
Singapore International Mathematical Olympiad 2015
National Team Selection Test

Day 0

1. Let O and G denote the circumcentre and the centroid of the triangle ABC
respectively. Let the perpendicular bisectors of AG,BG,CG intersect mu-
tually at D,E, r, respectively. Show that O is the centroid of the triangle
DEF.

2. Let n be a positive integer. Suppose there are n coins with values $1, $2, $3,
.. ., $n. Person A arranges the coins in a straight line. Thereafter, Person
A and Person B alternatively take one coin from one of the ends of the
straight line with Person B starting first until all the coins are exhausted.
Suppose both Person A and Person B are equally intelligent and both want
to maximize the amount of money they can take. Determine who will take
more money and by how much.

3. Let n be an odd positive integer greater than 3. Let k denote the least
positive integer such that kn*I is a perfect square and m the least positive
integer such that mn is a perfect square. Prove that n, is a prime number
if and only if k > Z and m, > f,.

4. The sequence (ar,)r11 of natural numbers satisfies the following relatiorr:

an+2: lz:-*' I I 2a" I

L ;) * Lr"-l '

where [r.] is the greatest integer that is less than or equal to r. Prove that
there exists a natural number rn such that anr:4 and am+r: {3,4}.

Tirne allowecl: ,l ltottt's
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Day 2

8. Let n points be given inside a rectangle .R such that no two of them lie on
a line parallel to one of the sides of ,8. The rectangle R is to be clissectecl
into smaller rectangles with sides parallel to the sides of R in such a way
that none of these rectangles contains any of the given points in its interior.
Prove that we have to dissect .B into at least n * 7 smaller rectangles.

9. Define the fitnction I : (0. 1) + (0, 1) bl

f (*) - {
T + -L

2
1
2
1,,'f-

Let a and b be two real numbers such that 0 < a < b < 1. We define the
sequences an arrd bn by a0 : a,bo : b, and nr, : f (a^-t), bn : f (b",-1) for
n > 0. Show that there exists a positive integer n such that

(on - an-t)(bn - b,"-t) < 0.

10. Find all triples (p,r,y) consisting of a prime number p and two positive
integers r and y such that rp-r * y and r * yn-t are both powers of p.

Titttt' allt)\\'(''(l: 1.5 ltottt's
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Solutions to National Team Selection Test 2OL5

1. Let O and G denote the circumcentre and the centroid of the triangle ABC
respectively. Let the pqrpendicular bisectors of AG,BG,CG intersect mu-
tually at D,.8, F respeftivety. Show that O is the centroid of the triangle
DEF.
Solution. Refer to the [r*ur" below. It is easy to show that D,.E, F are the
circumcentres of the trilangles BCG, ACG, ABG respectively. Let N, M, L
be the midpoints of Ap, AC, BC respectively. It is easy to see that the
lines D,L, EM,FN intersect al O. Let DL extended intersects EF at P.
It suffices to show thatlP is the midpoint of EF.

A

I)

D

Let AG intersect EF 1,at Q. Then A,E,M,Q are concyclic arrd hence
ICAL : IOEP. Sirnillarly, C, L,O, hf are concyclic and IACL : IEOP.
It follows that the trianpiles AC L and EO P are similar and hence, E P IAL :
OPICL. Similarly, the triangles ABL ancl FOP are similar and we have
FPIAL: OPIBL $ince BL: CI, these two equations imply that
EP : FP. This completes the proof.

2. Let n be a positive inte$er. Suppose there are n coins with values $1, $2, $3,
..., $r. Person A arrar]Bes the coins in a straight line. Thereafter, Person
A and Person B alterriatively take one coin from one of the ends of the
straight line with Persln B starting first until all the coins are exhausted.
Suppose both Person ,4land Person B are equally intelligent and both want
to maximize the amoun]t of money they can take. Determine who will take
more money and bv hod, much.

Solution. Label the plsitions of the coins as 1,2,3,.. . )n-
Case 1: n:2rn * 1 is ddd.
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When n: l, obviously Person B gains $1 over Person A. Let n:2m*L )
1. Persbn A can always force Person B to take coins from the odd positions
by taking coins from even positious at every step. So he will arrange coins
with values $1, $2, . . . , $(- + 1) in the odd positions and coins with values
$(m + 2), $(m + 3),. . . ,$(2m * 1) at the even positions.

Hence wealth of person A less wealth of person g : (2m + l)(rn+ 1) _
(m+t)(m+2):m2-1.
That is, Person A will have the winning strategv for all odd values of n > 3
with a gain of m2 -L over Person B. When n:3, the coins will be arranged
as $1, $3, $2, and both of them will collect the same amount of cash.

