8.1. the maximum area deducted is less than 37',—‘ ,; + 2.,,,1_, + ’, = L another

Now, suppose the first operation was ;11)1)11(\(1 on J[k][2]. lh( m [a+1,a+
-2

Iv‘___Li

contradiction.

Thus suppose otherwise. We must perform an operation on ,IU.' + 1][1] or J[k + 1][3]. By symmetry,
we may just consider J[k + 1][1], and the sequence of operations is [a + 1,a + 2] — [a +3,a + 3,a + 3] —
[a+5.a+5,a+4,a+ 3]. This final subarray consists of the first four elements of .J; 4 o.

Let X be the maximum possible area deducted from J[k][1] and J[k][2]-originating vertices.

T lwn the maximum possible area deducted from operations on J[k+2][3] and .J[k+2][4]-originating vertices
is less than ll Also, by Lemma 8.1, the maximum possible area deducted from both a + 5-originating
vertices is less than 251+ = S

Hence,

v X 1 1 1 X 3 18
S T 9aw3 T a3 T Qatl 1 F etz \18)
Solving, we obtain X < . This is a contradiction. O

Remark 8.3. Using these lemmas, we can find a tighter lower bound. Consider [0,0.0,0, 0,0} — [1,2,2.1,0,0,
without loss of generality. Dividing this into subarrays [1,2].(2.1],[0], [0]. [0]. we obtain an upper bound of

area 1/(1//1('/({/ as the sum of
(i) '_jr
(1) 55
(///) 50 (from (2,1] similarly)
(iv) 3 x 55 (from [0], 0], [0]).

The sum is 9. hence we have a bound of 2 of the initial area of the hexagon left after any finite number

(from first operation):
. (from [1,2] by the above lemma):

of operations.

The Greedy Algorithm involves removing the triangle with the largest possible triangle at each operation.
We claim that this is the optimal way to remove as much area as possible for all F" operations. and we provide

the proof in the following sections.
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9 Optimal Operation Sequences

Lemma 9.1. There exists an optimal operation sequence {Ay, Ao, ..., Ap} such that the labels on vertices
11, Ag. ..., Ap form a non-decreasing sequence. We call such a sequence a good sequence.
Proof. Suppose otherwise. For any optimal operation sequence {A;, Ao, ..., Ar} that is not good, consider

the value p, with 1 < p < F' — 1 such that I(A4,) > 1(A
Let ']I’ 1 = {[}1.]}-_’.“..[)\']
Suppose the pth operation was operated on vertex J[p — 1][3] without loss of generality, then

pt1)-

/I‘ = [/)],/)2 + I.[);{ + 2./);; -+ 2.[)] t+ l.[l;',.....l)t\'} (l(})

The (p + 1)th operation was operated on a vertex with label less than b, hence A,41 cannot have label
by + 2. Hence the label can be represented as by + ¢, where t; € {0,1}.¢ € {1,2...., N}.

If the operation was on J[p|[2] or J[p][5], we can assume, without loss of generality, that it was on J[p][2].

Then the pth and (p + 1)th operations were as follows:

[b1,ba, ..., bN] — [b1,bs + 1,03 + 2,b3 + 2,by + 1, b5, O] (20)
> [b1 + 1,bo + 3,ba + 3,b3 + 3,b3 + 2,bg + 1, bs, .‘../)\] (4

(8]

with ,),,S + 55 _'{, subtracted from the area. We call this Situation 1.
On the other hand, if we had applied the following operations:

[/q.h_;.m.hﬂ “'1 + 1,60 +2,bo+2,b3+1,by,..., )\] (22)
> il!} t [.h‘_v + ‘...‘])-3 + -;.’l‘-; + 3.t )3 & ]'1 + 1, ])' ....{}\} (._).5)
with ;)—,'7? + st subtracted from the area. We call this Situation 2. From these first two operations in

both situations, we find that Situation 2 removes -+ - —L,—,— more area than in Situation 1. We also note

that the only two elements that are different, comparing both arrays, are the second and fifth elements.

,r

From here, we consider the trees for both polygon arrays. Call them H, and H, for the first and second
situations respectively. In Hy, denote J'[k][c] to be the cth vertex on the kth layer.

