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1 Introduction

The problem of tiling originated from antiquity, with the Ostomachion attributed to Archimedes.
The basic premise of the problem is where a completed board is partitioned into smaller
pieces. The specific problem of tiling a rectangular board with polyominoes is more recent,
with earliest occurences in Japanese Tatami mats covering.

More recently, the advent of the computer has changed the way the problem has been
tackled. The Dancing Links algorithm has been invented by Hiroshi Hitotsumatsu and Kohei
Noshita in 1979 [1]. It has been used to tackle the ways to tile a finite alphabet of blocks
into a rectangular grid. More generally, when the alphabet is not restricted to a finite set,
a zero-suppressed binary decision diagram by Shinichi Minato [2] can be used to solve the
problem.

However, these algorithms are both exponential in the size of the input. Hence, a fast

algorithm is required if we wish to solve the problem efficiently.
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2 Definitions

Definition 1. A polyomino is a plane figure consisting of squares connected edgewise. A

n-omino is a polyomino with n squares. Refer to Figure 1 for examples of polyominoes.
Definition 2. Alphabet refers to a non-empty set of polyominoes which may be infinite.

Definition 3. A board is a polyomino which we attempt to partition into smaller polyomi-

noes from a given alphabet.

Definition 4. A tiling of a board refers to a way to partition the board for some alphabet.

Figure 1: Examples of Polyominos: 9-omino (left); 8-omino (right)

Figure 2: An alphabet of trominoes

Figure 3: A tiling of a 4 x 6 board using trominoes
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3 Known Results and Problem Statement

3.1 Known Results

In [5], the generating functions for tromino tiling of 2 x 3k and 3 x k boards are given:
For a 2 x 3k board,

G (z®) = o 1-at (1)
@) 1 —4a3 425
For a 3 x k board,
2 —1
Gre)(z) = (2)

—1+z2+322+623+ 24 —ab

3.2 Problem Statement

In this project, we aim to find the number of ways to tile a 4 x 3k board given an alphabet
consisting of only trominos.

The generating function we obtained is given by

Gru(z) = (—z' 4452 — 790z'% + 71952 — 377912'% + 1205442° — 2410212° + 30738427
—2513592% + 1310392° — 42817x* 4 84722° — 95222 + 53z — 1)/
(2" — 562" + 12232 — 1364322 + 870662 — 3384092"° + 83626927 — 13452972°
+14191772" — 9764562° 4 4310922° — 118633x* + 194242% — 17612 4 76z — 1)

4 Methods

In order to properly explain the methodology, a few more definitions must be made.

Definition 5. A board is right-aligned, horizontally-convex (RAHC) if the following

two conditions hold:

(a) All rows of squares either terminate on the same column or are empty.

(b) All rows of squares are continuous and have no gaps in between them.

An example of an RAHC board and a non-RAHC board is shown in Figure 4. A RAHC
board can be expressed as a row vector {ai,as,...,a,} where a; denotes the number of
squares in row i. For example, the RAHC board in Figure 4 is given by (4,3,5). More-
over, let T'(ay,as,...,a,) denote the number of ways to tile {a1,as,...,a,}. We define

T(ay,as,...,a,) =0 if any of a1, as, ..., a, are negative.
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Definition 6. The maximum point of an RAHC board denotes the value p such that
ap > w; for all ¢ < p and ap > @; for ¢ > p. In other words, this denotes the top-most row

with the most number of cells.

Iigure 4: An example of an RAHC board and a non-RAHC board.

Definition 7. For an RAHC board with maximum point p, the left-most squarc on row p

is Lthe top-left cell of the RAHC board.

Definition 8. For an RAHC board given by the row vector {a), as, ..., @, } with maximum
point p, the effective value of the RAHC board denotes the largest valuc ¢ such that
(p =y 1 =+ =dy . Inolher words, Lhe elleclive value denotles the number ol conseculive

rows after row p that have a, squares in then.

4.1 Initial Mcthods

Originally, we altempled {o extend the method used to [ind the generaling [unciion of
tromino tiling 3 X & rectangles as shown in [5]. However, [inding the number ol bhasic blocks
of a 4 x 3k rectangle is definitely not a simple task. We also tried various ways to colour the
board hoping it would give us interesting properties regarding the tilings of such a board,
[Towever, these methods did not aid much in solving the problem. Ilence, we looked into the

idea of recursion.

