
Singapore I nternationa I

Mathematical Olympiad 2O1 6
Nationa I Team Selection Test

Day 0

1. 20 soccer teams participated in a round-robin tournament where every two teams played
exactly one match. It was known that:

(i) There are at least two matches which end in a draw.
(ii) If two teams A and B played out a draw, every other team must defeat at least one of

A and B.

Show that one may write down these 20 teams in such an order that every team defeats the
team immediately behind it.

2. Suppose that a sequcncc a1,a2,... of positive real numbers satisfies

,,&+r ) E#;=T
for every positivc integer k. Prove that a1 I az * ...* an, ) n for every n ) 2

3. Given an acute-angled triangle ABC, points D,E,F are on BC,CA,AB respectively such
that AEF, BDF,C DE are acute-angled triangles whose orthocenters are P, Q, ,R respectively.
If the lines AP, BQ, C R are concurrent, show that the Iines D P, EQ, F R are also concurrent.

4. Determine all positive integers M for which the sequence aojo,r1a2t. . ., defined by as: ff
and 47.11 : a*lat) for /c : 0,1,2,. ' . , contains at least one integer term'

Time allclwed: 4 hours
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Day 1

5. Let ABCbeatrianglewithlC:90o,andletI/bethefootof thealtitudefromC. Apoint
D is chosen inside the triangle C BH so that CfI bisects AD. Let P be the intersection point
of the lines BD and C H. Let c.r be the semicircle with diameter BD that meets the segment
CB at an interior point. A line through P is tangent to o at Q. Prove that the lines CQ
and AD meet at a.r.

6. Let n be a positive integer. Two players A and B play a game in which they take turns
choosing positive integers k <. n. The rules of the game are:

(i) A player cannot choose a number that has been chosen by either player on any previous
turn.

(ii) A player cannot choose a number consecutive to any of those the player has already
chosen on any previous turn.

(iii) The game is a draw if all numbers have been chosen; otherwise the player who cannot
choose a number anymore loses the game.

The player A takes the first turn. Determine the outcome of the game, assuming that both
players use optimal strategies.

7. Suppose that 46, at, . . .and b6, br, . . . are two sequences of positive integers satisfying as, b6 )
2 and

an+t : gcd(ar, br,.) + 1, bn+r : lcm(arr, b.) - |
for all n ) 0. Prove that the sequence (ar) is eventually periodic; in other words, there exist
integers N > 0 and t > 0 such that arrl t : an for all n ) N.

Time allowed: 4.5 hours
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Day 2

8. Let rrarull., llt'llosilivt'irrtegr:r'ssrrc.hthirt alb! isarrrultipleof rr!*D!. I)rovet,hat3c>2b+2

9. Lt't rr be a fi-xt'<l positivt' integer. Firr<l t,lrt. rrraxirrnun possilrlc vrrltu'ol'

t (., - r'- tt).t:,..t'.,.
l(r'<s(2rr

wlrt.rc -1 (.r'i ( I frrr all i:1.2.....2rt.

10. Let S be a nonenrpty set of positive integers. We say that a positive integer n is clean if it
has a unique representation as a sum of an odd number of distinct elements from S. Prove
that there exist infinitely many positive itttegers that are not clean.

Tirnc allou,t'rl: -1.J-l ltottrs

\&
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National Team Selection Test

Day 0 (4 Hours)

1. 20 soccer teams participated in a round-robin tournanrent where every two teams played
exactly one match. It was known that:

(i) There are at least two matches which end in a draw.
(ii) If two teams A and B played out a draw, every other team must defeat at least one of

A and B.

SIrou't,lrirl orI('Illilv u'rilt'<krq'tr tlrcsr'20 tt'anrs in srrr'lr arr or'<lcr tha,l t'vt'r'y l,<ra.ru rl<'lilirl,s l,lrc
tr.irrrr irrrrru'rliat cll Irclrirrrl it.

llirrrg Ilailin

Solution. We first show that no tearn could have more than one draw. Suppose otherwise,
say A drew with B and C. By (ii), C must defeat either A or B. Hence, C defeats B. Notice
that this argument applies for B as well, i.e., B defeats C. This is impossible.
We call a sequence of teams At, A2, . . . , Ak a winning sequence if A1 is defeated by A2, A2 is
defeated by Ae,..., and.47.-1 is defeated by A*. Let A1,Az,...,Anbe the longest possible
winning sequencc one may have among all orderings of the teams.
lf n :20, nothing to prove. Now we assume n < 19. Corrsider team B which is not in this
longest winning sequence.