B+ B2 B3 Bs Bs Bn

[ A

Bo+1 B3+2 B3+2 | Bs+1 Bs Bs Bn

//\\\\\

B1+1 B2+3 |B2+3 B3+3 B3+2 Bs+1 Bs

Figure 16: First Situation

—

Bs | .. Bn
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B1 B, B; B4 Bs Bs ... Bn
AVANR AN
Bi+1 By+2 Bx+2 | Bi+1 B4 Bs Bs ... Bn

/ /7 /NN N\

Bi+1 [By#2 B#3 By+3 |By#3 | B! Bs Bs .. Ba

Figure 17: Second Situation

Definition 9.2. Consider two vertices A = J[ki][c] (in Hy) and B = J'[ka][e2] (in Hs).
(i) A and B are similar iff ky = ko = k' for some k' and ¢; = c2( mod k'
(ii) A and B are constant iff they are similar and [(A) = [(B).

For example, the two vertices in orange are constant, those in green are similar, while those in brown are
neither.

We then consider the other F' — p — 1 operations in Situation 1. Consider these operations applied in
Situation 2 instead. In other words, after we apply the operations on both trees, H, and Hy have the same
shape after the (p + 1)th layer.

Let © = by + 2,y = b3 + 2. Then = < y.

Now., if on both trees we conduct operations on two constant vertices, there will be no difference in the
area subtracted in both situations due to these operations.

Thus we only consider the operations originating from the pairs of vertices that are not constant: in this
case, the two pairs

() (Jlp+1][2], J'[p + 1][2]), and (ii) (J[p + 1][5], J'[p + 1][5])-

(Their corresponding labels are x + 1,z and y,y + 1 for these pairs respectively.)

Consider those vertices originating from the vertices in the second pair. Any vertices originating from
J'[p+1][5] in Hy will clearly be 1 more than the vertex similar to it and originating from J[p+1][5] in H,.
Hence, suppose we did operations on vertices with labels z, 25, ...z, in H, that originate from Jlp + 1][5].
Then in Ho, we are doing operations on vertices with labels z; +1, zo+1. ..., 2, +1, originating from J'[p+1][5].

T . r . . . -l
The difference in area caused by these operations is thus . Yo

By Lemma 8.1, this is less than & < 1o < ol — 57+, Thus the second situation results in at

S 5572 b F1 303
1 1 1

P A S S
least b2 F1 b3 F1 BT

Suppose we did an operation on a vertex a in H; originating from .J[p + 1][2], and also on the vertex in

i

> () more area subtracted than the first.

H, originating from .J'[p + 1][2], similar to a. The area subtracted in the second situation will be more than
in the first situation due to these operations.

However. this means that considering all operations, the second situation results in more area subtracted
than the first, contradicting the optimality of the optimal sequence.

Therefore, the (p + 1)th operation is on a vertex not consecutive to J[p][3] or J[p][4] which have label
by + 2. This means the order of these operations does not matter, and we can swap the pth and (p + 1)th
operations. Now, [(A,) < I(A,41).

It suffices to show that these swappings will not go on indefinitely. This will result in a good optimal
operation sequence.

Define S = ZL] i x [(A;). and H to be the largest label of the vertices in the operation sequence. If we
swap 2 vertices A, > A, with y < z in the sequence, then S increases by (z — y)(L(A,) —U(A;)) > 0 while H
remains constant. , -

However, S < le'ﬂ 2 = u;—” H. Since each valid swapping of two non-equal elements in the operation
sequence cause S to increase by at least 1, and S is bounded, S will remain constant after some point, and
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these swappings will end. We then get a non-decreasing optimal sequence.

10 Using Greedy Algorithm

We now consider the sequence of operations that results in a good optimal operation sequence.

We prove by induction that we should apply the kth operation on the vertex in the kth layer with minimal
label, Vk € {1,2,..., F}.

When k& = F. since it is the final operation, we can take the minimal label without affecting any other
operations.

