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1 Introduction
Whether it is econonrics. rnathernatics, physics, architecture or art, people have
always played with couccpts of area and perimeter to irnprovc efficiencv or sirrr-
ply create aesthetic beauty in the organic structures that arise.

The origin of ttre Isoperirnetric Irrequalityl and other area/volunre-optinrisatiou
problems dates back centuries. Bubbles on the surface of water, hexagonal bee-
trives and rounded eggs are sorne of the examples of nature that urake use of
these principles of ruaxirnisiug volume for surface area: these phenonrena fasci-
nate the human nrind anrl probes curiosity.

In the following report, we will work through a type of generalisation to the
Isoperimetric Inequalityl, namely the Shortest Perirneter Problem. The report
will uncover subtle relationships between area and perimeter that will help to
shed light on the problern.

2 Exploration Of The Isoperimetric Inequality
2.L Shortest Total Perimeter Problem
TIrc Shortest Totul [)t'r'irrr('1 ('r' ['r'olrkrnr is <k:firr('(l as follt)\\'r-i:

(i) A farmer has n pigs. He rreeds to use fence to nrark out zr. pig pens. each
of area 1, in the pasture. Assunre the fences are infinitelv thin and flexible.
What is the minimunr length of fence required, and the structure of fence that
obtains this minimurrr length?

Arrother definitiorr of tlu' lrroblcrn is:

(ii) Let C be a set of contirnrous curves on the plarre that contains n bounded
regions, each region havirrg an area of 1. What is the rrrirrinrurn total perimeter
of C. and the structurc of C that achieves this minirnunr'l

Note that definitions (i) arrd (ii) are equivalent.

2.2 Solved Cases
This problenr, though original, has two already solved cases

Mathematical Medley . Volume 41 No. 1 September 2015



Exploration I

T

2.2.L n:1
Fbom the Isoperimetric Inequalityl, we find that a circle achieves the minirnum
perirneter of curve needed t<l rnark out a single unit area on the plane.

Let A and r be the area and radius of the circle respectively. Since A : Tr2 : I
tlms the circle has radius fi. Consequently, the nrirrirnurn perimeter achieved
is 2rr :2\hr = 3.545.

2.2.2 n-+ oo

Frorn the Hclneyconrb Conjecturel', we find that a hexagonal lattice achieves
the rninimunr perinreter needed to nrark out nurnerous unit area^s oll the plane.
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Let A and r be the area and edge length of the circle respectively. Since
A: 'f,r': 1 thus the hexagon has edge Iength ,t#, since each hexagon
has 6 edges but each edge is shared between 2 hexagons, total perimeter =,"ffi: rth2. Thus minimum perimeter achieved tends to nfi2 a^s n ap-
proaches infinity.

Do note however that it is yet to be proven that the hexagonal tilirrg is the
unique structure that achieves minimal perimeter for infinitely large areas.

2.3 n-2
2.3.L Deffnitions and Lemma
Definition 2.L Let Ps, be the length of continuous fi.ni,te curue Cs

Definition 2.2 Let Aco,xoyo be the area bounded by contin.uo,u,s curae co fromxs toYs ui,ththeline segment xoYo. (Note: if atrueCs intersects line segment
XoYo, talee the area bounded to be the absolute ualue of the difference between
sum of areas bounded on the two sides of the li,ne segment)

Lemma 2.3 Giuen a fired line segment M N on the plane of length d, construct
cont'inuous curae C from M to N such that Ag.l1n : A for some fired area A.
Then the minirnum perimeter of C is achieued when C is a circular arc.

Prooft Note that ctrve Crni, that achieves nrinimum perimeter exists2. Let
Cn in have perimeter Lrnin.
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Now Cr,,;,, cannot intersect MN. Suppose on the contrary that Cr,6r, intersects
I,IN. Then let sum of areas bounded on the left and right of MN be A7 a\d
Ap respectively, arrd WLOG At ) An > 0. Now Crn;rrhas perirneter Ln14n antd
bounds aII area of Ay - An : A with MN' Now reflect the curves to the left
of M N across 1VIN. Note that the resulting curve C' remairrs continuous and
lras perimeter Lrnin but bounds alt area of. Ay * An > A. Set up the coordinate
systenr with origin O : Il,I,let N lie on positive x-axis and C' lie on the top half
(positive y coorditrates) of the plane. Parametrise C'as (z(t),g(t))'0 <, < 1

where r(0) : 0, r(1) : d, A(0) : g(1) : 0. Now note that we can find curve
C" : (t:(t),ky(t)),0 < t < 1 where k < 1 from M to .l{ (because z(0) : g,

r(t) : d, ky(O) : kA{.l): 0), that bounds an area A with 111N and has perime-
ter I Lr,,.i.r,.. This is a cotrtradiction'