Case I: ,41 defeated B.
This is impossible because B,At,Az,...,A, givcs an even longer winning sequence, contra-
dicting our assumption on the maximality of n.
Case II: B defeated A1.

One sees that B cannot be defeated by Az. Otherwise, At, B, A2,..., A, gives an even longer
winning sequence. B cannot draw with .42 either. Otherwise, ,41 was defeated by both B
and A2, contradicting (ii). Hence, B must have defeated A2. By applying similar arguments
repeatedly, one sees that B must have defeated As,At,...,Ar..Now ,4'1, A2,...,A,r,.B gives
a longer winning sequence, a contradiction.
In conclusion, B and 41 played out a draw. This argument applies for any player B not in
the wiming sequence At, Az, . . . , An. Since A1 cannot have more than one draw, n : 19.

Consider the winning sequence At, Az,. . . , /rg where B played out a draw with -4r. Notice
that B cannot have any more draw.
If B defeated Az, he cannot be defeated by ,4t. Otherwise, At, Az, B, At, . . . , A, gives a longer
winning sequence. By applying similar argurnents repeatedly, B defeated At,At,...,Arc.
Now ,41, A2,...,Arc,8 gives a longer winning sequence, a contradiction. Hence, A2 rnust
have defeated B. Similarly, .4,3, Aa, . . .,.41e must have defeated B.
By (i), there exists another match where At, Aj played out a draw. Now B was defeated by
both At and Ai, acontradiction to (ii). In conclusion, nllg is impossible. This completes
the proof.

2. Suppose that a sequence a1,a2,... of positive real nurnbers satisfies

a*+t) 4:tr4
-Tr
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Irrl trvr.ry posit.ivc irrt,cgcr A:. I)r'ovrr t,lral, o1 + u..)+...1u,,, ) rr for'<'vtrr.v z ) 2.

SJrorl Ji.sl ll\lO 20 I rt

Solution. Iirorrr thc givt'rr irrt'rlllalitv

it can be seen that

Q,k:*l Q,A, Q,k

all(l so

(t k:* | Q,A:

StttrttrImiIlg1lI)tlreabovcittcr1ttalitvfrlrk

o/,-+r > u k?r
--^'-rr - ai+(k- 1)'

/ m .m-1\t_ I

\ rrr* | am, )
+ +...+

(1)

(2)

Norv wt-. lrr<lvc t,lrc prollk'rrr sl,at,r:rucrrt lr.y irr<htctiolI oll ?1. TIrc t:itsc rt : 2 <:u,tt ltt' <lttue lrv
applving (1) to l' : 1:

ut+u.))rr1tl>2.
(t I

Ftrr tlrc iu<lrr<:tiorr stt:p. trssrrrrrc that tlrt'st,a,t.r:rnr:trt is trttt'ltrr soutc rt )'2. If a,,11 ) 1, tlrt'rr
t,lrt' irr<luctiorr h.\,potlrcsis vicl<ls

(rr+...*an) +an*l >n+L

(ot + 1
* rtrr* I(lrr+l

ln
Q,nt*l

/rl/
(lrr*1 (Irr*l \

22

This completes the solution.

3. Given an acute-angled triangle ABC, points D,E,F are on BC,CA,AB respectively such
that AEF, BDF,C DE are acute-angled triangles whose orthocenters are P, Q, E respectively.
If the lines AP, BQ,CR are concurrent, show that the Iines DP, EQ, FR are also concurrent.

Wang Haibin

..1

E

l) l) (' D
Figure: 3bFigrrrc: lla
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National Team Selection Test

Solution. Let the lines AP, BQ,CR intersect at G. Suppose AG intersects EF at X, BG
intersects DF at Y and CG intersects DE at Z. Referring to the figure 3a, it is easy to see
that
EX2 + FY2 + DZ2 : EG2 + FG2 + DG2 - GX2 - GY2 - GZ2 : Fx2 + Dy2 + EZ2. G)

Hence,

AE2 + BF2 +CD2 : AX2 + BY2 +CZ2 - EX2 - FY2 - DZ2
: AX2 + BY2 + CZ2 - Fx2 - Dy2 - EZ2 bv (r)
: AF2 + BD2 +C82. (2)