Case 2: n :2m is even.

Person B can always force Person A to take all the coins from the odd
positions by taking coins from even positions at every step, or Person B
can force Person A to take all coins from the even positions by taking coins
from odd positions at every step.

Let Person A arranges the coins in the order: $or, $br,. . . , $or,,, $b-.
ff Dlrat. ) D'i\rb;, Person B will force Person A to take all the coins
wittr values b1's in the even positions. It DZrbu > DTra;, Person B will
force Person A to take all the coins with values o1's in the odd positions.

Since DT!-r", +Dlrbr : @P, Person A can take at most half of the
sum.

When n : 0 (mod 4), Person A will arrange the coins in the following
order:

Then A and B take equal amount of the sum of the coins.

When n : 2 (mod 4), Person A will arrange the coins in the following
order:

$1,$3,$5,$7,...,$n - 5,$n - 3,$n - 1,$n. $n - 2,$n - 4,...,$8,$6,$4,$2

In this case, Person B gains $1 over Person A.

3. Let n be an odd positive integer greater than 3. Let k denote the least
positive integer such that kn*l is a perfect square and m the least positive
integer such that mn is a perfect square. Prove that n is a prime number
if and only if k > i and m > ft.
Solution. If. n: p is a prime number, then rn : p so it is clear that m > i.
For k we have kp: (A - t)(g * 1), so

y -l : kr,U +l : kzp or y - L : krp,y *l : k2.
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tlrere are rro perfect squares betweerr p2 and p2 + 4.

t Inrs

rnlrrrlrt'r' gr'('irtt'r' tlrrrrr I srrr'h tlra t f - 1 is <livisilrlc

the forrn p, - 'pr , where p - pt for sorne ,i, and T'

rcrtttainingPj,forj*,i.SirrcenisC:OIIIpositer>

doesnotexistanoclclCompositertttnrberTl,>

llrirII(' lllurrllcrs. C'k'irrl\'. nt : l)t . . . l),, irlr(l u'r' llir\'('

r') and T - - 1 (rnod p). Now consider the nurnber
- -1 (mod 'r) and .S - 1 (rnod p) so 7z - 5z - 1

and .9 are canclidates for :U. Clearly, orre of thenr is
ir ('olrt rtt< lict iotr

of ttatural tttttttbers satisfies the following relatiorr:

integer that is less than or equal to 'r:. Prove that
number rrl such that arn: 4 and anr*l : {3, 4}.

| ,r,, -,

a, for sorr]e n ¤ N. If ar,, - max{or,,an+L}, t}rett
Irtrncl,
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anql,an)J +y<+
*::.,: [+l . L*] s 1+ T s? ++ : an

Now if an+2 ) max{o,,, an+L} : an, the above inequalities will be equalities
and thus an : dn+L: 3 which contradicts our assumption that an * an+r.
The case where an+L: max{o,r, an+r} is dealt with similarly.

Lastlr'. ut c'lainr that tlrcle is sonrt. tttrtttt'ttl tttttttllt't'A'srtc'h tlttrt rr1.: (IA.+1.

Sullllost' ttot. Thctt fi'orn tlrt' itlrovt'. u-t' Itat<'

(1111;.2 l tttttx{rt,,. (1,, ll }.

tut<l
(1111:t ( tttttx{rt,,11.(Ir+2i < rrrtrx{rt,,.(1111 1}.

Th<'rt'fblt'.
ntttx{rt,,12. 4,11:t} < tttax{rt,,. (I,,+l }.

TIrrrs rrra,x{{t,.21..tl21.a1 } is tr stlictlr. <lcclr.tr,sitrg s()(lll('ll('() of tttttttral tttttttlrttrs.
u'hich is itrrl>ossiblt'.

Therefore there exists some natural number k > I such that ak : ak+r.
This impli¤s o612:4. Now if os. - ak+r: {3,4}, then a6..3 ¤ {3,4} and
we are done. If not, then a6 : ak+r > 4, and there exists some natural
number m such that apa,n: ak+m+r. Using a similar argument to above,
we have if rn is odd,

A*+t : max{ot +t, AX+Z : 4}

If rn is even,

0/.+t : maX{4111 ,AX+Z: 4}

Therefore, if two equal consecutive terms in the sequence are greater than
4, then there is another pair of equal consecutive terms in the sequence with
a smaller value. We can continue this until we find two equal consecutive
terms which are less than or equal to 4. This completes the proof as the
next terms after the pair are 4,3 or 4, 4.

