
IMO 2015 Problems with Selected Solutions

I'\"irlu:t1 . ,l u,lq 1 0. 20 1 5

Problem 1. \\i' sav that a finitt' sct ,S of poirrts irr the 1>larrc is lxt,kntrt'i il'. Iirr arrv tu'o <lifli'retrt
lroitrts A atr<l B irr S. therc is a poitrt ('irr S sru'h that .4.('-- I3('. \\i's;n'lhat S is utfire-fnt: il
lor irtrv thrrrt'<lifli'rcttt poitrts ,,1. 1J atrrl ('irr S. tlrcrt'is uo lroitrl P irr S srt<'h that P.1 : PB : PC.

(:r) Sh<xv thitt Iilr all irrtt'gcrs rt ):1. llrcrt'r'rists a lralatr<'r'rl scl consisting ol' n poirtls.

(lr) Dct,r'rrrritrc irll inl,r'gcrs n ) ll firr rthir'Ir l.lrclc cxists a lralarr<'rvl cctrl rr'-fjtc sct, r:otrsistittg ol'rr
poirr( s.

Problem 2. Dctt'rrrrirrc all triplr.s Qt.lt.t'\ o['positivc irrtt'gcrs srrch lhul cat'h ol'llr<' rrrrrrrlrcrs

ttlt - t'. lx' - tt. ttt - lt

is a poutr ol'2.

(,.1 lxtrnt'r of '2 i.s tt.rt,'i.rtt,t:r1t't' t4l l.lu' .[orttt ')". rrhlrr tr 'i.s rt. tt.orr,-rt,t't1tr,l i.rtt' i.rr.l.t'r1t'r'.)

Problem 3. L<,t ABC b<r arr acrrtc triarrglc rvith AB > AC. Lct I'lrc its cir<'rrrru'ircle, H its
rrrtlr<r<'rrrrtrrr, arr<l .F the f<lot of tlu'irltitrrrk'lirlrrr A. Lct lll lrc tlu'rrri<lpoirrl, ol' BC. Lct Q be thc
1r<rirrt orr I sut:h that IHQA:90'. iur<l lct 1( lrc thc poirrt orr f su<:h t,htrt IHIiQ:90o. Assurrre
tlrat thrr lxrints A, B, C, 1r arr<l Q arc all rliflirrcnt. aurl lic orr I irr this orrlt'r.

Pr<rvc that tlur <:ir<:urnr:irr:lcs ol' triarrglcs IiQI1 arrrl F K AI arc tarrg('ut, to trach otlu'r.

Handwritten solutions for Problem \,2 and 3 by SIMO Team members
can be found in the following pages.

L(t,? t,(l'u,(t,(l (' : fit t,ql,'i,,sl t, 'l'itIl,t:: /, lt,olt,t',s urr,d ,'J0 Ttt,i,n,'ttte.,s

Ert,clt, problutt, 'i,,\ 'tiloTth, 7 po'i,'nts

Language : English
Day :l
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Language : English

S rt,t,tt,'t'tl,rt,'t1,,ltt,h1 I 1, il} I 5

Problem 4. Trianglr. ABC has <'ir<:rrrrr<'ir<:le O au<l cir<'rrur<'eutre O. A <'ir<'lo I rvith ccrrtre A
interst'r'ts the segment BC at poirrts D au<l E. srrch that B. D. .E anrl C are all <lifl'ereut arrcl lie
ou liuc BC irr this or<ler. Let F aurl G be thr' poirrts of irrtersection of f arr<l O. srrch that A. F,
B. C anrl G lic orr O in this order. Lct h lrc tlrt' st.r'oncl lloint of intersection of the t'ir<'tun<'ir<'k' of
triarrgle BDF ancl the segrneut AB. Lat I lrc the str,otr<l lloitrt of intersectiotr of the t:ircttrn<'ircle of
triarrgle CGE arrd the segnreut CA.

Srrpposc that the Iines FK an<l G,L are rlifft'rcut arrrl iutersect at t]re poirrt X. Pnrve that X lies orr
the liru' AO.

Problem 5. Lct IR bt'thc sct of rr,al rrulrrlrcrs. Dctt'rrttitrt'all litlrctions .l: R -+ IR srtislvitrg t,hc
<'<1rtatiotr

.l'(.r'+ .l'(.r'+ y)) + .l'(l'tt) : ,r-t ,l'(.r + !t) + y.l'(.()

firr all rcitl tttttrrlrcrs .r' aurl r7.

Problem 6. Tlrc sr'<pren<'(,o1.a2.... of irrtcgcls satisfics tlrc firllou'iug t'orrrlitiorrs:

(i) I < o; ( 201ir frrr all.i ) l:

(ii) I'+ u1. f ( a rt1 l'or all I ( i' < /.

Provc that tlrcrc cxist tmr lrositiu'irrtegcrs D arrrl .\'srr<'h that
n

t Qt,i - b)
J:rrl* I

ftlrallitttr,gtlrsII},all(lttsatisf.virrgn}ttt>

Ltt,t t,r1tt,u(l (' : E tt,r1l'i,sl t Tint,e: /, hou,r,s uwl !10 rn'inutes
Each problern, i,s uorth 7 poin,ts
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Problem 6. 'fhc strlrrcrrr'{'/l 1.o2.... ol'irrtcgr.l-s siltisfi('s tlrr, lirlLrrvitrg t'otrrlitiorrs

(i) 1< a, ( 2015 lirr lll j ) 1:

(ii) t'+ a^.+ ( *nr firr:rll i ( l;.- (.

