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Alls't'ttA<:'1. Irr this uott'wt'strr<lv t'uurncrntive asllccts of pernrurtatiorrs tlrat havt, lorrgcst
ittt'rt'a,sittg or rlt't't'ciusitrg srtbst,<lrrcrrc<' of a <'erttrirr length. lltt rxrt arry <lf it,s srtl;lrtruruta-
t,iorrs. 'fhis is uxrtivattxl ltv a two-plaver galne in which llltryt:rs ;>i<'k rnrrrrlxrs frorrr a <.urtairr
rarrgt' witlt the gttal of ulticviug a pemrutatiou of tr parti<:ular lorrgest irr<'ruwing or' <lt'-
crcasirtg sttlls<rltteIrt:t:. \\k' providc ltourrds for when the pu'unrtatiorrs cxist. urr<l <:<lrrltrrtt' tr
lirrrlttlrt lrastxl ott tlrc R.obirrsotr-Schcnstecl <:orrcsponderrr:e atr<l hook lerrgth f<rrrrurla. Alorrg
tlte lvav wt'itlso sttul.y aturtlx'r tttrtttral class of peunutatiorrs rclerttxl to tlre oru'abovc via a
<'orrrbiuatrlrial irlcrrtitr'.

1. INrnooucrroN
Thc Young tableau is a useful tool to understand longest subsequences of permuta-

tions. For exarnple, it gives a quick proof of the classical theorem that any pernrutation
of {1, .. . ,nrt, * 1} contains either an increasing subsequence of length n * 1 or a decreasing
subsequence of length rn + l. Our goal in this note is to enumerate permutations for which
deleting the last elentent corrtributes to a longest increasing or decreasing sequence. This
study is motivated from the following game stated in [3], for which the solution to a winning
strategy is an open problem:

Let rt,m be positive integers. Consider the following game for players ,4 and
B: both take turns picking elements rr,fr2,... from {1,... ,nrn+ 1} without
rcplacemcnt, starting with player ,4, until the sequence x1x2. . . contains an
ittcrea^sittg subseiquence of length n + | or a decreasing subse<luelrce of length
rn, * l.

Our cnurncratiott will tcll us the possibilites of permutations that will rcsult frorn this game
without a^ssurning we have optirnal play.

E-nr.rt i.l o.ddx,ssrs: h1110126@nus. edu. sg, yeoxx038@umn. edu.
2000 lvlo,t,h,ttrttttirs Subju:t. Clossifiufioz. 05A05.
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Our conrputations in this note is a variant of known results in the literature which only
studies Iongest increasing subsequenccs. The onc closest to our computation is a result of
Stanley [4, corollary 3], which gives a formula for the number of permutatiorrs of S,,, with
length of longest increasing and decreasing subsequences n and m respectivcly (certainly this
forniula is rnore simple than ours). In particular, the technique used by Stanley is csscrrtially
the same we will use, i.e. exploiting thc R,obinson-Schensted correspondence and hook length
fornrula. Another related computation is a theoretn <lf Rains [2], which tells us t]re nuntber
of permutations of S,, with no increasing subsequence of length greater than tr; by finding
the expected value of lTr(U)"12 over U in the unitary group t/(k) with respect to the Haar
IIrea.sIlre.

It should also be mentioned that probabilistic nretliods have been also used to study the
expected value of longest increasing subsequences. A result of [6] tells us tlte expcctecl value
for thc length of longest increasing subsequcncc of any permutation irt ,S,, (without any
corrstrairrts) is asyrnptotic to 21/i.

We should point out that understandirrg longcst subsequences has many applicatiolrs in
computer science. In addition, the garne above generalizes the patiertce sor-ting algori,thm,lI)
in whiclr players orrly seek to achieve a longest increasing subsequence of sonte length.

We now explain the organization of the note. We will recall certain aspects of the calculus
of Young tableau such as the Robinson-Schensted correspondence and hook length formula
in section 2. We then present our rnain etmrnerative result of (k,l)-critical pcrtrtutations in
section 3, followed bv studying a related class of pcrmutations in section 4, before ending
with our final retnarks in sectiolr 5.