For each n, determine the largest positive integer that cannot be written as
the sum of one or more (not necessarily distinct) elements of. An.

Solution. Ans: (n - 2)2" + l.
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2

B.y irrr lttr;tiott l,.r.'llot

T- (2"-r

giving us the desired

If rn is odd, consider

m- (2 1)
2

By inchrctiorr

,2

m- (2" - 2k +

giving us the desired

Part 2. It rernains to
Note that (n, 2)2
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that every integer greater (n 2)2 + 1 carr be
. This is achievecl bv induc:tion on n . For Tt, - 2.
two elenrerrts 2 and 3. Evcr\r positive intcger Tn,

rrs tlrc surrr of elements of A,, irr this casc:
tf nt, is even, and as ?n,-3+ 2+2+... +2tf rrt is

+2

tlrcre is rr rc)l)rescrrtatiorr of the fonrr

tIS a sllrrr of elerncrrts of 4,,

2

, there is ?l rcl)rcscntatiorr of the forrrr

(2"-l - 2k') + (2"-l - zkr) +... + (2"-1 - 2k,')

tiorr c>f rrt orrce trgain.

tlrtrt therc is rro rcprcsentation for (r, - 2)2" + 1

1 - 1 (nrod 2"). Let ,A/ be the smallest positive: 1 (mocl 2"), ancl which can be represented as a
Consider a representation of .A/, i.e.,

, kr- kj for sonle i + i. If k;- kj: n 1, then we
tu'o tcrrrrs to get ?r t'el)t'(''sentutiorr for

,Ar - 2(2", - 2"-1) - ,Ar - 2"
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irs A slurr of elcrrrerrts of --1,,. u'hich t'orrtrtulicts orrr clroic'r. o1'^\:. If A'; : A'; :
A: < tt - 1. rcpltr:e tlrc tlvo terrrrs lN 2" - 2A+1. whit'h is trlso tur elcrrrcrrt of
4,,. to gt't tr rt.llrest.rrtrrtiorr for

\- - 2(2" - Z^) + 1rt - '14+I : -\- - 2".

This is a cotrtra<lic:tiorr c-rru't. trgain to thc rrriuirrralitv of -\'. Tlrt'rt'fox'. all A';

ha,vc to Jrt.<listirrct. whit'h rrrcturs that
,ZA' +.24, +...+.ZA', < 20+2r +.22 +...+.J,,-t _.2tt _ 1.

Onc thc other lrtuxl. takirrg (5.1)ruorlukr 2". s,t'fiurl that

'24' +'24'+...+24' - -A/'- -[ (rrurcl 2").

Tlrrrs we rrurst lrtrvc 2t' + 2A't + ...+ 2l,' :2" - 1. rvhic:h is orrlr' ltossilrk' if
t'trc'h cletut.rrt of' {0. 1..... /r - 1} oc'c'rrrs rrs orr(\ of'tlu' A';. This gives rrs

JI: /?2" - (2"+21 + ...+2"-t): (n - 1)2" + 1.

Irr 1>arti<'rrlar'. this nr('rlrrs that (rr -2)'2" f I ctrrruot l-rr'r'eprt.sentt'<l irs rl sllrrr
of erkrrrrents of .r1,,.

6. Let O and O be the circumcircle and the circumcentre of an acute-anglecl
triangle ABC with AB > BC. The angle bisector of IABC intersects Q
at M I B. Let f be the circle with diarneter BM. The angle bisectors of
IAOB and IBOC intersect f at points P and Q, respectively. The point
.B is chosen on the line PQ so that BR: Il,I R. Prove that BR.ll AC.
Solution. Let K be the rnidpoint of BIll, i.e., the centre of f. Notice
that AB + BC implies that K I O. Clearly, the lines O,4.f and OK are
perpendicular bisectors of AC and III B, respectively. Therefore -R is the
intersectiorr of the lines PQ and OI{.
Let I[ be the second poirrt of intersectiorr of f witlr the line OLf. Since
BLI is a diameter of f, the lirres BN a:nd, AC are both perpendicular to
OM. Hence Blf ll AC, and it suffices to prove that B.A/ passes through
.R. Our plan for doing this is to interpret the lines BN,OI{ a:nd PQ as the
radical axes of three appropriate circles.
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points t/ and K lie
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of BC ancl AB, respectively. Clearlv, D
arrrl O P, respectively. B.y our assullrptiorrs about

points B , E, O, K and D lie in this order on a
- IEBK - ll{BD - IKOD, so t}re line I{O

Since the point K is the centre of f, it also lies
of PQ. So I{ coincicles wit}t the rniclpoirtt of

1 of the triangle POQ
and PQ are pairwise radical axes of the circles a,1

concurrent at R, as required.