4.2 Method X

Consider an RATIC board with row vector {ay, ..., a,} and maximum point p. Note that in
order to obtain a tiling of the RAIIC board, a few trominoces can be chosen to be removed
at cach stage such that the top-left cell of the RAHC board is removed, while maintaining
the property that the resulting board is RAHC. Henee, by considering the possible effective
values (FV}) of the board, a set ol rules Lo remove the top-lelt cell of a RAHC board can be

eslablished.
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EV =0

T(ar,a2,...,0p-1,0p,Gpi1,- .., 0y)
=T(ay,ag,...,0p-1 — 1,0, — 2,0p41,...,0,) when a,_; = a, — 1 and a, > 2
+T(ay,a9,...,0p-1,0p —2,0p41 — 1,...,a,) when a,41 = a, — 1 and a, > 2
+T(ar,a2,...,0p-1,8p — 3,0ps1,--.,0n) when a, > 3.

when a,_; =a, — 1, and a, > 2;

and when a,41 =a, — 1, and a, > 2; and when a, > 3

EV=1
T(ar,a2,...,0p-1,0p,Gps1,.-.,0y)
=T(ai,a9,...,0p—1 — 1,0, — 2,Gp41,...,0) when a,_; = a, — 1 and a, > 2
+T(ay,ag,... 051,06, — 1,051 — 2,...,0,) when a, > 2
+T(ay,a9,... 051,06, — 2,051 — 1,...,a,) when a, > 2
+T(ar,a2,...,0,-1,8p — 3,0p41,...,0y) when a, > 3

when a,_1 =a, — 1, and a, > 2;

or when a, > 2; and when a, > 3
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EV =2

T(ai,ag,...,0p-1,0p,Qpi1,--.,0)
=T(ai,a2,...,0p-1 — 1,ap —2,0p41,...,0y) when a,_; = a, — 1 and a, > 2
+T(a1,a2, e Op1, Gy — 3, Api1, - -, ) when a, > 3
+T(ay,az,...,ap—1,ap11 —1,ap42—1,...,a,) whena,>1
+T(ay,a,...,ap, — 2,0p11 — 2,0p42 — 2,...,a,) when a, > 2
(a Az, ..., 0p—1,0p — 2,051 — 1,...,0,) when a, > 2
T(ay,ag,y ... 0p-1,0p — 1,ap41 —2,...,ay) when a, > 2

when a,_; = a, — 1, and a, > 2;

when a, > 2

' when a, > 3; and ' when a, > 1;

EV >3
T(a1,a2,...,0p-1,0p, Qpi1, .- -, 0p)
=T(ay,az,...,ap-1 —1,ap — 2,ap41,...,a,) when a,_1 = a, — 1 and a, > 2
+T(ar,a2,...,0,-1,0, — 3,0p41,--.,0y) when a, > 3
+T(ar,ag,...,ap — lap1 — 10500 —1,...,a,) when a, > 1
+T(ar,ag,...,0p-1,0p —2,0p41 — 1,...,0,) when a, > 2
+T(ar,ag,...,0p-1,0p — 10501 — 2,...,0,) when a, > 2
+T(ar,a2,...,0p — 2,041 — 2,0p120 — 2,...,Gp) when a, > 2
+T(ar,a9,...,0p —2,0p41 — 2,0p42 — 1,ap13 — 1,...,a,) when a, > 2

Volume 40 No. 1 June 2014 - Mathematical Medley A



. — . when a,_; =a, — 1, and a, > 2
. when a, > 3; and ' when a, > 1;

when a, > 2

This algorithm was then implemented on a computer program to aid in finding the number
of ways to tile a 4 X 3n board for small values of n. These results will be shown in the Results

section of this report.

4.3 Method M

Method M uses the rules of Method X to partition an RAHC board, but in this method we
aim to come up with a recursive relationship by considering all possible states of an RAHC

Board. First, we define 25 states as follows:
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We define A,, (resp. B, to Y,,) as Ay (resp. By to Yy) with a 4 x 3n rectangular board to its

right. Examples of some boards are shown below.

U1 Lzl

Now, note that each state has a specific group of states that they can move on to. The

H

Sg Tg U 0 % WO

M,

diagrams below show all possible states that each state can reach, and how one can tile the
RAHC board at one state to reach another state.
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Y, F, Ly, Sn Va

Therefore, based on this, we will be able to obtain a 25 degree recurrence relationship as

shown:
Ap =By 14 Chy+Dp1+ Ep1+ Fyy+ H,y
B,=H,+1,+ J,+ L,
Cn=K,+ L, + M,
D, = F, + Ny
E,=H,+N,+0,+P,+Q,
Fo=Dh 1+ F+H,+Ry1+ S, +V,
Ghn = H,+ S5, + Un
H,=A, 1 +B, 1+2D, 1+ F, 1+ G +H, 1 +O0p 1+ Ry + T,
I,=B, 1+ 1,1+ J,+2S,
Jn = Ap_1+ B,y
Kn=An1+Cn1+ Dy
Lyn=Bn1+K,+L,1+V,
M,=Ch,1+D, 1+ K,+ M, 1+ R,
No=A, 143D, 1+Goa+H, + K, +0,1+W,
O,=H,+P,
P,=An 1+ Dp1+0Ony
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Qn=A,+J,+K,

R,=F,+ M, + X,
Spn=Dpna+Fo1+Gua+Lia+ Ry +Sea+Yn
T, = H, + W,

Up=Dp1+Gna

Vo=R, 1+ Y,

Wo=Dp 1+ Rn1+T,

Xn=Ry1+ Vo + W,

Yo=F,+L,+S,+V,

5 Results

After implementing the algorithm described in Method X on a computer program, we obtain

the following values. Only the first few values are obtained due to integer overflow.