2. PBnuurATIoNS AND THE YouNc TABLEAU

In this section we will recall the aspects of the calculus of the Young tableau that we will
need to use. This discussion follows [3, chapter 3].

Let us write S, to be the set of all permutations on n ) 1 letters, which we usually use
the numbers 1,...,n. We will write a permutation of S, as 11...rnto mearl that the ith
spot is occupied by letter z;. For every permutation o: 11-..trn e Sn, we also define its
kth subpermutation to be o6 i: rt .' . 16. The basic object we will be looking at in this note
are subsequences of a permutation. Givcn o: rt...rn e Sn, a subsequence of lengthkis
an ordered subset (*nr,...,rik) of {21, .. .,fr,r}, where 'h I "' I ix. This subsequence is
'increasing (respectively, decreasing) if trtr I " < ri^, (respectively, if. ri, ) "' ) z;n).

Our goal now is to develop ways on how to compute the length of longest increasing or
decreasing subsequences more easily. Given a permutation o - r1'' 'T, e Sr,, w¤ define
its Young tableau Yo to be a left-justified diagrarn with n boxes filled with the nutnbers
{1, . . . , z}, and defined inductively as follow. Sttrrt with a box and fill it with 11. Ittcluctively,
after writing down the Young tableau You for its k'l' subpermutation o1., we get You*, using
the following algorithm:

o Set R to be the first row of Yoo.
o While 1111 is less than sonre eleutettt of row -8, do:

- Let y be the smallest element of .B greater than rs11 and replace y by z*+r.
- Set rpal i: g and set -R to be thc next row down.

o Now r6a1 is greater than every elernent of R. Place uft+r at thc cntl of row R and
stop.

Mathematical Medley . Volume 41 No. 1 September 2015

ENUMERATING (k; I)-CRITICAL AND
S U PERC RITICAL PERMUTATION S



For exatnple, the Young tableau of 4375612 ¤ Sz is constructed via the following stcps

A main result surrounding Young tableau that we will need is the following.
Theorem 2.I. Let Yo be the Young tableau of a permutat'ion o e Sn. Then the number of
bores in the first row (respectiuely, first column) of Yo is the length of a longest ,increas,ing
su,bsequence (respecti,uely, longest decreasing subsequence) of 5". n

Another result we need is the Robinson-Schensted correspondence. To state this we need
to know the general definition of a Young tableau. A (standard) Young tableau of shape
): ()r,...,)*) and size n is a left-justified diagram with n boxes and k rows such that
)r ) "' ) )r ) 1, row zi has ); boxes for i : 1,... ,ft, and the fillings are strictly increasing
across rows and columns. ,\ is also call a partition of n.
Theorem 2.2 (Robinson-Schensted correspondence). The set Sn i,s i.n bi,jection wi,th the set
of Ttai,rs of Young tableaurfn:: {(P,Q) i P,Q has sizen and same shape}.
Proof sketch. This theorem is proved by an inrportant construction, so we outline the con-
struction of the bijection without proving it indeed is a bijective (see subsection 3.1 of [3] for
details). Giverr o e S",, its image (P",Q") e T,,is defined as follow. Define each Yoo as in
the construction before theorem 2.1, and defirre its corresponding Zouby adding a box filled
with k below the colurnn where 16 is added into Yo*. Then let (P", Qr): (Yo.,Zo.). n

For example, the image of 4375612 ¤ 57 has Po the Young tableau gotten from the
construction above theorem 2.1, and Qo gotten from the construction below.