Choose I{ such that DH is perpendicular to BC at D, and.E,I{ perpendicular to AC at E. See
figure 3b. We claim that FH is perpendicular AB at F. In fact, if we draw IfF' perpendicular
AB at F', we must have AE2 + BFt2 +CD2 : AH2 + BH2 +CH2 - EH2 - FH2 - DH2 :
AF'2 + BD2 + C,E2. Now (2) implies that F and I" coincide.
Now it is easy to see that DH ER and DH FQ are both parallelograms. Hence ER : DH :
FQ and ERll DH ll FQ, which implies that EFQR is also a parallelogram. It follows that
EQ and FrB bisect each other. Similarly, DP also passes through the midpoint of FR and
hence the conclusion.

Remark. This essentially an application of Carnot's lemma: Let Ay,B1 and Ct be points
in the interiors of the sides BC, CA and AB of a triangle ABC respectively. Then the
perpendiculars at the points Ar,Bt,C1 arc concurrent if and only if BA?- ArC2 +CB?-
B1A2 t AC? - C182 :0.

4. Determine all positive integers IVI for which the sequence ag,a1,a2t..., defined by ao:zAjl
and a;.11 : aklak) for k : 0,1,2,.. . , contains at least one integer term.

Shortlst IMO 2015

Solution. The answer is all integers M ) 2. Let's define b* : 2a* for all /c ) 0. Then

bk+t : 2a1r11 : 2a1"la1r) : Uol* ).
Since b6 is an integer, it follows that b6 is an integer for all k > 0.

Suppose the sequence ao,ar)a2t...does not contain any integer term. Then b;, must be an
odd integer for all k > 0, so that

bn(bn - 1)
(1)

2

Hence
L o bk(bk-L) , (br-3)(b*+2)bt+t-3:-T-3- .i-, (2)

forallk>0.
Suppose that b6 -3 > 0. Then equation (2) yields b*-3 ) 0 for all /c > 0. For each k 2 0,
define c7. to be the highest power of 2 that divides br - 3. Since b7, - 3 is even for all /c ) 0,
the number c7, is positive for every k > 0.

Note that h * 2 is an odd integer. Therefore, from equation (2), we have that c6a1 : ck - l.
Thus the sequence co1crjc2,... of positive integers is strictly decreasing, a contradiction. So,
bo - 3 ( 0, which implies that M : l.
For M: 1, we can check that the sequence is constant with a7, : I for all k > 0. Therefore,
the answer is M > 2.
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Day 1 t+.s Hours)

5. Let ABCbeatrianglewithlC:90o,andletIf bethefootofthealtitudefromC. Apoint
D is chosen inside the triangle CBH so that CIl bisects AD. Let P be the intersection point
of the lines BD and C H . Let a be the semicircle with diameter B D that meets the segment
C B at an interior point. A line through P is tangent to q.r at Q. Prove that the lines CQ
and AD meet at r,-r.

Shortlist IMO 2015

Solution.

H

Figure: 5

Let K be the projection of D onto AB; then AH : H K as in figure 5. Since PH is parallel
to DK, we have PD HK AH

f

A

u

l)/{

PB HB HB
Let ,L be the projection of Q onto DB. Sincc PQ is tangent to o and IDQB : IBLQ : 90o,
we have IPQD: IQBP: IDGL. Thcrefore, QD andQB are respectively the internal
and the external bisectors of IPQL. By the angle bisector theorem, we obtain

PD PQ PB

(1)

(2)

The rclations (1)

DL QL BL

PD DL
PB LB

Nzloreover, T
LAB and a

So the spiral similarity r centerred at B
sends the semicircle f with diameter AB
L )- D B, it follows that r(C) - Q.

24

?Ind scnding A to
passing throtrgh C tct u. Duc to C H
Hence the triangles ABD and CBQ are similar, so IADB : ICQB. This means that the
lines AD and CQ meet at some point T, and this point satisfies IBDT : IBQT. Therefore,
? lies on (r, as needed.

Remark. Since IBAD : IBCQ, the point ? lies on the cicumcircle f of the triangle ABC.

6. Let n be a positive integer. Two players A and B play a game in which they take turns
choosing positive integers le 1n. The rules of the game are:

(i) A player cannot choose a number that has been chosen by either player on any previous
turn.

(ii) A player cannot choose a number consecutive to any of those the player has already
chosen on any previous turn.

