It is a well-known fact that the coefficients of terms in the expansion of (1 + z)™ for non-

negative integer n can be arranged in the following manner known as the Pascal’s Triangle:

n=_0 1

I\ . &1

. 11 241 1
2=3 S BN S |
n=4 1 4 6 41

By elementary mathematics, we have
I+ =0+ 4+ O + =k O 2™ O,

where
n!
&S ri(n —r)!

This is the Binomial Theorem with non-negative integer as index. Thus, a Pascal’s Triangle

for non-negative integer n and r=0,1,2,... ,n (1)

can be written as

By tracking the terms in the expansion of (1 + x)™(1 + z)", we obtain the result
CP™ = CP*Cy + C2,CT + C24C3 + -+ + CT'Cry + CF°CT (2)

for non-negative integers m, n and r where C* =0 if ¢t < s.
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The generalisation of the Binomial Theorem to real index is quite complex. We shall see
how the Pascal’s Triangle can help. For brevity of expression, we define

a(o) — 1’ a(l) — a, a(2) _—t a(a b 1), a(a) = a(a —_ 1)(a —_ 2), ......

for any real number a.

We take note of the difference between o™ and o™, where n is a non-negative integer. We

may describe a™ as step-down n-product of o, whereas o™ is a self-n-product.

Result (2) can be written as

(m -+ n)(") m(") n(o) m(r—l) n(l) m(r'-2) n(2) m(l) rn('r_l) m(o) n(r)
= e et S R T T PTG S I g ) A R
for non-negative integers m and n and r =0,1,2,... (3)

We shall proceed to show that result (3) still hold when m and n are replaced by any real
numbers.

Consider expansions of (o 4+ 3) in terms of a@, oV o ... and @, M 33 ... for all

real numbers a and 3 and r = 0,1,2,.... We have

(@+/)® = 1
@+B® = a+p=aP+p0.
(@+B)? = (a+pf)a+f—1)=ala—1)+aB+fa+pB(5-1)
= ofa—1)+2a8+B(B—1) = a? + 22080 + g2,
(@+/® = (a+Pla+pf-1(a+8-2) =[®+2a0Y + P+ -2)
= aP(a—2)+a®8+ 208D (0 — 1) + 22803 - 1) + fPa + P (B - 2)
— a® 4 @80 4 2080 4 25Mgd 4 (Mg@ 4 g3)
= a(3) ¥ 30((2),3(1) + 30(1)13(2) - ﬂ(3) B S

We notice that the results are analogous to those for (a + 8)°, (a + 8)!, (a+ B)?, (a+ B)3,

- in terms of a®,a',a?,... and 3°, B, 3%, ... for all real numbers o and S3.

It is a conjecture now that in the expansions of (a + 8) in terms of a/®, oM, o? ... and
BO M B3 . forr=0,1,2,..., the coefficients can be arrayed in Pascal’s Triangle. =

So, intuitively, we conjecture the Key Result (KS) as follows:

(a+B)" = C5a + Cral™ VM 4 C'Sa('_z)ﬂ(z) ot C:_la(l),@(’_l) + C’:'),
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Pascal’s Triangle and the General Binomial Theorem

analogous to

(@+B) =Cha" + Cia" ' + C3a" 22 +--- + Cr_1 ' BV + C1 5"

We shall use mathematical induction for a rigorous proof of the KS. It is clear that the

statement is true for r = 0, 1. Further, if it is true for r = k, then

(a+8)® = i Clak= g0,

=0

We shall obtain the expansion for (a + 3)**V from (o + B)*, just as we obtained the
expansion of (a + 3)® from (a + ).

(@+/) Y = (a+p)¥a+B-k) =(a+B)Pa—k+i)+ (-1
k k
= Y Cra* 80—k +14) + Y CFa*989(8 — 1)

=0 =0
k k
= 3" Cralk-HD g0 | 3 Chalk-9 gD

=0 =0
k

k—1
= C(’)ca(kﬂ)ﬁ(o) 45 Zq{ca(k—zﬂ)lg(z) 4 Z Cika(k_’)ﬁ(’“) 5 Cllja(O)ﬁ(kH)

i=1 =0

k k
— C(’)Ca(kﬂ)ﬂ(()) T+ 2 Cika(k—ﬂ-l)ﬂ(i) 4 Z Cf_la(k_i+l)ﬁ(i) 3 C,’:a(o)ﬂ(k“)

1= =1

k
= OO 4 N~ o980 1 W+ yeing CF 4 CF L = CFYY
=1
k+1

— 3 CEa®H050, using CF = & and Cf = CH11
=0

Hence we complete the proof of the KS. It follows that:

(a+ B)™ = a™ 3O alr=b g By a2 g i a©® g
r! ot 0 (=11 (r—2) 2 ()
is valid for all real numbers a, 8 and r = 0,1,2,... (4)

We shall see how this leads to the general Binomial Theorem:

(2) (3
(1+x)°‘:1+ax+02—'x2+0;—'x3+---

where o™ = a(a—1)(a—2)...(a —r+ 1), for all real number a, provided that the infinite
series in the case of a not being a non-negative integer converges (later we will show that a

sufficient requirement for this is |x| < 1). (5)
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N Pascal’s Triangle and the General Binomial Theorem

Consider the product of two convergent series:

a? a® 6@ B .
(1+ax+7x +?x + - )(1+ﬂx+?x +7x + s

the term z” is
a® O -D g -2 gO) o gr-n O g

AW =D g Re-1 W® A"