+ --+ -+ + _)

In particular, note that at each step Yo*. and Zon have the same shape and size.
We will also need an enumerative aspect of the Young tableau. Let us say a Young di,agram

Y is a Young tableau with no fillings. For every box c of a Young diagram Y, define its hook
length h. to be the number of boxes below and to the right of c, including c itself.
Theorem 2.3 (Hook length formula). Let Y be a Young diagram of shape ), and size n.
The number of Young tableau of shape ) and size n is

nl.

fI, . t lt,

Example 2.4. Tlrr Yourrg diagrrulrs;

irn(l

each has total possible nurlber of Yourrg tablerau with this shape
7l

5 -21

1
1

2
1 3
2

1 3
2 4

I 3 5
2 l

1 3 5
2 4
6

I :] 5
2 4
6 7
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l>y thc hook lcngth fbrrtnrla. tur<l the Rolliuscln-Scherrste<l cot'rcspottrlcucc togetltc'r'*'itlt tltt-
orerrr 2.1 t<'lls us tlrcrc trrc 2.212: 882 penurrtatiotts of 57 nith Iength of lorrgcst ittc't'ctrsittg
subst:qrrenc'e 3 arrd lcugth of longcst tlc<'rctrsittg sttbst'qttcttce ll. n

3. TUB (4, /)-cnlrtcAl pERIuurATIoN

In this section we will study pcrnrutations arisittg frottt tht: galnc writtcn in thc intro<luctiort
without optirnal pla,y. Say a permutation o ¤ S,, is (A', l)-criti,r:al 7f. o,, - o ltas a longest
incrcasing subsequencc of length ft or a longest decrea"sing subsequcnce of lcngth l, but not
o.,-1. For cxample, 3216547 ¤ 57 is a (3,4)-critical pcnnutation. \\'e will tussullle A: ) 2 and
I) 2itt this sectiorr, llecause clearly there are no (1,1)- or (A', 1)-critical perntutatious.

It is cviclent that the gtrme stated iu the introcluction is all about trying to force or avoitl
a (A.l)-critical pernrutation. and in this section wc will give u fortttula for cuttmerating thesc
pcrmutations irr terms of thc Young tabletru. Let us definc Xfl.1 to be the numbcr of (A,l)-
critical perurutations of S,,. We start bv giving an casJ* but subtle bortncl on a.

Proposition 3.1. X[., 'is nonzero of rnin{A,,1} < . < (/ - 1)(k - 1) + 1, and zero elsewhere.

Proof. For a (k,l)-critical permutation o ¤ S.,, corrsider its inrage into X, undcr the Robinson-
Schensted correspondeucer. Theorern 2.1 sa1's P, and Qo has first row and first column having
k and I boxes respectively. This gives the desired bouud for thc places whcre it is possibl.v
nonzero as thc number of ltoxes of P" is rv. To be urore precise, thc ntinimrtm ttutrtber of bclxcs
is if there is only one row of lcngth l or one colunrn of lcngth l in Po, totalling rnin{li,l}.
The nraxinrum nurnber of boxes is if Q" is thc rectartgle with I - 1 rows and k - 1 coluntns,
plus one rnore box in the top-right or bottonr-left corner (a more rigorous cxplatration of this
is given in the proof of proposition 3.2). Also rrote that it is indced nonzcro at these places.
If Al < l, take ant' tablcau with A' boxcs in the first row. less tharr A' boxes in the secottd row.
arrd some rrunrber of colunurs less than l. It k ) l, take atrv tablcau with I boxes in the first
colurnn, lcss than A' boxes in the first rorv, ancl have the ltrst colunru otrlv otte box.

Finally, note thut the bound is indecd valid a^s the upper bound is alwa,ys at least thc
lower bound. This is llecausc

(l - 1)(k- 1) + 1 ) rniu{A - l,l -1i + 1 : rnirr{A,l},

where the inequality is valid since k,l > 2. Wc are <lorte. !
The following is the mairr result of this note. It tells us how to count Xf),. Although

the equation is highlv syrnrnetrical, it is also quite urassive. The proof will ttrll us how to
interpret the equation.

Proposition 3.2. Let T['i be the nu,mber of Yourr.o tableau, with shape , : (rr,r2,.. .,ri)
and si,ze a, first, r'ou h.auing k bores, and fir'st colu,rnn h,aui,rtg I hores. Then

X't.t: I 4-i?^1i;'""ri)'.-1 * t T::lT:i.'l]tr'-1)'.-1.