Mathematical Medley . Volum e 42 No. 1 August 201 6



National Team Selection

(iii) The game is a draw if all nurnbers have been chosen; otherwise the player who cannot
choose a number anymore loses the game.

The player A takes the first turn. Determine the outcome of the game, assuming that both
players use optimal strategies.

Shortlist IMO 2015

Solution. The game ends in a draw when rt, : 1,2,4,6; otherwise B wins.

For brevity, we denote bV ["] the set {1,2,... . n}.
Firstly, we show that B wins whenever n f 1,2;4,6. For this purpose, we provide a strategy
which guarantees that B can always make a move after A's move. and also guarantees that
the game does not cnd in a draw. We begin with an important observation.

Lemma. Suppose that B's first pick is n and that A has made the /ctl' move where k ) 2.
Then B can also make the kth move.

Proof. Let 5 be the set of the first k numbers chosen by .4. Note that n ( S. Since S does not
contain corrsecutive integers, we see that the set [n] \ 5 consists of /r "contiguous components"
if 1¤S, and k*l components otherwise. Since B haschosen only k- l nurnbers, there is
at least one conrponent of ["] \ S consisting of numbers not yet picked by B. Hence, B can
choose a number from this component.

We will now describe a winning strategy for B, when n + 1,2,4,6. By symmetry, we may
assume that A's first choice is a nurnber not.occeeding $. So B can pick the number n in
B's first turn. We now have two cases. !
Case 1. n i.s odd and n ) 3. Thc orrly way the game ends irr a draw is that .A cventually
picks all the odd nuurbers from the set [ru]. However, B htr,s already chosen n, so this cannot
happen. Thus B can continue to apply the lemma until A carrnot make a move.

Case 2. n is e'uen. artd n ) 8. Sincc B has picked rr, thc gamc is a draw orrly if A can
eventually choseu all the odd nurnbers frour the set [" - 1]. So B picks a nutnber frorn tlte sct
{1,3,5,. .. , n - 3} not already chosen }ry ,4, on B's seconrl rnove. This is possible sincc the
sct consists "f + ) 3 numbers and ,4 has choseu only 2 nrrrrrbcrs. Hereaftcr B <:an apply
the lernma urltil A cannot rnake a rlove
Hcnce in bottr cases , A loses.

We are left with the cases n: 1,2,4,6. The garne is trivially a draw when rr -- 1,2. When
n. : 4,.4 ha^s to first pick 1 to avoid losing. Similarly, B has to choose 4 a.s wcll. It then
follows that the game ends in a draw.
When n : 6, B gcts at least a draw by the lemma or by using a mirror strategy. On the
other hand, A nray also get at least a <lraw in the following way. In the first turn, A chooses
1. After B's response by a number b, ,4 finds a neighbor r: of b which differs fronr 1 and 2,
and reserves c for A's third move. Now .4 can make thc secorrd rnove by choosing a nurnber
different from 1, 2, c - l, c, c I l. Therefore A will not lose.

7. Suppose that a6, ar,. . . and b6, br, . . . are two sequences of positive integers satisfying os, bs )
2 and

an+t : gcd(a,, brr) + 1, bn+7 : lcm(ar, b") - |
for all n ) O. Prove that the sequence (a") is eventually periodic; in other worcls, there exist
integers N > 0 and t > 0 such that arrqt : anfor all n ) N.
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Solution. Let sr, : an* br. Notice that if anlbr, then arr11 : an* l,bn+t - bn- l and
sn*l : sr. So, o, increases by 1 and sn does not change until the first index is reached with
an I sn. Define

Wn: {m ¤Z2s I m> a, and *l ""} and wr: minW,.

Claim /. The sequence (tr.,") is non-increasing.

Proof. If. a"l br, then an*L: an*|. Due to dnl srr, we have an /Wn.Moreover, s2a1 : sn i
therefore, Wn+r: Wn and wn*t : LDn..

Otherwise, lf arr! brr, then anl srr, so o, ¤ Wn and thus trrr: on. W¤ show that an e Wnyl;
this implies that u)n+r I an : 't1)n. By the definition of Wna1, we need that an 2 an+t
and a* t sr+r . The first relation holds because of gcd(or., bn) I an. For the second relation,
observe that in sn*l : gcd(an,b") +lcm(an,bn), the second term is divisible by an, but the
fisrt term is not. So a, ls,,+r;that completes the proof of the claim.