Suppose it is true for & = m.1 < m < F. Consider k = m — 1. Let M = J[m — 1][c] be the such that
its label is the minimum element in the polygon array .J,, ;. Let the 2 vertices consecutive to it be a.c with

a=Jm—1]{(c—=1) mod |Jy,_1|,c = J[m —1][(c+ 1) mod |J,, ]
Lemma 10.1. The (m — 1)th operation is on either a or c.
Proof. Suppose otherwise. Then the (m L)th operation is not conducted on a, M or c. It is also not

operated on any vertex with label equal to that of M. Thus there will still be an clement equal to (M) in
'/m e

By inductive hypothesis, the mth operation is conducted on the vertex with minimal label. Thus it must
be on M. However. the (m [)th operation was conducted on an vertex with label greater than that of M.

This is a contradiction as the operation sequence is good.

Without loss of generality, suppose the operation was conducted on a.
Let ko (if exists) to be the minimum positive integer such that a vertex with label [(M) + ko is M-

originating and operated on in some operation.
Lemma 10.2. kq exists.

Proof. Suppose it does not exist. Let the area cut off due to operations on a, M and c-originating vertices
be K,. Ky and K. respectively. Denote D = max(K,, K.). Without loss of generality, let D = K,.
Consider Hj, the part of the tree formed by a-originating vertices only. Then we apply operations on M
such that now, the part of the tree H; formed by M-originating vertices has the same shape as in Hy.
An example of how we do this is shown in the two graphs below.

(a) The original sequence of operations (b) The new sequence of operations

Figure 18
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We perform the new sequence of operations such that the two trees in the orange and brown boxes have
the same shape (Refer to Definition 6.11).

The arca that is subtracted due to operations on M-originating vertices is now 2D > K, + K.. By the
optimality of the operating sequence, 2D = K, + K. = K, = K..

(i) If no operation was applied on c-originating vertices, then K, = K. == no operation has been
applied on a-originating vertices. This is a contradiction.

(ii) If operations were applied on c-originating vertices, then we have found a shorter operation sequence
that removes an area not less than the original operation sequence. Hence the original operation sequence is

not optimal. This is a contradiction. O

Let 7 be the vertex J[m — 1][(¢ —2) mod |J,,—1]].

Clearly, I(a) > (M) otherwise an operation is applied on a vertex with same label as M. If I(¢) = [(M),
then by inductive hypothesis ¢ should be operated on the mth operation, contradicting that the optimal
operating sequence is non-decreasing. Thus both [(a),l(c) = [(M) + 1.

Let R, A, M',C be the labels of 7, a, M. ¢ respectively. Consider [R, A, M'.C| = [R+1,A+2, A+2, M+
1.(']. Denote this five-element subarray by J”. If ¢ > M’ 4 1, then the vertex in with label M+ 1
(represented by the fourth element in .J”) must be operated on. (If not, then operations must have been
conducted on the vertex with label A +2 in the subarray J”, or on ¢, both with labels greater than [(M) 41,
a contradiction.) Thus kg = 1.

Let ¢ = J[m —1][(c+2) mod |J,,—]]. and Q = I(q).

Otherwise. C' = M’ + 1. Consider the next operation. It is either on a vertex with label M’ + 1 or ¢. If

it is on a vertex with label M’ + 1. then ky = 1. Otherwise. consider the next operation [R + 1, A+ 2, A 4
2.M 4+1,.C.Q] = [R+1,A+2, A+2 M +2,C+2,C+2,Q+1]. If the vertex with label M’ 42 (the fourth
element in the current subarray) is not operated on, then the vertices consecutive to it must have operations
applied on it. This will be needed to cause this label M’ 4+ 2 to increase over the next polygon arrays, so
that an operation can be applied on an M-originating vertex. However, both A 4+ 2,C" +2 > M’ + 2, hence
operations cannot be applied on them before an operation is applied on this vertex, contradiction. Thus
ko = 2.

Hence kg = 1 or 2.

Definition 10.3. A left or right corner operation on an element of a subarray is the operation applied on the
vertices corresponding to the leftmost or rightmost element of the subarray respectively. For example, if the
subarray is [3,4.1,2], operations on the corresponding vertices to 3 and 2 are left and right corner operations
respectively, while those on the corresponding vertices to 4.1 in the tree are not.