,.,:if:'2ii,;;;"u' .:u :itiit:;ij',
Proof. It suffices to assurne we are thc bound givcn irr proposition 3.1. By the (proof of the)
Robinson-Schensted correspondence. a critictrl perurutation o ¤ S., correspottcls to tr pair
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(P",()") ¤ Z, str<'h that thc lrox fillcrl wit,h a fi (), uurst lrtr thc top-riglrt or lrot,torrr-lcft
box. TItc cirscs corr('sportrls to tltc gcttcric lt'ft a,n<l riglrt <liagrtrnrs bclolr, rcspcctivcll'.

Hettc<,. wc havc two c:trscs. a.nrl thcir srrrrr givcs the r:lairnc<l <rclrurlitv.
Case 1: Th,e top-r'iqh,t, bor o.f ()" i,s Ji,lkil i,tt, w'i,th, rv. If the Yorurg ttr,l>lca,u corresporrdirrg tct

tltr: \1rttrtg rliagrattt <lf o ltas slttrlre , : (rt,...,Ti), thcn this ctr,sc ha1;pcns onl.y whr:rr 11 : tr-

au<l 12 ( 11 att<l i < / lre<'aus<' this will trllou' rrs to rcurcrve thc top-riglrt ltox tr,rrcl still gct
sotttet,hittg i:nT,,. Thc Robinsorr-Sclrt'nsterl cornsponrkrnr,c tclls rrs to cruurrcrtrtc thc critictrl
1>crttrtttatious a ¤ S., it sufficcs to cnrurrc-.rate pairs (P".Q") in f suc'h that Q, htrs top-riglrt
box fille<l with rr. Thcrc trrc {.j' possibilitics fbr P, nna f^11i,'""'r;)'.-l possibilities for Q,.
so tlrc nrrrnlrcr of such o is thc surn of TI,::T[|;,tr ""r;)'.-t ,r,r,,. all such r n'ith Tt]- ...*r; : n.

Case 2: Thc hottont-left. bol of Q"'i,s fillul'i,tt. rui,t,h o. If thc Yorurg tulrlcuu correspoudirrg
to tlrc Youttg clitrgrtrtu of o ltas sltapt. r : (rt.....r;), thcrr this c'asc happens orrlv rvherr i:1
antl 11 < A' atrrl Ti : I lrectutse this rvill trllorv rrs to renrovr. thc t<lp-riglrt box turd still gct
sorttetltiug itT,,. This is cxactlv tht'stunt. tLs thc tr,bovc crrs(r. cxcollt Qo has bottoru-left box
fillcd with o. Thcre ru'c {i- possibilitics for Po ,rnrt dl'-; '4 1)'*-r possibilities for Qo. so tlrt:
rrrrrrrbcr <rf srrch o is thc suru of f[.:;'Tl,:l;'n-I)'*-I ovrrr all such z u,ith rr + . . .+ r, : o. E

Theorern 3.3. Xil., (:o'n br' ('otn'l)trtrd bq

t fI,,,.)^1.," l','ll,6rll .,, ,'. 'r,)'^ 'lt,1
A'. /
(IX

r-(rt .r2.....ri)
rt * '' '* r, :rt

i<l arri r.2<r1 oml, r1- lr'

+t
r -(rt.r.J.. ...n )

rt *"'*r1-11
11 ( A' trtr tl, 11 - |

PrrnJ: Srrllstitrrte tlrt' lrook k'rrgtlr f<rrnnrlu

rr!((Y - 1)!

[,.) i:; /" fl,rr ]], | ,', 1). ' lt'1

it rt o l)I'ol)osit iott :1.2.