, . , frn of real numbers, we define its price as

ffffil.r: r+"'*;r:;1.

Dave and George want to arrallge them irrto a se-
Diligent Dave checks all possible ways and finds

price D. Greedy George, on the other hand, chooses
srnall as possible; amollg the rentaining nunrbers, he
lrr * rzl it as surall as possible, arrd so on. Thus in

xi.i arrrong the renraining ntrmbers so as to nrinir\rze
+ . . . + *,1. In each step, if several nunrbers provide

chooses one at randorn. Finally he gets a sequel)ce

constant c strch that for every positive intelger n, for
nurnbers, and for every possible seqtlence Geclrge
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Solution. Ans: c: 2.

If the initial numbers are 1, -1,2 and -2, then Dave may arrange them as
L,-2,2,-L, while George may get the sequence 1, -1,2,-2, resulting in
D:l andG:2. Soweobtain c)2.
Therefore, it remains to prove that G < 2D. Let r1,t2,...,e, be the
numbers Dave and George have at their disposal. Assume that Dave and
George arrange them into sequences d1 ,d2,. .. , d, and gt,g2,. . . ,gn, respec-
tively. Put

-iI : rrri!\, l.t',1. ,S : I.r'r * ...*.r',,1. ancl -\' : ltrax{i/. S}

\\r' <'lairn thtrt
S < D.

.\t <'2D.
G<-\':urax{-11.5'}.

Tht.s<. iru'<lrrrlitit's yit'ld tho <lt'silt'<l t.stirtlatc. rrs

G ( rrrax{,11.,9} ( rnax{,1.I.25} <2D.

(7 1)

(7 2)

(7 3)

The inequality (7.1) is a direct consequence of the definition of the price.

To prove (7.2), consider an index i with ldnl : M. Then we have

as rcrlrrix'rl.
It rtrrrra,irrs t,o r:stablish (7.3). Prrt /r; : !)t * !l.t*...* lli. \\i' lvill ;n'ovt'lx,'
ituhtctiott ott r tltat l/,,1 <.\'. Tlu'lrast.r'usr.i:1 lurkls. sirr<'r. l/r1l : ly,l S
11 < I. Noticc ttlso that lh,,l: S < -\'.
Ii;r tlre irrdrrctiorr stt'p. trssurru' tlrat l/,,-,1 S lI. \\i' rlistingrrislr tnrr ('asr.s.

Cost' 1. Assrnnr th,ut rxt ttto o.l'th.e rt.rr,tnlx:l's !li.!l;+l..... 11,, ltu't,t' oTtTtositc
s i,q ns.

\\'ithorrt loss of gcrrt'r'alitr'. \\'(. lnrl\- irssllnl(. tlrat thct' ir,rc all rrorrrrcgtrtivc.
Tlrt'rr otrr. hirs h;-1 ( lt;1...{ 1,,,. tlnrs

l/,,1 < rnax{l/r; ,l.l/,,,1} < .\-.

Case 2. Among the numbers gt, gt+r, . . . , gn there are posi,t'iue and negatiae
orLes
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Then there exists
of George's sequellce

llr,l - llro-,

TInrs. thc irrclll(:t,iott

8. Let TL points lte given
a line parallel to orre
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ttrat rlone of these rect
Prove that we have to
Solution 1. Let k: be
of all pc-rirtts that are
irrto tlrrec clisioint su

o A, which
of which is the

o B " which
CONIII]OII

o C, which
corrrer (

corner (crossings

We dettote the IrttIII
Iry c. Since eaclt of

Each <-rf the rr, givett
(lxrt not of' tlrc
trklrg llot'rlt'rs
T-junctions. Note
orre such segntent
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have

is esttrblishecl

a rectangle. R such that no two of them lie on
the sides of R. The rectangle R, is to be dissected

with sides parallel to the sides of R irr such a way
('olrtairrs rur\. of' tlrc gir'('lI lloittts irr its itttcrrior.

R, into at least n * 1 smaller rectatrgles.

nurrrber of rectatrgles in the dissection. The set
of exactly one of the rectatrgles can be divided

of the four corners of ttre original rectangle R,, each
of exactly orre of the snraller rectangles,

points where exactly two of ttre rectangles ltave a
lrII('t iotrs rlsi irr Figure 8. 1 )

points where fclur of the rectangles have a colnltlon
in Figtrre 8.1).