Tlrrrs C',,, i,, (:trlIllot ittttlt'soct 1l/l/

Now Cr,,;r, is convex. Suppose on tlte contrary tltat Crn.i, is cotlcave. Then there
exists poirrts P and Q ott Cn;n such that PQ lies entirely outside Cr,,;r,. Now
reflect t[e curve between PQ across line segtnettt PQ. Notc that the resulting
curve C' rt-,1rains contittuous and has perimeter Lr,r;rrb:ut bounds arr area greater
tlrat A. Sct up the coordinate system with origin O : III ,let N Iie on positive
x-axis ancl C' lie on the top half (positive y coordinates) of tlte axes. Paratnetrise
C'as(r(t),AQ)),O < t < l wherer(0) :0, r(1) :d,y(0):y(1) :0. Now
rrote tlrat we can find curve gtt : (r(t),kAft)),0 < t < 1 where k < I ftom IV
to N (because r(0) : 0, r(1) : d, ka(Q) : ky(l): 0), that bounds a1 area A
with iIlItr arrd has perinteter I L,,ri,r.This is a contradiction.

'l'lllts (',,,;,, is <ttltt'nt'x.

(,us. I: ..1 : {;ir1i.

(i,,;,, is ir, st'tttit:irt:lt' <rt'tttrtrl tr,t, I'ltt' tttirllloittl tl{' A1N a.lrtl t'a.<litts ,' : N Then
Lrrrir, : nr' - + Suppose on the contrary that Crni, is I
Iet / be the line along L'[ IV . Crrri, bounds aI] area of

2n(i"d')
tlre perinreter achieved by a sernicircle i, * < L,rri,r.This is a contradiction.
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Thus C-6r, is a semicircle, L^ir: Y).It follows tbat Crnin is a circular arc.

Case II: A> frd2.
Set up a coordinate system with origin O : ltl ,let N lie on the positive x-axis
and curve C,,i,, lie on the top half (positive y coordinates) of the plane.

Now define lB to be a line passing through M of angle 0 anticlockwise to the x-
axis. Let f (0)be the area bounded by Cn m and16Let ls intersect curve C*,in at
point XB. Let g(0) : W-Aq);V.There exists 96 such that /(0s) :0 and /(A) > 0
for allO < 0 < 06. Since g(0o):0 and 9(0) > 1/8 there exists 0 < e'( d6 such
that g(?t): { and thus /(0/) : Lr(MXe,)2. No* consider C,nin frornMto
Xa,. Note that that segment of curve must have minimum perimeter among all
curves bounding an area of f(0') with MXs,. Since f(0'): !r(IuIX6,)2 tfuis
using the result from Case I, that portion of curve Crnin from M to X9, is a
semicircle. Let this portion of curve be C'.

Sinrilarly, there exists a portiorr of curve Cnri, frorrt N to X6,, that is a semicir-
cle. Let this portion of curve be C".
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Xs,, Xs,

Now parametrise C,nin ffi (r(f), g(t)),O <, ( 1 where r(0) : 0, r(1) : l,
g(0) : A0):0. Let h(t): ff and let h(ts):0 (exists by Mean Value Theo-
rem). Let Xe, - (*(t'),a(t')) , Xs,, : (*(t"),a(t")).Clearly 0 <t' 3h attt I
t. Tf tt < t", then the portion of curve from f/ to t" is where both semicircles C'
and C" intersect thus both semicircles have the same centre and radii; it follows
that Crn6r, is a circular arc. If t' : t", We have that the diameters of C' and C"
are equal and thus d : M N : 0. The centre lies on the normal to the curve at
to : t' : t/' thus the semicircles share the same centre too and C-.;r, is a full
circle.

CaseIII: A<lnd2.

Let Cor. be a circular arc from M to .l[ that bounds an area of. A with M N.
Assume Cor" is centred at O with radius r. Then OIVI : ON : r. Now extend
MO to.l[' such that O-l// : r. Now let Cr be the curve of minimum perimeter
bounding an area of. ltrr2 with the line segment MN' :2r. By Case I Cr is a
semicircle centred at O with radius r, thus I/ lies ou C1. Let Cor. be portion of
C1 from M to N and C2 be portion of Cr from N to .ly'/. Suppose there exists
Crnin tltat is not a circular arc and bounds an area of A with l.1l{ with the
least perimeter. Replace Cor" with Cn;n and let the resulting curve consisting
of C,nin and Cz be C'1. Now C{ bounds an area of. lrr2 with the line segment
MN' :2r thus C{ is also a semicircle. Thus Crnitt.: Cor"is a circular arc.
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Ap.l/N-At,l/N-1
Ap,l/N * At,t\[N- 1

ALA/N + AR,L,IN- 2

(1)

(2)

(3)
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2.3.2 C*i* Basic Structure
Now let Sr and ,Sz be the curves forming the boundaries of the two unit areas
respectively in Crnirr.