Noticc this ttraitr theorenr t<rlls us tlrtrt we carr now input thc r:onrlitions into a cornputt:r
progrrrlrl to churu out thc possible Yorurg diagrtrnrs. Bv pairirrg up Young cliagrarus with
thc saurtr shaprr (arrcl forciug eithcr thc to1>right or bottorn-left box of thc seconrl one to be
fillcd with n) wc can tht:n irnplerneut the revcrsc of thc Robinson-Schcustcd corrcsponclcuce
bijcctiol to obtairr (A:. /)-critictrl pcrnurtatious.
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Example 3.4. Let us now give an example of what we have discussercl by trying to evalttate
the number of (4.3)-critical pennutatiorrs in 56. Theorem 3.3 tells us the nuntber is

y6 _ 6!5! -r 6!5!
" 4'3 - ll"evl.l;r,.uh" fl"evJ.tr,.r hd' rI..{1.1.,.,,." h" JI".{1.1.'v." 14

(i!i)! (iI; I

' (5.:i. I .3. I . 1)(l .:1. 1 .',z.1)1 .2 .1)(4 . 3 . 1 .2 . 1)

r:orlcsporrrlirrg to the <,.nunr<.rntiou ovcr tltc f<rllowing two Ytrturg rlitrgrtrttts

rur(l

tr

Example 3.5. It is cl<'rrr tlrat -Y.f.,: -Y/...,:1as llris crlrt'<'sPonrls lo ('Illlnl('l'itliott tx't't tltt'
tu'o \brrrrg <liirgrirrrrs ol'slrapt' (2. 1/ I ) an<l (l/) rt'spt't't irth'. tr

A talrlt' of vrrhu.s ol Xill of srrrtrll orrk'r' is givctr itr itpp<'ttrlix A. \\r' rtou' rlt't'ivt' rlll ('as\'
(.olrs('(lll('ll('c of'orrl rliscrrssiorr. I.or <'orntrricrrct'. lt'l tts <lt'firtt' tltc filllou'ittg tu'o t'xpt't'ssiotts:

.-lit.7:: t T'[.it1.':;tt r').-r.
7 =.171 .r , ... ..r, 1

rl f + 7,:(l
i</ irrrrl r':(rr itttrl rt :l

B'1..1 ..: I rl,'."7|1.'.' 

"' 
""

';fl ?;;:li'
71 (A' irttrl 1"' I

Tlrlt is. Iil.r:.4i:1+ lli).,. AIso tlcfiru'1i1., (r'r's1>. Dil.,) to lrt't,lrc t'x1rt't'tt'rl lt'rrgth o['krttgcst
irr<.rt'asirrg (rt'sp. rk'r'r'r'irsirrg) srrlrscrlrrcrrcc of a (tr'. /)-<'t'iti<'itl pct'ttttttitl ion itt ,5,,.

Proposition 3.6. A'12 S 1ilr.. Di:r < A'.

Tlris plopositiorr irill fbllorv olr(('\\'(, l)l'o\'(, ir rt'littiottship lrctu'rtrr.'l'^1.1 rrrr<l 1l[),.

Lemma 3.7. Dc.lirtr';1'11.1 rtnd I)'1.1 us olxtlr'. '['he'rt ^4'^'., : ]Ji'.*.

Proo.f'. Notc tlrat lx'tu'o alrpliortious of llrc lrook lt'trgllt lirrtttttlit.

.{lt.r : t 'ry;:'l'l':, 1" r')'.- l

7 ..1r:1 .r2 .... .r, )
7t *"'1-r;=rt
i<./ irtr<l ;1 :l'

: I 
.r,,,,A7-::,A .tr1. 1)..-l

7-(11.12.....r1.)
7t i "*ri.=tt

r1 </ atrtl q = |

- Dl.A.'

This givcs us tht' r'rlrralitv wt'sct'k. !
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Proof of proposii:ion, ,;J.6. [-lsirrg lenur]rr 3.7,

1lil^' KA'i,K+ Tx[r, ,:(Tt,7,)....,rt )rt * "'*rA -ort 1A' arrtl TA.: I

A;Ai).1.