F igrrrc t'l. l : A 1'-.ittttt't,iott attrl a r:t'ossittg

of points in B lry b aud the numbers of points irr C
k rercttrtrgles has exactly four corlters, we get

,4k--4+2b+4c:.

has to lic on ?r siclc of one clf thc srrrtrller rectatrgles
rectangle n). If we extend this side as far as possible
rectangles, w¤ obtain a line segment whose ends are
every point in B catr only be an endpoint of at rnost

aining one of the given points, siuce it is stated that
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no two of them lie on a common line parallel to the sides of R. This means
that

b> 2n.
Combining our two inequalities for b, we get

2k-2)b)_2n,
thus k ) n * 1, which is what we wanted to prove.
Solution 2. Let k denotes the number of rectangles. In the following,
we refer to the directions of the sides of ,R as 'horizontal' and 'vertical'
respectively. Our goal is to prove the inequality k ) n * 1 for fixed n.
Equivalently, we can prove the inequality n < k - 1 for each k. which will
be done by induction on k. For k:1, the statement is trivial.
Now assume that k > L. If none of the line segments that form the borders
between the rectangles is horizontal, then we have k - 1 vertical segments
dividing .R into k rectangles. On each of them, there can only be one of the
n points, so n ( k - I, which is exactly what we want to prove.

Otherwise, consider the lowest horizontal line h that contains one or more of
the these line segments. Let -R'be the rectangle that results when evervthing
that lies below h is removed from ,R. See the figure below.

The rectangles that lie entirely below h form blocks of rectangles separated
by vertical line segments. Suppose there are r blocks and ft; rectangles irr
the ith block. The left and right borders of each block has to extend further
upwards beyond h. Thus we can move any points that lie on these borders
upwards, so that they now lie inside -B'. This can be done without violating
the conditions, one only needs to make sure that they do not get to lie on
a common horizontal line with one of the other given points.

All other borders between rectangles in the ith block have to lie entirelv
below h. There are k; - 1 such line segments. each of which can contain at
most one of the given points. Finally, there can be one point that lies on h.
All other points have to lie in R/ (after moving some of them as explained
in the previous paragraph).

It

tfti re(:tangles in
,6" ,'th block
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\y\Ic see tlrtrt ^R' is rli
hypothesis to R' , we

k

lroirrts irr R. Sittce 't'

irrcluction.

9. Define the functiott f

Lct u, atrrl D lrt' t\\'o
s(xlll()IIC'()s u,,, aII(I br,

Solution. Notc that

holcls if ancl only if
Let tts 'IIOw assullle,
subinterval.
11, then

d,L.+ I

If, orr the otlter
rrrilx(n^.. 1rA.) - rrrirr(

dx+

Mathematical Medley . Volume 41 No. 1

into k-D;' k, rectangles. Applying the irrduction
that there are at ttrost

t' t'

A, 1+I(kc 1) +1:k-r
j- I

(0, 1) + (0, 1) t,y

t(,) _{:: Jj
as: a,bo: b, and an: f (o"-r), brr: f (b"-r) for
exists a positive integer n sttch that

(0. 1) u,r beirrg rlivirkrrl into two sttlritttt.'rvuls
, 1), the itrequality

-r attcl b,,-1 lie irr distirrct subitttervals.

the ccltttrary, that ok, attcl l,^, alw'trys lie in the sallre

-
.(lA.tIlI(I/,^'lltlt,ltlieirrI'2,tlttltIIIrirr((IA,,/,l')>

1 - br+,1 - lo'n - b?l - l(r* - bn) (ro + br)l

201 5
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'llris rrrcarrs thc clifft'r'crrct. rlt. is rulr-rlcc'r'ertrsirrg, trrul iu ptrrticrrlir,r d7. ) d1y >
0 for till A:.

\\i'r'tur cvelr s?rl- nlor('. If rri. arrrl 1.r1. Iic irr 12. tlrt'rr

111.1, ) r1r.1 1 ) r/1.(1 + r1r..) > r1r.(1 * r(r).

lfrrl. ittt<l 01. lie irr 1t. tltt'u {I1.11 ?IIItl |i.,1 ltot}r lit'irr /2. ttttrl so \tt'lItlt'(,

d1q1t) 111.11(l * r/1.n,) ) r/1.1r(1+ do) : r/i.(1* r(1).