In the following sections, we will show that for all sequences of operations starting from a. there exists a
more optimal sequence of operations if we start operating on M instead.

1().1 /v‘“ =— l
We start off with [R, A, M. (.

10.1.1 No operations were applied on r-originating vertices before the A -originating vertex
labelled M’ + 1

Then [R,A,M'.C] - [R+1.A4+2 A+2, M +1,C].

If any operation was applied on a vertex with label €', we have a contradiction. Thus among all the
vertices corresponding 5 elements in the subarray in the tree, the first to be operated on is the vertex with
label M + 1.

From here, O;.i € N represent a sequence of operations on vertices not originating from r, a, M, c.

We thus deduce that the sequence of operations on vertices are as follows: [R+1, A+2. A+2 M'+1.C] —
O = [R+1+2,A+2,A+2, M'+1,C+y] > [R+1+2, A+2, A+3, M +3, M +3,C+1+y] where z, y
are somie non-negative integers. The area subtracted due to operations only on r, a, M, c-originating vertices
18 :17\ o ,T(,'IT 1
However, consider the following set of operations: [R, A, M',C| = [RyA+ 1, M +2. M'+2,C+ 1] = O,
R+a, A+ 1. M +2,M +2,C+1+y > [R+x+1,A+3, A+3, M +3. M +2,C+1+y]. The arca
subtracted is ,+ Spva:
only element in the final subarray that is more than the original is A+ 3, but we have proven that operations

>

which is at least —+— — =t > —L+ more than the original set of operations. The

oM +1
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on vertices originating from a vertex with label A + 3 subtract at most 5+~ from the area by Lemma
8.1. This is still less than :)_\lﬁ Also, all other non-r, a, M, c-originating vertices are not affected by this
reordering of operations. This can be verified by checking that the number of left corner operations and right
corner operations remain constant in both sets of operations after every operation on r.a, M, c-originating
elements. Therefore, the second set of operations is more optimal, contradiction.

10.1.2 An operation was applied on r-originating vertices before the M-originating vertex
labelled A’ + 1

Since the operation is applied on a vertex with label at most R + 1, we have R +1 < M’ + 1. Thus R = M.
Considering only the operations on vertices originating from r, a, M., ¢, we have the sequence of operations

Array Area removed Cumulative area
| - removed
[R,A,M',C] N &
[R+1,A+2,A+2,M +1,C] N/A o
[R+1,A+2,A+2, M +1,C +a] R o + smeT
[R+3,R+3,A+3,A+2,M +1,C +z] N/A S+ i
[R+3+y,R+3,A+3,A+2, M +1,C +z + 2] e o amr o
[R+3+y, R+3, A+3, A+3, M"+3, M'+3,C+z+2+1] | N/A o1 + 3R + sE
where x,y, z are non-negative integers. The area subtracted is _)—]T + ﬁl/il =f 5,7,],—;—»,- = ,)_\l,, + f,]-\.
On the other hand, suppose we apply the following set of operations ) )
“Array - Area removed Cumulative area
removed
TR A M .C] . w.sm
[RA+1,M +2, M +2,C + 1] N/A 1
[RRA+1,M +2,M" +2,C +1+1] e =7 + om
[R+2,R+2,A+2,M" +2,M"+2,C + 1+ 2] N/A 7 + on
[R+2+y, R+2,A+2, M +2, M +2,C+1+z+2] | 322 o +on + am
[R+2+y, R+3,A+4, A+4, M"+3,M"+2,C+z+2] | N/A o+ on + gam
The area subtracted from these operations is )+, + _)—\]ﬁ + _ﬁ]— which is at least )% — 5 more than

the previous scenario. However, the only two elements here that is more than the previous scenario have
label (A 4+ 4). The area subtracted due to operations on two vertices labelled A + 4 is less than

2 1
= oM"

;.H S YA+

IA

(24)

3
2A -

b
t

And as before, all non-r, a, M, c-originating vertices are not affected by this reordering. Applying all other
operations as usual, we have a better operation sequence.