-4i) u + Bi: 
A

A..4i: 
A

A

2'
trtrrl

I rr ! 01 Ii
X T + A'Bilu(t

A. r-(rt,7,2.....r, )
Tt *...*ri-rt

i<A' atrrl 12(11 irrrrl rr -A'

.4. f],oll,'.," lt,II,1¤);1 ',, .,' ';.,)'tr I lr,t

A:B[) 1

..,1i) 1+Bi: A

A,B;: 
A

'2 B|:.A.

A::-
2'

Tlre upper bounds lt.x, Dff.u ( k arc trivial by definition of a (k,l)-critical pennutation or
siurple rnanipulation of ecluations in proposition 3.2. n

In fact, lemma 3.7 implies that Xfi, is symmetrical about k and l, as we will expect
frorn the definiti<lns. It agrees with our intuition that that there should be equal number of
perlnutations of longest increasing and decreasing subsequence of length k and I respectively,
or/andkrcspectively.
Corollary 3.8. Xfl,I - Xtr. Inaddi,tion, Xk,t: X1,,f if k,k'>. ct and,Xa,1: Xk,y i.!l,l'>. a.

Proof. Use lcrnma 3.7 to get X[], - Xtr : (A'i,t- Bt,) + (Ai,x- Bti : 0. The second remark
is clcar. tr

4. ANotuER RELATED ENUI\,IERATIoN

An obvious other variant wc crrr) considcr is the case where a perunrtation o e S^ has
oty : o a Iongest incrcasittg subsequcrrcc of lcugth *; and a longest dccreasing subsequence of
length l, but not o.,-1. Let us call this kind of permutations (A', l)-supr:rcrilical. Note that
wc carl allow k : 1 ancl I : 1 for superr:ritical pcrrnutations since they rrrakc sense here.

Mathematical Medley . Volume 41 No. 1 September 2015

ENUMERATING (k; I)-CRITICAL AND
SU PERCRITICAL PERM UTATION S



SU PERCRITICAL

r

We should warn that a (k,l)-permutation does not enumerate the number of permuta-
tions with longest increasing subsequence of length k because we are also take into account
supercriticalbilitv. Therefore our enumeration will be lesser in general compared to this case.

As in the previous section, let us start by giving a bound for Xf;.,, the number of (k,l)-
supercritical permutations in,S,r.

Proposition 4.L. Xf., i,s nonzero at k *l - 1 < o ( max{k(, - 1) + 1,/(k - 1) + l}, and
zero elseuhere.

Proof. Again, consider the image of a (fr, /)-supercritical permutation under the Robinson-
Schensted correspondence. This tinre, the rrinimum number of boxes in the Young diagrarn
is if there is only one row and column of k and I boxes respectively, asum of k*l- 1. Thc
maximum number of boxcs is if the Young diagrarn is the rectangle with k(/ - 1) boxes plus
one rnore box in the bottom left corner, or the rectangle with l(k - 1) plus one morc box in
the top right corrrer. It is indeed nonzero in the bound, since we can just take any tableau
ofn-lboxeswithk-lboxesinthefirstrow. l-lboxesintheseconclrow,andthenadcl
another box in the first row.

Finally, note that the bound is indeed valid as the upper bound is always at the lcast the
lower bound. To confirm this, we compute

/c(l - 1) + I - (A'+/ - 1) : kt -2k -l +2: (k- 1)(, -2) > 0.

/(k - 1) + 1 - (k+r - 1) : kt -2t- ft + z : (k -2)(t- 1) > 0,

a^s dcsired. tr
Wc can enumerate (k,l)-supercritical permutations in a similar fashion as in section 3.

The argunrents uses exactlv the same idea a^s in the previous section, so we will not reprovc
them. We should note that thc analogous bound we gave in proposition 3.6 is better and
works for all k, / in this case.

Theorem 4.2. Defi,n" f[:f as i,n propositi,on 3.2, and assu,rne the bound of Xt,t giuen 'in
propositi,on 1.1. Then Xf.,: Xtx, and Xp.1 : Xk,.t if k,k' )- a and X*.t : X*,y if l,l' 2 a,
an,d xf,t: I r;:frl:t.1""'rr)'*-r* I r;,:irl:;:i*-r)'^-r.