(@t )"
r!

which is x", by result (4). Therefore,
a® a® g , A
(1+ax+7x+ 3':c+ )(1+ﬂx+7x+ T +--)

®3)
e Yol o i L2 +2'ﬂ) x2+(ag'ﬁ)3x3+_“’

the product of two convergent series, is again a convergent series. (6)

Now, for m, n € Z*, we have, by result (6),

m m)(2) m(3) @) @)
1 @y @00 @0 ), @0 O

. m m m m .
since the sum of n terms, ——+—+—+---+—ls m. Thus,
n o n

el C3rr o T,

1+ ’{x+ "2! r® + a0 24+ =(1+x)n.
Again, we see that if
a® , a® 5

1+ax+—2'—ac +7x +---=(1+4+2)%,

then by result (6),
(2) (3) (- )(2) (- )(3)
a a a a
[l—l—ax-l—Tx + 22+ |1+ (—a)x + 51 r? + 31 2 4...]=1,
this implies that
(2) —a)®
—a a
1+ (—a)x+ ( 2') r? + ( 3') 2?+---=[1+2) ' =QQ+2)
We can thus conclude that
(2) (3)
(1+a:”:1+px+p2—,x +p3 Fhepis

for any rational number p (positive or negative), provided that the infinite series converges.

If p is not a non-negative integer, the series may not converge. (7)

We now consider (1 + z)® for any irrational number a.

\
NS
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Pascal’s Triangle and the General Binomial Theorem

Let {p} be a sequence of rational numbers p;,ps, p3,... such that limp; = a. We have |
(1+2)*= lim(1 + z)*.

For brevity, we write, for any real number 3 and any positive integer r,

(2 (r)
Az, B,r) for 1+ﬁx+ﬁ 72+ - +ﬂ "

1! 2! el ]
B(z,8,r) for

/B('r—l—l) et IB(r+2) s
rr ko s
(r+1) (r+2)

B g

A(.’l‘,ﬁ,OO) for 1+F$+TCL’ S =

and

(r)
Clearly, A(x, 8,00) = A(z, B,7)+B(z, 3,1). Also, let the term 'B—'x’ be denoted by u,(x, ).

r!
ur+1($a /6) ﬁ ')
ue(z,8) r+1x ve(2, f)-
Given |z| < 1, and any small positive value £, we can find é and choose {p} such that
|z <1—0 <1 and p; € [ — §,a+ §] for all ¢ with limp; = a.

Then

For any real number g such that

a—8<B<ats,

B—r B+1
oy = = (-1 )
vr (2, ) r+1x ( +r+1)x
1-— — 1
—1+a+ 6§ﬂ T§—1+g+—+6<0forlarge T,
£l r+1 741
= = ' 4=
s < —1+L6 for large r, and lim —1+L§ =
r4-1 A= 700 r+1
There exists r;, independent of 3, such that for r > ry,
|erﬁ|—ﬁ x| <1—4, since |z|<1—-6 < 1.

Noting that %x” is a continuous function of g € [a — §, + 6], for fixed value of z and

r1, let M be an upper bound of ﬂ( V27|, We have, because |22 21| < M,
(r)!
I@(T1+l) o
ey e e L T R S e
/8(r1+2) r1+2 5
(r1 + 2)! . < M|y, (x, B)vr41(z, B)] < M(1 - 0)7,
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@ pr— .
% & gﬁw A
g%% 4 @W :
W«m«%@@%m#’ %
/
|

i

There exists s such that

ﬁ("ﬁ-s)
m x”+s = M(l — 5)3 < €0.
1 i
In short, there exists r,, independent of 3 , such that for r > r, g
(r)!
K ﬁ(r+1) i) ﬁ(r+2) G
Bl fry = T 1)!93 + 1o 2)!18 +
(r)
= @) + @)+,
1—-946
[B(x,ﬁ,r)l < 5(5{(1 = 5) N (1 == (5)2 B o } = 651—_m
= e(l-6)<eg, for r>ry. (8)

We thus have rli_)rg)B(x,ﬁ,r) = 0. Recalling A(x,3,00) = A(x,3,r) + B(z,8,r), we have
proved that A(x,[3,00) is convergent for || < 1. This result can be easily extended for
B € R. Now,
(14+2)* = lim(1+x)™
- }1m [A(x>pi) T) # B(x)p’ia 7’)]
= hm A(xapia'r) 23 hm B(x)pi)r)
= A(z,a,r)+ lim B(x,p;,r) for all positive integer r,
as A(x,p;, ) consists of finite number of terms.
From result (8),
| lim B(x,p;,r)| <€ for r > ry since p; € [ — d, + 4] for all 4.
Since € can be arbitrary chosen, it follows that rlLrglo lim B(x, p;,r) = 0.
Recall that for any r, (1 + 2)* = A(z,a,r) + lim;_,o B(z, p;, 7). Therefore,
1+42)* = rllr&[A(a:,a,r) + lim B(z,p;, )] = Az, a, ) + lim | 11m B(x,p;, )
(2 3)
. e Wl L AT
= A(x,a,oo)—1+1x+ 2‘:1:+ o 4+

for any irrational number « , provided that |z| < 1.

The Binomial Theorem is thus generalized to

@) 3) f\
(8% e b
1 o el 1 2 3 .« s Cz
(1+z)*=1+ 1x+ R T e \

for all real a , and |z| < 1 if a € Z{. e
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