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IMO 2015 Problems with Selected Solutions

Language : English

Day s

Friday, July 10. 2015

Problem 1. We say that a finite set § of points in the plane is balanced if, for any two different
points A and B in &, there is a point (" in § such that AC" = BC'. We say that S is centre-free if
for any three different points A, B and (" in S, there is no point P in § such that PA = PB = P(C'.

(a) Show that for all integers n > 3. there exists a balanced set consisting of n points.
(b) Determine all integers n > 3 for which there exists a balanced centre-free set consisting of n
points.

Problem 2. Determine all triples (a, b, ¢) of positive integers such that cach of the numbers
ab—c¢, bc—a, ca—>b

is a power of 2.

(A power of 2 is an integer of the form 2", where n is a non-negative integer.)

Problem 3. Let ABC be an acute triangle with AB > AC. Let I' be its circumcircle, H its
orthocentre, and F' the foot of the altitude from A. Let M be the midpoint of BC'. Let () be the

point on I' such that ZHQA = 90°, and let A" be the point on I' such that ZHK(Q = 90°. Assume
that the points A, B, (', K and () are all different, and lie on 1" in this order.

Prove that the circumecircles of triangles KQH and F'K A are tangent to cach other.

Handwritten solutions for Problem 1, 2 and 3 by SIMO Team members
can be found in the following pages.

Language: English Time: 4 hours and 30 minutes
Each problem s worth 7 points
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Language : English

Day g 2

Saturday, July 11, 2015

Problem 4. Triangle ABC' has circumcircle © and circumcentre O. A circle I with centre A
intersects the segment BC" at points D and £, such that B, D, E and (' are all different and lie
on line BC' in this order. Let ' and G be the points of intersection of I" and Q. such that A, F,
B, (' and G lie on © in this order. Let A be the second point of intersection of the circumcircle of
triangle BDF and the segment AB. Let L be the second point of intersection of the circumcircle of
triangle C'G'E and the segment C'A.

Suppose that the lines FFA and G L are different and intersect at the point X. Prove that X lies on

the line AO.

Problem 5. Let R be the set of real numbers. Determine all functions f: R — R satisfying the
equation

fle+ flx+y) + flay) v+ flr+y) +yf(r)

for all real numbers r and y.

Problem 6. The sequence a;.as. ... of integers satisfies the following conditions:
(i) 1 <a; <2015 forall j > 1
(i) A+ar #{+a,forall 1 <k < (.

Prove that there exist two positive integers b and N such that

n

> (a; —b)| < 10072

j=m+1

for all integers m and n satisfving n > m > N.

Language: English Time: 4 hours and 30 minutes

Each problem is worth 7 points
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Contestant : Sheldon Kieren Tan
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Contestant : Sheldon Kieren Tan
Problem 7 5
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Problem 6. The sequence ay, a,. ... of integers satisties the following conditions:
(i) 1< a; <2015 for all j > 1:
(1) k+ap #C+ap forall 1 <k < (.

Prove that there exist two positive integers b and N such that

n

> (a; —b)| < 10077

J=m+1
for all integers m and n satisfving n > m > N.

Solution 1. We visualize the set of positive integers as a sequence of points. For each n we
draw an arrow emerging from n that points to n + a,; so the length of this arrow is a,,. Due to
the condition that m + a,, # n+ a, for m # n, each positive integer receives at most one arrow.
There are some positive integers, such as 1, that receive no arrows; these will be referred to as
starting points in the sequel. When one starts at any of the starting points and keeps following
the arrows, one is led to an infinite path, called its ray, that visits a strictly increasing sequence
of positive integers. Since the length of any arrow is at most 2015, such a ray, say with starting
point s, meets every interval of the form [n.n + 2014] with n > s at least once.

Suppose for the sake of contradiction that there would be at least 2016 starting points.
Then we could take an integer n that is larger than the first 2016 starting points. But now the
interval [n,n + 2014] must be met by at least 2016 rays in distinct points, which is absurd. We
have thereby shown that the number b of starting points satisfies 1 < b < 2015. Let N denote
any integer that is larger than all starting points. We contend that b and N are as required.