Let w: rlinw, and let N be an index with tr.r - uN. Due to Claim 1, we have u)n: u) for
alln)N.
Let gn: gcd(tu,sr,). As we have seen, starting from an arbitrary index n ) N, the sequence
o.n,anjr,. .. increases by I until it reaches u.r, which is the first value not dividing sr; then it
drops to gcd(u.r, s") + 1 - gn * l.
Clai,m 2. The sequence (g") ir constant for n ) N.
Proof. lf.arrlbr.,thensn*l :srandhence gn*r:grr. Otherwisewehaveor:'u)n:11)t

s

gr:<l(rr,,. b,,) - gc<l(o,,..s,,) : gctl(rr'. s,,) : g,,.

srr+l : gc:<l(o,,.b,,)* I<'trt(c,,,1,,,) : tt,, +(!!l! : !J,, * rr'('s" - rr').
!J" !1"

attrl r7,,nr : gc(l(?r,,.s,,+l) : 1a"d(,,,. g,, lL--tt,,') : gr:cl(rr'. !1,,): !1,,\ ,,, ,/

Tlnrs tlrt'sc(lll('ll(:(' (.,1,,) i" cotrst,atrl f<rr rr ) Iy'.

Lct 17:.r7r. \\'r'lrin't'1lrovt'<l tlrat tlrt'st'<1tte'uct'(a,,) t'v'trtttallv t't'pcats tlrt'ftrllorvirtg <'r'r'lc:

.r7 * I ++ g * 2;+ . .. + rl r-+ t1 I l.
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Day 2 (4.sHours)

8. Letaandbbepositiveintegerssuchthata!b! isamultipleof o!+b!. Provethat3a>2b+2.
Shortfist INIO 2015

Solution. If a > b, we immediately get 3a > 2b + 2. In the case o : b, the required
inequality is equivalent to o ) 2, which can be checked easily since (o,b) : (1,1) does not
satisfy a! +b! lo!b!. We now assumea< b and denote c:b-a. The required inequality
becomes a) 2c*2.
Suppose, to the contrary that, that 6, 12c* 1. Define U : *.: (a* 1)(a+ 2)"'(a+c).
Sincea!+b! la!b! impliesthatl+l'IlalM,weobtainl+lvl la!. Notethatwemusthave
c<a; otherwise L+M > a!, whichis impossible. Weobservethat c! lIlsince M isa
product of consecutive integers. Thus gcd(l + M,cl): 1, which implies

l + M I q : (c+ 1)(c *2) - -. a.
I "! 

: (c+ 1)(c +2)"'a' (1)

If a( 2c, then;i isaproduct of.a-c(cintegersnot exceedingawhereas IvI isaproduct
of c integers exceeding a. Therefore, 1 + IrI > *. which is a contradiction.
It remains to exclude the case a : 2c* 1. Since a * | : 2(c* l),we have c * 1 | M. Hence,
wecandeduce from (1) that 1+XI l(c+2)(c+3)...a. Now (c+2)(c+3)...a is aproduct
of a- c-l: c integers not exceeding a; thus it is smaller than 1*I,1. Again, we arrive at
a contradiction.

9. Lt't n lre a fixr'<l positirt irrtt'gcr'. [rirr<1 tlrt'rrraxinurnr possibk'r'altto of

t (.'- r'- tr).t,..t'-./.

Short/ist II\IO 2015

Solution. I cl Z llc tlu'cxprt'ssion to lrc rrraxirnizt'<1. Siut'c this <'-xllrtssiorr is lin<.ar irr cvclv
valialrlc .r';. alrrl -l ( .r'i ( 1. tlu' rntrxirrlrrrr of Z will be a<'lricvcrl u'lr<'rr .r'l : -1 ol l.
'llrrrrcfr-rr<r. it srrfficcs to <:orrsi<lcr only tlrt'<'lsc wh<'n .r', ¤ {-1. 1} lor all r : 1,2.....2tr.
Irol i : 1.2.. ...2rr. u't' iutrochrt't' arrxiliirlr, r'arialrlcs

,,-+,_+,!li-2J'/J

-f^kiug s(lllilr'('s of lr,tlr si<les. *,<. lrir'e 
r'''l r- l* I

2rt
,)yi

r'- I r(s(i i(r<.s r(.j(s

(1)
r'(.s ( i i( r(s r( i (.s

where the last equality follows from the fact that r; ¤ {-1,1}. Notice that for every r < s,
tlre coefficient of rrr" irr (1) is 2 for each i : 1,....r - 1,.e... .,2n, a:nd this coefficient