T-(Tt.T2,...,r, )
7t * "'*rt:a

rz1r1 aTLd Tt -k

r -(Tt .T2,....r1 )rt *"'*rt:o
Tt -k an,d 11-l

If we define the first and second terms of the aboue erpression as 4ff.1 and 8ff., respectiuely,
then Aft,1 : Bf,x. The erpected length Ifi,1 and Dt,t of longest increasing or subsequence
respectiuely of a (k,l)-supercrit'ical perrnutation i,n So is

kA?., + lBi,rt.t:-tr-:Dt,t.
In parti.cular, min{k, l} a Tt,r,Dt,, S urax{k, /}. n

A table of values of Xf., of small order is given in appendix B. We now explain the rela-
tionship between (k,l)-critical and (ll,l)-supercritical pennutations, other than the obvious
or to and word change in the definitions. Firstly we have the observation that

At.t: At,,-, -l At.t-,. and Bf,, : B'i-t.t + Bt,t.
This follows by definition. In fact this observation tells us the following:
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Pr<rposition 4.3, fil.r,. : Xi,) ,.u +.Yil r.^..

Ptrxt.l'. ['sc lt'rrrrrrir l].7 irrr<l llrcorcrrr 1.2 to scc tlrrrl ,lil.a | :13i1 1.1 arrrl "4i1.1. t: B't'. t.r tl
ll<nu'x'r'llrt. r'<lrrtrlilt' .Yi'.r - Xi,'r./ +.\il ,.1 rkrcs rrol lrol<l irr gcrrcrirl. ils ()lr('r';rrr <'lrcck

ln'rrsitrg tlrc tirlrk,s irr tlrc irplrr,rrrlir'r's. \r'u'r'tlrck'ss rr 'rkr hirvc irrr r'<lrrirlilr'lrt'klv t't'latirrg
-Yil., lo ,Yf',. u,lrit'lr t,t'lls tts tltitl ut cirtr cttl<'ttlr.tt'ir sttttr o['.Ki).7 lrv t"rk'rrl'rtirrg a srrrrr of .Y['7.
l)r'trotr',tr,.,, to lrc I lrt' I(totrcclit't' rlt'llrr frrrrt'l iorr.

Proposition 4.4. A.ssrt;rtc I )'2. '['ltt'rt,

l) l:l

I -t.:', i.t i :2d,,.7 * f (-r;',,, r ; * xJ't i.t-i ,)
IO ro

l)rrxt.l'. Iixpirrulirrg t,lrt' k'f t lrrrrrrl sirlc gir.r:s
l'J l)

I t.:', i.t i - I (.,1r i.r_.i J- Ij:\ i.t i)
io Il)

l:l
:.,llJr + B::.t+.,1i:2 + Bi,+t (A:),,., , ,*Ai),,.t , , rB':n,., i* t)','r,., ,)

it
1:l

: Itit+ -til, + t (-\l',,., t i* XJ'tir i ,).
/ .(l

n'lrt't'r'tlrcsrtort<l t'rlttirlilr'isttsitrgtlrr'<lt'firriliousol'A|.,..fi.,.8'A'.t.13;,:.t. rrrr<l llrclrrsl t,rlrrtrlilr'
is lrv ir tck'scopitrg-stttrr-likc strtrnrrirl iorr. \\i'iu'r'<klrrc lrv olrscrvirrg rlil, irrrtl /i.',', ilr'(.rrorrz('r'()
orrlv il tltt'r'a.t't'r'tttltttct'irl,t'rl or,r't'tlrc Vrtttrg t,trlrk';rtt ol slrirpt' (/) rrrrrl (1..... l) rcspr'<'t,ivt'1.\'"
u'lrcrr.(1.....l) lrrrs / otrcs. 'l'lris \irrrtrg lirlrk'art is turi<1rr<'lx'tk'lirritiorr or ll'rrsirrg tlu, luxrk
It'ngtlr fot'trrttlrt irttrl olrsct'r'irrg tlrr'pt'o<lttcl ol'ltrloli k'rrgllrs is /!. As tt sirtritt'r'lrt't'k. trotc t.hill
if' rrt trrkc I :2 llrt'n -\'.',', - 2d,,.r. tr