10.2 /\'() =2

From here, E;.i € N represent a sequence of operations not on r,a, M, ¢, g-originating vertices.
i I | I 1 g g
After one operation, we have

[R,AM',C,Ql > [R+1,A+2,A+2, M +1,C,Q] (25)

Clearly no operation can be applied on any of the vertices labelled A + 2 before those labelled M’ + 2 as
A+2>M +2.

Thus, to increase M’ + 1 to M’ + 2 for an operation on a vertex with label M’ 4 2 originating from M, we
need to operate on the c-originating vertex with label C'. Now, the label of ¢ must be have the minimum label
among those in the same layer as ¢. If C' > M’ + 1, we would be forced to operate on the vertex with label
M’ + 1. Thus C' = M’ + 1. Also, if any operation was conducted on a g-originating vertex before a vertex
with label M’ + 2, then C' would be larger than M’ 4 1. Again, this contradicts the inductive hypothesis.
Therefore, when a c-originating element is operated on, it has label C' + 1.

Denote R’ to be the vertex with label R + 1 in the current subarray.
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10.2.1

4 M +3,Q+1+y+2]

No operations were applied to R’-originating vertices before M + 1

Array Area removed Cumulative area
removed

[R,A M, M +1,Q] o 5%
[R+1,A+2,A+2, M +1,M +1,Q)] N/A 7
[R+¥14+z,A+2,A+2, M +1,M" +1,Q + ] ST 9% + s
[R+14z, A+2,A42, M +2, M"+3, M"+3,Q+1+y] | N/A Fr + s
R+1+z+w,A+2,A+2,M +2,M" +3, M + | ;55 9%+ s
3,Q+1+y+ 2]
[R+1+z+w, A+2,A+3, M +4, M +4, M + | N/A st mrm

where w,

x,y, z are non-negative integers. The area subtracted is

1 1

The follow diagram demonstrates this, without £, and F.

M+1

a t o t e

1

//\\\\

After some operations...

a+2 M+2

M+3

M+3

g+l

////\\\\

a+2 a+ M+4

M+4

M+4

Figure 19: Operating on a

Consider a second scenario with a different set of operations:

M+3

Array Area removed Cumulative area
removed
[R,A,M' M +1,Q] e A
[RRA+1,M +2, M +2,M" +2,Q] N/A -
E; N/A -
[R+z, A+ M +2, M +2,M" +2,Q + ] T3TTE P
[R+z, A+ 1, M"+3, M +4, M +4,M" +3,Q+y] | N/A R
E, N/A e
[R+z+w, A+1, M +3, M +4 M +4, M +3,Q+ | 52 S + 3T
1+y+ 2]
R+z+w+1,A+3A+3,M +4,M +4,M + | N/JA e+ oA
4, M +3,Q+y+z] )
The following diagram shows this without E, and E,.
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M+1

///\\\

r a+l M+2 M+2 M+2

After some operations...

a+l M+3 M+4 M+4 M+3 q+l

//\\\ \ \

a+3 M+4 M+4 M+4 M+3 g+l

Figure 20: Operating on M

1

,\,l,, — 3AFT 2 ,\1 T lnore than in the first scenario.

sz T ‘)\ . This is
The only element in the second subarray more than the (()11(\\1»)11(1111“ element in the first \111)(111(1\ 1\ A+3.

The area subtracted is

However, operations on vertices originating from a vertex labelled A + 3 subtracts at most ﬁ— € it from
the area. Again, non-r, a, M, ¢, g-originating elements are not affected by this switch in operations. Applying
all other operations as usual, we have a better operation sequence.

10.2.2 An operation was applied to an [’-originating vertex before a vertex with label M’ + 1

Similarly as with the case ky = 1, this implies R = M’. We deduce that the operation sequence is as follows:

[R,AM M+ 1,0Q) — R + 1,LA + 2,A + 2M + 1M + 1,Q] (26)

Then, we will operate on two of the vertices represented in the current subarray with label M’ +1 = R4 1:
the second and sixth elements. (Note that we cannot operate on the fifth element as it is M-originating.)

