
A Problem on Egyptian Fractions
Tay Eng Guan and Toh Pee Choon

EcvptteN FRACTToNS.

The ancient Egyptians used only fractions with unit nurnerator. Thus.
instead of writing f , they would ,re | + |'instead. Sirnilarly, fr would be
expressed a^t | + i + *! but in their <;wn hieroglyphs, of cortrse.

This expression of fractiorrs as sunls of Egyptian fractions can Lre quite
practical even today. Suppose 11 friends bought 7 loaves of bread atrd want
to share them equally. That would rnean fr each. One could cut every loaf
into 11 equal slices and give each frierrd 7 slices. If each loaf were tr cuboid
and each slice has equal cross-section, this would take 70 cuts. Catt we do
it with fewer cuts? If we express fr : i + i + f;, th"u this can tratrslate
into cutting the 7 loaves ittto halves first, followed by cutting 3 halves into
eighths (of a whole), and endirrg with cutting one eighth into eighty-eighths.
Each person now gets a half, an eighth and art eighty-eighth of a loaf. The
number of cuts is 7* 9 * 10 : 26.

Quite some work has been done on Egyptiarr fractiotrs (you rtrtry refer
to the excellent website [2]). For exanrple, it has been provecl that each
fraction can always be written as surrrs of Egyptian fractions and that there
are an infinite nunrber of ways of doing so. New results concernittg Egyptian
fractions continue to appear [1]. In this paper, we are intereste<l in the
number of ways an Egyptian fraction can itself be represented as tlte sunr
of two other Egyptian fractions.

Clessrpvrtrc soLUTroNS To ] es e sulvl oF rwo EcvprIAN FRACTIoNs.

Let r,U,n ¤ Z+,, * g and a,ssulne that gcd(r,y,n) : l. We wish to
classify all solutions to the equation

111l-
t-ryn

Since I a rrl, *" have y ) n and we can write g : rl*/c for some /c > 0
So

1 : 1 - -+- I 11(71.1 A:) - .r:A,..l' n n+h:
Let gt:rl(rr.l') : d. att<l wt'itt' rt : dr itttrl l': r/,s u'ltt'rt'gt'<l(r'.'s) : l. \\i'

frrrther obscrve thrrt rl Iy arul so gt'<l(r1..1') : l.

Drt,lt': I I I)cct'tttlrt't'20 I5
I
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Orrr' <'<lrrati<lrr lrrxv sinrplifit's t<r

tlr(r *.t) : .,'.t.

Bv Errclitl's Lt'tuttta. sirrct'gctl(r/..,') : l. ut hirrr'11 l.s. Sirrrilrrrlr'. r'l.r'
tutrrl (r'*.s) | .r'. J-ltis rrr<ratrs llritt rvc lravt'tlu' firlkrwirrg trlrratiorrs

.r' : r.(r. 1.s) arr<l s : r/.

hr otlrcr nor'<ls. tlrc origirral rrlrraliorr <'itrr llc u'r'itlt'rr as
llt

(t + ,1) + ,t1, a ,4 : nl' tvltt't't' gt:<l(r" rl) : 1'

Nt'ltnr.:tt ()lf Iu.tt,Rlist.;\'t,\'t'toNS <lt. f ,ts .\ srlt ot."l'\\'o E(;\'t,t't,\N
,. ,, ,r, ",',,1'*,. .

\\i'slrrrll l)r'o\'(\ olll'ttttritt rt'sttlt rvitlr tlrc lu'lp ol'tlrc lollou'irrg turl k.rrrurirs.

Lemma l. h't,,:1il'1t'.)t...tii;' bc lht ltrirrtt'.fttr'tutri.sotiorr o.f lhr'1xtsiti t,r,
'itttr:rtt'r'tr. Lr'l * : + + !,. ult,"rr' .t'.y e Z*.., * y. I.[ g<.<l(t..!t.rr):7. tltrrt,
t.lrc tt.rt,rn.lx'r' o.l' .sutlt. rt'Ttrtst'rr.l.oli.ort.s i,s 2A' | .