2n* I2r'r"* t 2r'':L'' t 2r'r"'
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is -2 Iirr t'trc'lr I : /'......s - 1. 1'lris irrrlrlit,s rlrat tlrt. <'ot,lfic'icul ol .r',..r'. irr Ii=, yi i*
2(2rt -.s * r') - 2(.t - r') :-l(rr -.s * r'). 'flrt't't'16tt'. stttltttittll (l) firr i : 1.2.....'Ztt yicltls

'2tt

L,r?: [tt2+ t J(rr-s*r').r',.r'.:'!tr2- IZ. (2)
j=l l<ir'.: s(2rr

2rt

Ht,rrrt it strffit:t's 1o finrl tlrc trrirrirrlr,,,,,l f lli.
i- I

Sittc<r.r,,.¤ {-1,l}. rvc str t,lrlt, ry, is iul cvcrr irrlcgt'r. Irr :rrlrlition. lli - lli.-l : 2.r,i : t2.
irtt<l s<r i/;-1 anrl l/, ilI'c <rrtrsrttltivc t'r'r'rr intcgcrs [il' t'vt'r'r' i : '2.1\.....2n.. It firll<lrvs tlrl.t
lti-t + yi > 4. s'lrit'lr itrrplics lhitt

2tt tt

L, ri : ltuii , + v'1,) > ttr. (:])
r-l j-t

(lorrrlritrirrg (2) rrrrrl (it). w<'gct

'2tt

Irr<!yi-t,i-tz. (l)
i.. I

Herrt:r'Z (.rrQr - l).
If'rr,t's<'t .l'i : l Iirt'o<l<l irr<li<'t's i arrrl .r'; : -l Irlr cx'rr irr<li<'t's r]. tlrcrr ur,olltirirr r'<lrralitv irr
(3) (arul t,lnts itr (-l )). TIu'r't'lirrr.. tlrt.rrraxirrurrrr possiblc vllrrc of Z is rr(tr - 1). as <lt'sirtrl.

10. Lt't S lrt'it tr<ltt<'ttt1>t.r: st'l ol positir,r'itrtt'gt'rs. \\i'sav tlrirl a llosilivt'irrtcgt'r'rr is rlr:rll if il
ltas it ttttirqttt'rt'pxrsctttaliou irs ir sllln ol'atr o<l<l trturrlrt't'ol rlistitrt't ck,trrcrts ftotrr 5. I)l'ou'
t.lrat, tlrtrrt exist inlirritcl.\, 1,,,,r,r' positivc iutt'g<'r's llrirt ax' lol r'k,arr.

SJrolllisl ILtO 2015

Solution. Definc att odd (respectivcly, euert) rr:7rrr;sentati,ort of rr. to bc a rcprcscrrtatiorr of z
as a surn of an odd (respectively, cven) uurnber of distirrct clements of S. Lert Z>g denote thc
set of all positive iutegers.