Irr cit,hcr c'trsc. r/1.12 > (1A(1 + r1,r). arrtl irr<lr.rc'tix'h'rvt'gt't

(1.t,,, ) (lo(1 + dr,)"' .

Lirr srtfficicntl-v lalgt'rn. tlu.r'iglrt-lrtur<l siclo is gt't.atct'tlra,rr 1. llrt c2,,, urul
L2,,, lroth lit: il (0. 1). u,r'rrurst lrave tl'2,,, .--1. tr corrtlirrli<'tiorr.
Tlnrs tlrt'rt'IIItIst lrt'rt positivc itrtt'gt't'tr sttc'h that rr,, 1 trrr<l 1.r,,-1 <kl rrot lic
itt tltt. sattto sulritttt'rvtrl. rr-hiclr I)ro\'(,s tlrt: clcsirerl strrtcrrrr.rrt.

10. Firr<l all triples (p..,'. tt) <'onsislirrg of a prirrrt' rurrrrlrcr' 7.r arr<l turr p<-rsitixr
itttt'gt'Ls.t'ttttcl .y sttt'lt tltrtt .t'l' I +, an<l )'* qt'-l itt't'lrollt llrlrr,t'rs of 1.r.

Solution. Arrs: (7r..r'.r) ¤ {(3.2.J-)).(3.5.2)}U{(2.rt.'2^ - n) l0 < n < 2^}.
Firr' 1.r : 2, <:lt--arlv all llirirs of tsrr positirre irrtt.gt'rs .r' urr<l i7 whosc suur is
il l)ow'()I' of 2 satisfy tlrc r'orr<litiorr. Tlurs wc a,sslllrr(' irr tlrt. folkrwing that
p>'2. trtt<l lve krt a tuul D llt'positivc irrtcgels srrch tha,t rr'}'-l + r: p. ruxl
t * qt'-r - ytt'. Assrrrrrt'frrrtlrcr. rvithorrt loss of gcrrcrirlitr'. that :r' ( u. st-r

tlrat 7/' :.r'/'-' + y <.t'* qP ' : i'. u'hich rnc?urs tt l lt arr<[ tllrs i'I t,t'.
\ou' rvt' hirvtr

1l' : t1t" + ., : Qt" - .1't'- t),'-' + ,r'.

\\i'takt'this erlrrtrtiorr rrrorhrlo 7.r" arrrl take irto uct'orrrrt tlrat 7,r - 1 is cven.
u'hiclr gir.r's us

o = .r'(/' t)2 +.r' (ruotl p").

If p | .r'. tltett 7.r" | ,r'. sitrcc .,'(r'-r)2-' + 1 it rurt <livisilrlc lr.y 2 in tltis case.
Howt'l'cl'. this is itttllossilrlt.. sittt't'.r: (;1'p-1 ( 7r". Tllts u,t'krrow tlrtit 1,l{r:.
rvlri<'h nrctrns tlrtrt

1lt l.rlr t\')' + 1 :.,'r'(r'-2) 1 1.

Ilv Fcnrrat's Iittle tlu'ort'rrr. .,'(rr-r)r : 1 (nrotl 7r). tlnrs 7r | (.r'+ 1). Lct /.r''
lrt'th<,highcst lx)\\'('r'of ,u tlrat rlivi<lt's.r'* 1. Tlnrs r') l. Bv tlu'birrorrrial
t Irtrrrettt. n-e lrtl'nrr

1t\p- 2\ t
,.t,(t,. 2t: 'L-' 

(l,tt,- 
,,) 

,_1;i,(r,-zr-*1.r, + I )A.
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Except for the terttrs
the sum are clearly
are:

which is divisible lry

which is divisiblc lrv
term - 1

divides aab-2) + 1 is

On the other harrcl, wc

Hence we either ltave

If a -- r) then r - A

get

.l'

It follows that r - 1

Po: rP-' + a

a contradiction. So t
andy_ po-r?-l-
the other solutiorr (3,

Mathematical Medley . Volume 41 No. 1

lrle lry p"' and thtrs lry p''+2. The remaining terms

(r+t)',
2

I and thus also hy p'*';

p(p-2)(r*1),

',, but not nr*2 by our choice of r; and the final
to k:- 0. It follows tha,t the highest power of p that

I

know that p" cllicles 'rt(n-z) * 1 , which means

- f Of A- f * 1.

1 neecls to hold in the inequality above, which is

*r
jI: +1 r;*1 'Jl'1

1 frx p to divide r * 1
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