To see this, let any two integers m and n with n > m > N be given. The sum ')‘]",,"U,u,

—
gives the total length of the arrows emerging from m + 1,.. .| n. Taken together, these arrows
form b subpaths of our rays, some of which may be empty. Now on each ray we look at
the first number that is larger than m; let z,... ., z, denote these numbers, and let ¥y, ...,y

enumerate in corresponding order the numbers defined similarly with respect to n. Then the
list of differences y, — x1,...,y, — ), consists of the lengths of these paths and possibly some
zeros corresponding to empty paths. Consequently, we obtain

n b
\ = N'(4: — ;)
2, =2,y i) 5
1=m+1 7=1
whence
n b b
g | Al \ =X & \
3 (ul—b):—,Y(u. 711)—\ (z; —m).
ld loed Y ned * Y
1=m+1 j=1 =1

Now each of the b rays meets the interval [m + 1,m + 2015] at some point and thus r, —

l m,...,3 tp, — m are b distinct members of the set {1,2,...,2015}. Moreover, since m + 1 is not a
( starting point, it must belong to some ray; so 1 has to appear among these numbers, wherefore
|
b-1 b b—1
o
- Y (1 = V i — < (% ) — b +
1+ 22U+ 1) < 2 (z; —m) < 1+ 2\2()10 b+7)
=1 =l J=1
The same argument applied to n and y,, .. ., Y yields
b-1 b b-1
¢ \_ | —\ ~
1+V(J+l)\<\~\/(’l/. —n)S;l«“(?()]hvhfy)_
d VAS 44 d s
g=1 i=l J=1
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So altogether we get

3 (e —b) < Y ((2016 — b+ 7) — (7 + 1)) = (b 1)(2015 — b)

lt=m+1 1=1

7

(b—1) + (2015 — b)\? )
/ ~ 10072,

as desired
Solution 2. Set s,, = n + a, for all positive integers n. By our assumptions, we have
n+1<s, <n+ 2015

for all n € Z.,. The members of the sequence s, s, ... are distinct. We shall investigate the
set

M = Zo\ {51, 52,

Clawm. At most 2015 numbers belong to M.
Proof. Otherwise let m; < my < -+ < magge be any 2016 distinct elements from A/. For
n = Mmoo We have
{s1,....8ppu{my,...,moe} € {1.2,...,n+ 2015},

where on the left-hand side we have a disjoint union containing altogether n + 2016 elements.
But the set on the right-hand side has only n + 2015 elements. This contradiction proves our
claim. O

Now we work towards proving that the positive integers b = |AM| and N = max (/) are as
required. Recall that we have just shown b < 2015.

Let us consider any integer 7 = N. As in the proof of the above claim, we see that
B, =Mu{s,...,S} (1)

is a subset of [1.7+2015] nZ with precisely b+ r elements. Due to the definitions of M and N,
we also know [1.7 + 1] nZ < B,. It follows that there is a set C, < {1,2,...,2014} with
|Cr| =b—1 and

B, = (IIAI‘ e l] 8 Z) V) {r +1+12 ’7 € ( ',.} . (2)

For any finite set of integers J we denote the sum of its elements by >’ J. Now the equations (1)
and (2) give rise to two ways of computing Y. B, and the comparison of both methods leads to

SM+Ysi=Ni+br+1)+> G,
Loned ed lod led
=] =1
or in other words to )
SYM+N@-b)=0+Y¢C,. (3)
A hed hd
t=1

After this preparation, we consider any two integers m and n with n > m > N. Plugging
7 =n and r = m into (3) and subtracting the estimates that result, we deduce

n

Y. (@

t=m+1

b =Y Ca-Y1Cn
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Since C,, and C,, are subsets of {1,2,...,2014} with |C,| = |C,,| = b— 1, it is clear that the
absolute value of the right-hand side of the above inequality attains its largest possible value if
either C,, = {1,2,...,b—1} and C,, = {2016 — b, . . ., 2014}, or the other way around. In these
two cases we have

5.~ N Cl = (b—1)(2015 — b)
d ld |

so in the general case we find

L | , b—1) + (2015 — b)\ 2
3 (a;, = b)| < (b~ 1)(2015 - b) < (( ) é 2 )> = 10072,
li=m+1 /

as desired.

Comment 1. The sets C;, may be visualized by means of the following process: Start with an empty
th

blackboard. For n > 1, the following happens during the n*""step. The number a, gets written on
the blackboard, then all numbers currently on the blackboard are decreased by 1, and finally all zeros
that have arisen get swept away.

It is not hard to see that the numbers present on the blackboard after n steps are distinct and
form the set C,,. Moreover, it is possible to complete a solution based on this idea.
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