l)r'oposiliorr l.I t'a,rr lrc gcrrcrirlizcrl lo tlrt.r'irsc r,r'lrt'rt'ur'<lo rrot hin,r'to stir,r'l t'rnrrrrt'rirl,iorr
itl i:0. Ih'itrlirptittg tltt'pt'ooI ol'pt'oposiliotr [.]arr<l itct'ttt,ittg lltt'irlrov'pt'oposili<lu ovt'r'
/ givt's tlrc firlkrrvirrg rt'srrlt irlrrrost irrrrrrr'<liirlclr'.

Tlreorcrrr 4.5. -'ls.sturtt A'.1 )'2. utilltout. kts:; o.l'qt'rtrtrtl,iltl uillt A'11. T'ltt n
12 /ir
I _t.r,*,., i: B,*l.r+. ilu + t (.xl_*,.,_ ,_,t xJ,*,., ,_,)

i,.l.-) i-A')
Irr ltrtrt'it'ul,tr,r'. IoA"irtg A' -'2 'irrr.tl'ir::;

$ ",, . : [',*,.-- r) + Il:],Ii-ii x.)',,.i-,. , i,l' rr { t.
tu, '2ti't i- If1':,fi ;l 'Yt'.'.i ' , ttlltt rt|i'st"

n't'orrlv r'orrrrrrt'rrl orr llrc sr.r'orrrl t'rlrrirlilr'. \ott'tlrirl .-ll , - Ri'..t lrv lt,rrrrrra:i.7. is <'lt'irlh'orrr.
n'lrctr rr .= f . itttrl zclo olltct't-ist'. IJt'srrlrlt';rclittg llrt' -Y.','* i.t t islun on tlrc k'lt ltirtrrl sirk'.
trrr<l srurrrrirrg ovcr' /. u'r'gct llrt'rk'sirr'<l t'<lrrirlitr'. fl
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AND

5. CoNcr,usloN AND FINAL REMARKS

We have established some enumeration techniques for critical permutations via the calculus
of the Young tableau. A similar study for supercritical permutations and its relation to
critical permutations is conducted as well. Although we have not pursued this in the present
note, it may be worthwhile to understand a generalization of the enumerations given above,
which is the case where repetition of numbers are allowed. This will most probably use the
idea of semistandard tableau, since the Robinson-Schensted- Knuth correspondence gives a
bijection between pairs of semistandard Young tableau and square matrices with entries 0
and 1, which can be thought of as a generalized fermutation (see [5, section 7.11] for an
exposition of this correspondence). It will also be a good further work to understand more
about how the Aft,, and Bff, relate to each other.

Problem 5.t. Ertend secti,on 3 to generalized permutations.

Problem 5.2. Ertend proposition 3.5 to all of k and l.
A promising step for problem 5.2 is to use supercritical permutations to analyze. We have

the following proposition as a possible first step towards this study.

Proposition 5.3. Fir a and k. Then {Aff,1}>z : {Btr},>, 'is an'increasing sequence. In
fact,

o the sequence 'is constant at I < fi, and i,s identicallA At,z if defined at this 'interual,
o the sequence'is constant at I > o * 1 - k and i,s i,dentically Aff,o12-1,,
o the sequence is strictly increasi.ng of # < I < a -17 - k.

Proof. A similar idea as in the previous section tells us that

j<t j<t-1
\\t:trrc.rknclrvuotingthat"Ail,isturttzt'roottll, 11 tr+l-1(ri<1(A'-1)+llr.yaszltrttr
proof trs irr propositiorr -1.1. tr
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