Since they are not consecutive, the order does not matter. We apply both operations and the operation
on the M-originating vertex with label M + 2 to get

Array Area removed Cumulative area
removed
[R+1,A+2,A+2, M +1,M +1,Q] - N/A 0
E, N/A 0
RYLA+2A+2 M +1,M +1,Q+y] - ==
R+3,R+3,A+3,A+2, M +1,M +1,Q +y] N/A o e
Es N - N/A i -
[R+3+az, R+3,A+3,A+2, M'+1, A[ +1,Q+y+w] | s SR + gt
[R+3+2,R+3,A+3, A+2,M +2, M +3,M + | N/A SR + s
3,Q+ 14y + ] i .
E, N/A SR T e
‘[1?+3+111+1R+§\+5l+2.A\/’+2.A\I’+ . — St + s
3M+3.Q+1+y+w %11]
; [R+3+m+a,R+3,A+3,A+3,M +4,M + | N/A D N
|4, M +4, M +3,Q+1+y+w+n] . :

where x,y, z, w are some non-negative integers. The area subtracted is S+ YYiEe
On the other hand, consider
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Array Area removed Cumulative area
removed
[RA M, M +1,Q] s o
[RRA+1,M +2,M" +2,M" +2,Q] N/A i
Apply E, N/A s
[RA+LM +2,M +2,M +2,Q + y] 3 7 + o
[R+2,R+2,A+2,M +2,M" +2, M +2,Q+y] | N/A = + %
Apply Es N/A o
[R+2+x, R+2, A+2, M"+2, M"+2, M'+2, Q+y+w] | s o7 + 5
[R+2+2, R+2,A+2, M +2,M"+3, M +4,M"+ | N/A 3R + 5T
4,Q+y+1+w]
Apply Ej N/A % + =75
R+2+x+mR+2,A+2 M +2 M +3, M + | o7 + s
4 M +4,Q+y+1+w+n]
[R+2+z+mR+2,A+3, M +4, M +4,M + | N/A 3 + T
LM +4, M +4,Q+y+ 14+ w+n]
The area subtracted is —,7—3—7 which is at least .—)—\% — _TIT more than the previous scenario. The only

element in the final polygon array that is greater than in the previous scenario is the (M’ + 4), and the
maximum area subtracted by operations on vertices originating from a vertex with label M’ + 4 is less
than % < )\,7’ - _,i\ Again, we can check left and right corner operations to verify that other non-
r.a. M, ¢, g-originating elements are not affected. If we apply all other operations as usual, we thus get a
better sequence.

The two cases kg = 1 and ky = 2 both contradict the optimality of the operation sequence. Thus, by
mathematical induction, we should operate on M first.

Therefore, we can use Greedy algorithm to find the minimum area left. In other words, we can do the
kth operation on the vertex with smallest label in the kth layer to give the maximum area subtracted for all

ke{l,2,..,F}.

Remark 10.4. There might be multiple ways to obtain the largest area subtracted, but using Greedy is one
of the ways. This still does not tell which we should pick. We will consider the possibilities.

Remark 10.5. This proof holds only when a finite number of operations is performed on the hexagon. It
does not hold when an infinite number of operations are performed.

11 Algebraic Bounds

11.1 A Bound of %1\'(,

Suppose we could achieve a remaining area of less than 18. Let the maximum possible arca deducted be X
after F' operations. Then X > 6.

Consider the optimal operation sequence which uses Greedy Algorithm.

Suppose the first operation was [0.0.0,0,0,0] — [1,2,2,1,0,0,0] without loss of generality.

The next upol'ntiun must be done on a vertex labelled 0, hence there are three possible second operations:

(1) [1,2,2,1,0,0,0] — [1,2,2,2,2,2,1,0]
(2)[.3.2.1 0,0,0] = [2,2,2,1,0,1,2,2]
3) [1,2,2,1,0,0,0] — [1.22113.3.1]

In either of these operations, we have only a total area of 2 subtracted from the area. Thus we have to
perform more operations.