Supposc, to thc cotrtrary, that thero exists onlv fiuitely urany positivc irrtegers tlrtrt arc nof
ck:an. Tlrureforc, thcrc exists tr positivtr irrtcgcr -|y' srrch that cvcry irrtcgcr rr, > ly' has cxtx:tl.y
one o<ld rcprt-'sctrttrtiotr. Ckrarly. ,S is irrfirritc. \dir rrow c:lairrr the fbllowirrg propurt.ics of o<l<l
a.ncl cvcrr rcprcscrrtntiorrs.
Prolrcr'tu 1. Any llositivc intcger z hiw rrt rrrost ouc <l<l<l arr<l irt rrrost olr() ovclr reprtrscntati<lrs.
Prrtof. r*Ic first show thtrt atery int,t:gt'r n has at urost orr(. ovcll rcprcscntatirur. Sincr ,9 is
infirrite. thcrc cxists.r ¤ ,S srxfi that .r' > rrrax{rr..A/}. Thcrr tlrt'rnurrbcr rr *.r rnust lrc
r:lcarr. tur<l r rlocs not aplx)iu'in irn\.'cven rcl)l'(-'strntatiorr of rr trs.r: > ?r. If rr has rrurre
than orx: overl rol)rcscntatiorrs, thcrr wc obtairr two distirx:t, orlcl rcprcscrrtations of rt * l: by
addirrg rr: to thc ovcrr rcprcscrrtatiorrs of ll, whir:h is irrrll<lssilllt:. Tlrcrcfore. ?r ('alr havt' at
rrrost orx.. even ropr(rscntatiorr. Sirrriltrrll'. thcrc <'xist trvo <listirr<:t elt'rru'rrts y.z ¤ S such that
'!),2 ) ruerx{n,N}. If n has urore thau orrc o<kl rel>rcscrr[atiorrs, thcrr wc olrtairr twcl distirrct
odrl rclrrt:scntatiorrs of rr, * 'y * z lw ul<lirrg y trrrrl : to thc orlrl rcprcscrrttltit-lrrs of rr. which is
trgain a r:ontraclictiorr.
Property 2. Fix .s ¤ S. Sullpose that, a ruuuJrc.r rr > .ly' has rro ovorr roprcscrrtat,ion. Tluln
rt. * 2us has an cvorr rcprcscrrttrtiou corrttrirrirrg .s for all intcgcrs a ) 1.
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Proof. It suffices to prove the following statemeut: If n has no even representatiott without
s, then rr, * 2s ha,s an even representation containing s (and hcnce no even representation
without s by Property 1).

Note that the odd representation of n * s does not contain s; otherwise, we have an even
representation of n without s. Then, aclding s to this odd representation of n. * s, we get
that n * 2s has an even representation containing s, as desired.

PropertA 3. Every sufficiently large integer has an even representation.

Proof. Fix any s ¤ S, and let r be an arbitrary clement in {1,2,...,2s}. Then, Property
2 implies that the set Z, : {r -l 2as I a 2 0} contains at urost one number excceding N
with rro even representation. (If both r*2a1s and r *2a2s > N with a2> ar ) 0 have no
even representation, then by Property 2, r *2a2s : (r +2a1.s) *2(a2 - rr)" has an even
representation containing s, a contradiction). Therefore, Z, cotrtains finitely many positive
integers with no even representation, and so does Z2s:l)?Lrzr.
In view of Properties 1 and 3, we may assume that N is chosett such that every r, > N has
exactly one odd and exactly one even representation. In particular, each elemertt.s ) N of S
has an even representation.

Property l. For any s,t ¤,9 with N < s ( t, the even representation of f contaitrs s.

Proof. Suppose the contrary. Then s * t ha^s at least two odd representations: one obtained
by adding s to the even representation of t and one obtained by adding t to the cverr repre-
sentation of s. Since the latter does not contain s, these two odd representations of s * t are
distinct, a contradiction.

Let s1 < s2 < ... be all the elements of S, and set o, : II':, s; for each positive integer n.
Fix an integer /c such that s6 ) N. Then, Property 4 implies that for every i > k, the even
representation of si contain all the numbers s/c, s/c+I,..., si-I. Thcrefore,

si :,st'*.r-A+t + "'+ si-t * Ri: oi-t - ol'-r * Il,. (1)

u'ltere 1?; is a sttut of solll('.,rt......)-1.-r. Itt llttrti<'ttlar.0 ( Iii S.tr + "'+,)-4.-r : oA.-1.

Let j11 lrciurirrtt:gcrsatisf.firrg.|r )A'aurlo.;,, )2o1.-1 . Tltt'tt(1)shori'stltat.f<rt'cvt'l't'i)io.

,s7+r 2 o.i - oA.-r > oi 12. (2)

Ncxt.lt't lt>.io trc att itulcx srt<'h that n,,:1,1)llIi;. Therr rrsirrg (l). rve ltavtr

'5r,+l : s1' *.s1.11 + "' +.sr-t * .s1, * Il1,+t : (.sp - Rr)*,p * R1t+t ) 2s1t.

Thereforc, therc is no clemcnt of ^9 larger than s, but smaller thtr,n 2.sr. It follows that the
even rcprescntation r of 2s, docs not contain any element largcr thtrn.sr. On thc other hand,
inequality (2) yields 2s, ) s1 + . . . + sp- 1r so r rnust contain a ternr largcr thail sp- r . Thus,
it must contain srr. After rernoving s, frorn r, we have that sp lta^s art odd represctrtation not
containirrg .sp, which contraclicts Property I sincc s,, itself also forms att odcl represetrtation
of sr.
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