If ,Sr and Sz do not intersect, by Isoperinretric lnequalityl, both 51 and ,S2
are circles of radii fi. Consequently, the minimum perimeter achieved is
2(2rr) : 4rt = 7.090. A numerical comparison with results obtained fur-
ther below will conclude that this does uot obtain rrrinimunr total perinreter.

Tlrus 51 and 52 intersect at curves Ir, Iz, ..., I*. WLOG let thenr be placed
cottsecutivelv. If ft ) 1. Iet 11 be from points WstoWr and 12 be fronr points W2
to W3. Let curves 7r and T2 be curves belorrging to 51 and ^92 respectivcly, both
running frclnr Ifi to W2, such that fi and 7z bound a non-zero area outside the
regions of both bourrded unit areas. Now remove fi; area of 51 consequently
becomes Iarger while area of 52 renrains the same. Now perform a linear trans-
formation ott 51 to redttce it to urrit area arrd consequently reduce its perimeter.
This new collection of curves have lesser total perirneter which is a contradiction.

Thus k : 1 and ,S1 and 52 only intersect at a single curve .I. Let the portions
of curve solely belonging to 51 and 52 and not I be .L and R respectively. Let
I, L and R nreet at points M and N, where lMNl: d. WLOG we have

Tlnrs \\'e havt':

\\

a
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Bectrrrse satisfactiorr of (1) arr<l (2) is sttffit'iettt fr<t L. l trtttl It to bouud 2
nlit trreas. wc find that since I. 1 and Il f<lrtu C,,,,, AIld ltavc total tttirtitnunr
pr:rirrrcter, thus lty Lcrrtrna 2.:t., L..I anrl R are coltsc<luently circular arr:s. It is
evirlcrrt that the circultrr arcs tlo ttot interscct siuctt An.mN ) At.uN tlrtd.L is
orr different sirles of I.[N as 1 antl 1?.

2.3.3 Case I: C7ni1, s!firmetric
Tlris is when / is line segntent ,41N i.e. C,,;.,,is symnretric about,tlly'

Now since Pr : d and 47.111,, :0 tltus bv (t) arrd (2) we ltave Ar.nrN:
A n.u x : 1. Note that .L is a reflection of -R about 1'[1-A/.

f

L

N

Lel, r' arrd (/ lrc the rarlirrs tlrr<l irr'<: arrgkr <ll'11. N<lw wt' lta.vc tlrt' ftrllowirtg:

1 .,I - "':r0 .:irt?): l--rn..'tl.\'- ,, \

,t l- z,'"i,,lt'2',
l)1.: P11 - 1'()

Srrlrst,it,rttirrg (l-r) irrto (.1) wc gt'l

d'2(0 - 'itr?\.-lrt..v.r:1ffi:l

(4)

(5)

(6)

(7)

(8)

'['l rt ts

rl :
Srrl)st it rrt irrg (J-r ) irrtt) ((i) u't' g('l
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2,s'ir, (9)

' ,g'i ,r,(g)

Substituting (8) into (10) *" get

(e)

Ptotol: (r 0L+w)

(10)

(11)

35

15

25

20

4(l - cos?)
0 - sin,0

12.5 17.5 n

The above is the graph of Plrlol against d. Since each value of d gives utrique
arcs -L and E, it suffices to find the absolute minimunt of P1,,1,r1for all d.

2.5 5 7.5 r0 15

6 Pt.tat
6d
Te

(r2)
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dPtotot:1_r_ o _L 
tWl@

6d r-r 
@ 

-r
' (0-sin07'r@

( 13)

6 Pt,t.ul
:1

6d
e' sin(g)

2(t - cos0)(0 - si,nT) s t"* $"ot$ (14)sin2$ 0sin0 - Z(L - cos?)