Lemma 11.1. Consider a subarray [a,a,al, the ¢,c+1 and ¢+ 2th elements in J). with indices taken modulo
[Jk|. The area subtracted from operations on vertices originating from J{k][c], J[k][c+1], J[k][c+2] is at most
1

Sa-2-

Proof. We may ignore all other operations except for those on J[k][c], J[k][c + 1], J[k][c + 2]. Let the area
subtracted be Y.
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If Tll(‘ ﬁlst operation was [a,a,a] = [a+ 1,a +2,a + 2,a + 1], by Lemma 8.2, the area subtracted is at
most 2—‘ + 2 _7 which is less than ,—i—

Otherwise, without loss of generality, suppose it was [a,a,a] = [a 4+ 2,a + 2,a + 1,a]. Consider the first
operation, if exists, done on a vertex originating from the corresponding vertex to the rightmost a. Suppose
it is on a + k.

By Lemmas 8.1, and 8.2, and considering the subarrays [a + 2|, [a 4+ 2,a 4 1] and [a], we obtain

ol 11 L1 ‘
Sntontetemasms (27)

unless k; = 0. If k; > 0, or doesn’t exist, we are done with the proof.
If k; = 0, then [a,a,a] = [a+2,a+2,a+ 1,a] = [a+2,a+2,a+2,a+ 2,a +2]. The area subtracted
from (a + 2)-originating vertices in [a + 2,a + 2, a + 2] is at most )T while those from [a + 2, a + 2] is at most

24+ = L by Lemma 8.1. We thus obtain

~
IA

Y
+ + ‘1— + (28)

1

2|

1
2a

Solving, we obtain Y < 2—'- O

For Cases (1) and (2), an operation must be done on a 0, resulting in J3 = [2,2,2,2,2,2,2,2,2]. The area
subtracted from T is now 3. Dividing J3 into 3 subarrays (2, 2, 2], we realise that for more than an area of 6
to be subtracted in total, we have to subtract at least 1 from operations on vertices originating from vertices
in one of these subarrays. This is a contradiction by Lemma 9.1.

For C'aso (3), the area subtracted from vertices that are 1,2-originating in the subarrays [1,2] or [2,1] is
2[, = 1 from Lemma 8.2. Hence the total area subtracted X is at most 2+ 14+ 1+141 = 6.

In either case, X < 6, a contradiction.

at most

Thus at least % of the area of Tj) remains after any finite number of operations.

12 Results

By establishing the polygon array, we have thus proven that starting from a regular hexagon, at least 0.75
of the original area remains after any finite number of operations. Using geometric and algebraic methods
respectively, we obtain i—(,: (0.576) and —: (0.75) the original area. (If the original area is K, then the
corresponding results are 1.496 and 1.949 respectively.)

We have also run a C4+ program to estimate the bound for n-gons, n > 6. Given the number of cuts as
input, it can either
(i) randomly perform an operation at each step:
or (ii) randomly choose one of the operations that will result in the most area removed (Greedy Algorithm)
and perform it at each step.

We have found that there exists a sequence of cuts that results in area less than 0.80216 of the original
by running the program for 1000 cuts a few times. Hence, our bound of 0.75 is actually quite high.

The following shows the results for polygons with more sides, where the polygon is inscribed in a unit

circle:
mmm
2.34039  2.33738 2.73641 0.85417
8 2.50551 2.501 2.82847 0.88422
9 2.63194 2.62626 2.89254 0.90794
10 27192 - . 2.72527 2.93892 0.92523,

Figure 21: Table of results

The following shows the trend for even more sides:
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Figure 22: Graph

T'he following graphs show the decrease in area over cuts (Done using Excel):

(a) Heptagon (b) Octagon

(a) Nonagon (b) Decagon

Figure 24: Various polygons

Note that for the decagon case, the area left after cutting randomly is less than that for Greedy. This is

not a surprise, as the program for Greedy randomly chooses one of the operations that will remove the most
area at each step, and does not consider all possible outcomes.

13 Further Research, Extensions and Generalisations
The bound of T‘ is still short of 0.8 by a fair amount, which is the approximate bound from the program.
Further work must be done to tighten this bound further. Also, polygons with more than 6 sides were only
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touched on in this report. Research can also be done to extend this problem to n-gons with n > 3. Following
that, the problem can be extended to regular 3-dimensional polyhedra, where a vertex is chosen and the cut

is made along the plane passing through all the midpoints of the edges from the vertex.
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