Number of ways to tile a 4 X 3n rectangle
1
23
939
41813
1895145
86208957
3924499731
178682349823
8135650498647

0w 1 S Gl W= O3S

Now let us look at the equations obtained in Method M. Note that it is possible to eliminate
some of the functions easily, for example, consider the function B,,. It can be substituted
with H, + I, + J, + L, in the following equations and eliminated from the original 25 degree
recurrence relation:

Apn=Hpa+In1+Jn1+Ln)+Ca1+ D1+ Epy + Faon + Hyy

Hy=Ap1+ (Hpo1 + In-1 4+ Jpe1+ Lp1) + 2Dy 1+ Fo1 4+ Gy + Hyo1 + Ony 4+ Ryey + T
In=Hpoy + In-1+ Jn1+ Lp—1) + In—1 + Jn + 25,

Jn=An-1+ (Hp-1+In—1+ Jpo1+ Lp—1)

Ly=(Hpa+In1+Jna1+Lna)+Kn+Lna+V,
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Similarly the function C), can be substituted with K, + L,, + M,, in the following equations

and eliminated from the recurrence relation:

Ap=Hpy+ Ly +Jpa+ L)+ (Kpo1 + Lpoy + M) + Dy + By + Fmy + Hy oy
Kn - An—l + (Kn—l + Ln—l + Mn—l) + Dn—l
Mn - (Kn—l + Ln—l + Mn—l) + Dn—l + Kn + Mn—l + an—l

In the same manner, we can eliminate the functions D,,, E,, G, O,, Qn, Rn. Ty, Y.

Consequently, we obtain a 15 degree recurrence relation:

Apn=An 1 +2F, 1 +4H, 1+ 1 1+ 2]y 1+ 2K + 2L, 1 + My + 2N,y + 2P,
F,=A,-1+16F,_y +10H,_ + 31,1 +3Jp—1 + 2K,,_1 + 5Lp_1 + 5Mp,_1 + TN,
+3P,_1 + 551+ 2Up—1 + 2V + Wity +4X,
H,=A, 1 +TF, 1 +9H, 1 + 2L, 1+ 3Jp-1 + 2K,y + 3Ly +2Mp,_1 + 5Ny + 3P,
+ S+ U + Wi + X0
I,=A, 1+ 10F, y+8H, 1+6I, 1+4J,_1+2K,, 1+ 6L, 1 +3M, 1+ 4N,y + 2P,
+6Sp-1+2U,—1 + 2V + 2X 1
Jp=Apn1+2F, 1 +5H, 1 +2l,_1+3Jp-1+2K,_ 1 +3L,—1 + M,y +2N,,_1 + 2P,
K,=A,1+3F, 1 +4H, 1+ I 1 +2Jp1+3K,_1 +3Lpn_1 +2M,_1 + 3Np1 + 2P,
L,=A,1+5F,_1+5H,1+2l,_1+3J,-1+3K,-1+6L,_1 +3M,—1 +3N,—1 + 2P,
+ Sp—1+ Vo1 + Xna
M, =A, 1 +6F, 1 +4H, 1+ 1, 1 +2J, 1 +4K, 1 +4L, 1 +6M,_ +4N, 1 +2P,_1 +2X,
N,=3A, 1+ 17TF,_ 1 +20H, 1+ 4,1+ 7Jp1 +8Ly—1 + 6M,,_1 + 14N,
+ 8P, 1+ 25,1 +2U,—1 +2Wp 1 +2X,,
P,=A,1+3F,1+5H, 1+ 1 1+2Jp1+2K,1+2Lp 1+ M,_1 + 3N,y + 3P,
S, =4F, 14+ Hp 14+ In1+ Lp14+ My + Ny_1 +3Sn_1 4+ Un_1 + Vo1 + X1
Up=Fo1+Hp 1+ Npy + Sp1 +Upa
Vo=2F, 1+ Lo 1+ M1+ Sp1+ Vo1 + Xna
Wy=2F,_1+Hp 1+ M1+ Np1 +W,1+ X5
Xn=0F 1+ Hp 1+ Ln1+3Mp 1+ Ny +Sp1+Var +Wog +3X,1.
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From the system of recurrence relation, we can also get the generating function given in

section 3.2:

T(z) = (—z"+452" — 7902 + 71952 — 377912 + 1205442° — 2410212® + 3073847
—2513592°% + 1310392° — 42817xz* + 84722°% — 9522° + 53z — 1)/
(2" — 562" + 12232 — 136432 + 870662'" — 3384092 + 8362692 — 13452972°
+14191772" — 9764562° + 4310922° — 1186332* + 194242® — 17612 + 762 — 1)
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