[)Lorr,thul tlrcrc cxist trro lrosititr,irrtcgr,Ls b arrrl .\- srtt'lr tlr;rt

II

I ("'' -l')

I oi: Irui - ri)

J:?rl+ I

lirr all iutcg,r.rs rn arrtl n satisl\'iug n > rrr ) .'Y.

Solution 1. \\/e visualize the set of positive integers as a sequence of points. For each n we
draw an arrov!' emerging from n that points Lo n + aa: so the length of this arrclw is a,. Due to
the condition that ,r. + am + rt + a, for m * n, each positive integer receives at most one arro$'.
There are some positive integers, such as l, t.hat receive no arrows; these will be referred to as
starting points it the sequel. When one sterts at any of the starting points and keeps following
the arrows, <.rne is led to an infirritc patlr, callcd its rcy, that visits a strictly increasing sequence
of positive integers. Since the length of any arrow is at most 2015, such a ray. say with starting
point s, meets every interval of the form fn.n + 2014] with n) s at least once.

Suppose for the sake of contradiction that there would be at least 2016 starting points.
Then we could take an integer n that is larger than the first 2016 starting points. But now the
interval fn,n* 2014] must be met by at least 2016 ra1's in distinct points, which is absurd. We
have thereby shown that the number 6 of starting points satisfies I < b < 2015. Let N denote
any integer that is larger than all starting points. We contend that b and N are a^s required.

Tosee this, let any two integers m andn with n>m ) N begiven. Thesum !f=-*ra;
gives the total length of the arrows emerging from m + 1 , . . . , n. Taken together, these arrows
form b subpaths of our rays. some of which may be empty. Now on each ray we look at
the first number that is larger than m; Iet 11. ...,16 denote these numbers, and let Ar,...,Ua
enumerate in corresponding order the numbers defined similarly' with respect to n. Then the
list of differences /1 - xr,.. .,ao - ro consists of the lengths of these paths and possibly some
zeros corresponding to empty paths. Consequently, we obtain

7l

i:m*, , = I

whence

I (o,- b) : i{u, - nt - !(r, - m)
b

J:1

b

J:l

b-1

J:1

b-l

2:m+l

Now each of the b rays meets the interval [m + l,m + 2015] at some point and thus .r1 -ffi....,ra-rn are b distinct members of the set {1,2,...,2015}. I{oreover, since rn + 1 is not a
starting point, it must belong to some ray; so I has to appear among these numbers, wherefore

J:I J:I

The same argument applied to n and At, . . . , Aa yields

b-l b

b-r b

I

J: I J:I J=l
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So altogether we get

TIT/-)
:771* " I((2016- b+ i) - (; + 1)) : (b - 1)(2015 -b)(rn - b)

b-l

J=1

((b-1) +(2015-b) \
\2/ _ 10072

as desired.

Solution 2. Set sn: fl + o, for all positile integers n. Bv our usumptions. we have

n+l(.sr(n+2015
for all n e Zro.The members of the sequence sr,s2,... are distinct. \dle shall investigate the
set

ll = Z,o \ {r,, rz, . .} .

Clatm. At most 2015 numbers belong to t\l.

n : trtzorc we have

{r,.....s,} u {-,....,nrzoro} q t1.2, ...,n + 2015},

where on the left-hand side we have a disjoint union containing altogether n + 2016 elements.
But the set on the right-hand side has only n + 2015 elements. This contradiction proves our
claim. tr

Now we work towards proving that the positive integers b : lA| and N : max(ir') are as
required. Recall that we have just shown b < 2015.

Let us consider any integer r 2 N . As in the proof of the above claim, we see that

B,= M v{s1,...,s,} (1)

is a subset of [1. r + 2015] aZ with precisely b + r elements. Due to the definitions of &/ and N,
we also know [1.r + 1] n Z g 8,. lt follows that there is a set G g {t,2,...,2014} with
lC,l=b-land 4 = ([r,r + I] n V.)v lr + I + clxeC,l (2)

For any finite set of iutegei's ./ we denote the sum of its elements by I J. Now the equations (1)
and (2) give rise to two ways of computing ! B, and the comparison of both methods leads to

!lt+!',:Ii+b(r+1)*IG
r=l

or in other words to r

E**!{o'-b) :b+lc" (3)
i_ I

After this preparation, we consider any two integers m and n with n > rn ) N. Plugging
?' : n and r : m into (3) and subtracting the estimates that result, we deduce

n

I (r,- b) : I cn-Zc^
i:mf I
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Since C" and C- are subsets of {1,2,...,20f4} with lC"l = lC*l: b- 1, it is clear that the
absolute value of the right-hand side of the above inequality attains its largest possible value if
either C-: {1,2,...,b- 1} and C": {2016 -b,...,20L41, ortheotherwayaround. In these
two cases we have

ll* - Ir-l : (6 - 1)(2015 - b)'

so in the general case we find

( tu - 1) + (2015 - b) \tz/
2

I (o,- b) - 10072 ,

i:m* I

as desired.

Comment 1. The sets C. may be visualized by means of the following process: Start with an empty
blackboard. For n 21, the following happens during the nthstep. The number an gets written on
the blackboard, then all numbers currently on the blackboard are decreased by 1, and finally all zeros
that have arisen get swept away.

It is not hard to see that the numbers present on the blackboard after n steps are distinct and
form the set Ca. Moreover. it is possible to complete a solution based on this idea.
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