l'nn.l'. Il'gt:rl(.r'. ll.rt) : l. tlr<'rr lrv tlrt'<'litssifi<:atiou ulr<lv<'. llre rnrrrrlrcr of
sttt'lt t't'pt'<'settlitti<ltts is tlr<'rrtttull<'t'ol'u'avs ol'exprt'ssirrlr,- ,r ils tlrt'1tro<ltr<.t
ol'turr <'tlllrittt<'ftr<'tot's t'itttrl 11. 'fhis is tlrt,nrrrrrllcr ol u'iu's ol'<lit.i<lirrg
l: <listittct olr.itrts (tlrt'A'rlistirrcl pritrrt:s) into 2 i<lcrrtit'al lroxt's. wht.rt.tlrc
b<l-xt's trrav lrc irlkxve<l lo llr'<'rrrptr'. i.r'. 2t-l n'tn's. tr
Lemma 2. Lct *:,1 *). tuhur'.t'.ye Z*.r'f y. Il'g<,<l(.r.!J.n):d.t,lxtr,
tlrt'ttrt,rrrh'r'o.fsu.r'lt ru'ltrrst'rttrr.l ions is thr rrurrrber of rr'7tru'sr:rtttttiort.s o.l'

1_lrl
,rt - .r't ' ,rt'

'rult,t:,tr: ,,' : 1. .{ : i. tt' : f; otul, gr'<l(.r.'. r/.rt') - l.
Tlreorerrr 3. Lr:|. rt : l)'i'l,'.'r.' ...1ii,.^ fu l.ltt'1u"i,rrr.e.l'o,t,t.or"i.so,l.i.ort. o.l't,lu:7to.s,i.t.,i,ur:
irl|rqrr rr. Lcl * : *1 * ). trltr rr' .t'.ll ¤Z*.., * y. Tlu,totrrl rntnilxl.o.l'srlt:h,
ru'1ttt'st'tt t rt t i rsr t s i s

$r, I \-
7' t. .i,..i2....-.,,.,,^." "(t 

i" " '(t i '

Prun.f. Bv Lt'tttttta 2. st t'ittt rlivirlt' itrto cirsr.s llr'<'ousi<lerirrg tlre rurrnlrer of
rt'lrrcscrrtirliorrs ol' ,L: ,! * ). u'lrcrt, n' :4 irn<l gc.<l(.r'l. llt.t/):1.

Lct. i lrc tlu. ruutrlrcr ol'<listirr<'t plirrres <livi<lirrg rr'. Srrpposc
t 1,,, lt,. 1,,rr' : l,ti'1,,1.,'. ltl u'lrct'r'I (.ir < .h<...<.1; ( A'

trrrrl for <'ar:h r h'orrr I to i. | ( bi, ( o;,. Ilv Lcrnrrra l. th<' nrrrullcr
of' l'el)r(!s('llttrlious is 2'-1. 'l'lr,' lotul rlrrrrlrt.r' of possilllt. r'lroic'es f<rr rr' is
(t.jt(t.j". . . rr.;, fil' tlris st't of i plittr<'s. 'I'lurs tlro nrrrrrlrt'r' of lt'prt'sctrttrti<lrs is
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2i-rairair...ajo.summing across all possible combinations of i primes, we
have that the total number of representations when there are e primes is

zi-r t ahaiz...ain.
1(jr <jz<"'<j;(&

Finally, we sum across all i to obtain the total number of representations
as

nL--'n-'rar,.rIr-.. i,<r 
i'oi' ' ' 'ain'

tr
We conclude with two examples to illustrate the main result.

Example 4. If n : pi'p|'pts where pi are distinct primes, then the total
number of representations of f, as a surn of two Egypti,an fractions i's

4a1a2a3 * 2(ap2 * alas I a2a3) * ar + az * as.

Example 5. If n: p2e, where p and q are distinct pri,mes, then there are
7 distinct representations of ! as a sum of two Egyptian fractions. These
are listed in the table below, arranged by possi,ble diaisors of n.

d, 2i-r -+-r
1 2

I II
1+ p2q '

1
p2q(1 + pzq)

1

p2 (p2 + q)
I' q(p2 + q)

p 2
I

MT
1

I
p2q(tr* pq)

ffit + eilp+q)
p' 1

1to'n*6+ffi
(l 1

1 I
q(L + p2) + p2q(1 + p2)

pq 1
IIffi+6

p'q 0

RBpBRpNcrs
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