5 Ptotot -1+5d
0

I

sirt(g) '

2(t - cos0)(0 - sinl) s i"* $cos$ (15)
i f t - cosl) 20 s'in$cot$ - 4sin2 $

SPtotol - 0 . tln -1tr-1+ @+4(o-sino)@ (16)

5 Ptotot . 0tr:1+@+ sin? - 0
Jszni -1+ sin0

W, ( 17)

|Pt_u,ut:1 +2rrr!6d -2

Sirrc:e 0 ¤ lt),2r7, thus t ¤ [0,r)

dd" ^ ' -"""2 v '"""2 2

(18 )

02r4r
= --+0-+ (19)233

6'' Prornt
5d'

d ,6 Ptotot , 50 0 , W@-sino)2 ) (20)
2 0,s'in0 * 2cos0 - 2)

With (20), at 0 : +, ti*g* =,2.35 > 0 thus P1dq1 achieves global minimum
at 0: T.
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M

Y + 4t[z = 6.35913. By (4) and (8) we know

that this is achieved with a straight edge of Iength d : 1ff-*4 = 1.089 and

two circular arcs of radii ' : 1ffi = 0'629 and arc angle d : +' This
will be the minimurn total perimeter for Case I (assuming I : Iv[ N i.e. C,ni,,
is symmetrical about /\/N).

2.3.4 Case II: Cnlin arslrlnmetric

This is when .I + M N i.e. Cn i,, is not symmetrical.
Assume lM Nl: d is constant. For all circular arc C ftom M to N with radius
and arc angle r and 0 respectively,
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Ag,rvrN: i*@ - sino) (21)

(22)

(23)

rl :'2t',si,,t9l'2'

Srrlrstitrrtirrg (22) irrto (21) arrrl (23) u't'gct

it ,12 (0 - ,si rr0)/t('.4/ ^/ JU _ ,_ril
p6,_ 

"#
(24)

(25)

d' # (o - sino) .. d,' (t - coso) 
.JsAs,^/N-J'*,ffi -Jsffi, (26)

Mathematical Medley . Volume 41 No. 1 September 2015

//
r'

//r
/

o0 d

\r

Ac,MN

3



-:\

Now since si,Tt,O - 0 and 1 - cosO - 0 we have:

riAr,..\I.\: rl

lsoperimetric I neq ua I ity

(27)

(28)

r

,12!(t - cos?\ tl'z(sirtg\ ,1'z
lim,46'.17,v: Iittt ---: littl 

-: 

-fart0:0:0--+o o-tt J-a(.sirrd) o+rt J(t'o.s9) I

AIso ttote tltat

,\'1,4"'n'': *
Arrd

5 Ac,h,I N 4z 2 - 2cos0 - 0si,rt,O) (2e)b0 l(l cos?)')

Thus we can let Pc: Va(Ac.rux) i.e. we can express Pc as a function V,1

of As.ru1^t. We note tbat Va is a strictly increasing function. The following
equation describes the convexity/concavity of V7:

6Pc Zs'in * (:t0 )

The above is the graph of. Ps against Ac,uN i.e. Ps:Va(Ac.urr), for d:1.
Now for L, I and R,let At.tttt: a. Now An,uN: 1* a, At,ttN: 11-al. For
a) l,let a:k*1. Then L61ot: Pt*h+Pn.:Va(k+1)+Vd(k+2)+Vd(k) >
VdQ) +VdO) + ya(0). Thus it suffices to consider the case where 0 ( a ( 1 i.e.
Ar,ur,r - 1- a and Lbtot: Pr * h * Pp.:VtG + a) +Va(l- a) +Va@).
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Conjecture 2.4 For any 0 < a < l, Va(l+ a) + Va(t - a) +Va@) > 2VdO) +
va(o).

The proof for n : 2 is still incomplete; the conjecture is yet to bg-ploru., and is
the final step to confirming that a straiglrt edge of length d : Vlqfu ry 1.089

and two circular arcs of radii r : \m = 0.62g and arc angle 0 : f are

tlre curves with the least total perimeter (Lrorot -
bound two unit areas.

Y + 41fi x 0.3b913) to

3 Extensions
3.1 Consider Different Areas
A farmer has n aninrals. He ueeds t<l use fence to rnark out n pens of areas
Ar,Az,...,Arrinthepasture. Assumethefencesareinfinitelythinandflexible.
What is the minimum length of fence required, and the structure of fence that
obtains this minirnurn length?

Remark 3.L Note that for tlti,s problem, solutions rnight not be symmetrical,
and more compler structures rnay arise.

3.2 Extend to k-Dimensions
A prison is to be designed to hold n prisoners such that each cell has volume
1. Assume the walls are infinitely thin. What is the minimum area of walls
required?

3.3 Restrict Curves to Straight Edges
A farmer has n pigs, each requiring a pen of area z. Assume the fences are
infinitely thin. What is the minimum length of fence required? At nrost 8
straiglrt lerrgths of fence are pernritted.
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