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In the topic of finding the volume of the solid of revolution generated by revolving
a region in the Cartesian Plane about an axis, one may come across integral such
as 7 [ z%dy, formulated by the well-known disk-method. As y is usually given as a
function of z, evaluation of such integral could be a complicated task, particularly
so if z and y are not one-to-one related. To overcome the difficulties, shell-method
is available as an alternative. The integral then ta.kes the form 27 [ zydz, thereby
avoiding the work of putting z in terms of y.

As the two methods are based on different ways of taking elements of volume, they
are usually perceived as two different tools, of which, the better one has to be chosen
at the start of the work. We shall see their connection, and show that each is in fact
derivable from the other mathematically.

For definiteness we shall restrict our discussion to the volume of the solid of revo-
lution generated by revolving a region in the first quadrant of the Cartesian Plane
about the y-axis. In this article, all arcs are assumed to be continuous; derivatives,
integrals, whenever there arises, are all assumed to exist, unless otherwise stated.
We first consider typical regions.

Type I - region whose boundary is oriented in the anticlockwise sense.

Let there be an arc AB in the first quadrant with end points A(x A,Ya) and B(zp,yB)
with cases:
(i) the path along the arc AB in the dn‘ec-
tion from A to B is strictly ascending,
and that all values of z and y on the arc Y
are one-to-one (see diagram, HK being
an example).
(ii) the arc AB is a straight line parallel to
the z-axis (like PN in the diagram)
(iii) the arc AB is a straight line parallel to
the y-axis with yp > ya (like QH in the
diagram).




Let R(AB,y) be the region bounded by arc AB, the line y = yp, the y-axis and the
line y = y4. We note that 'R,(AB y) is described in an anticlockwise sense.

Let V(R) be the volume of the solid of revolution generated by revolving a region R
about the y-axis, and Id('R, (R) represent the integrals for its evaluation by way of
the disk-method and shell-method respectively. For the evaluation of V(R(AB,y)),
we have

L(R(AB,g)) = - |
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We shall prove that I4(R(AB,y)) = I(R(AB, y)) for the three cases.
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Using integration by parts and / a5 y + C, the above expression equals to

n(ahus - shua) — 2 [ ayds = L(R(AB,y))
(ii) I3(R(AB,y)) = I,(R(AB,y)) = 0.
() 1(R(AB,) = [ a2y = 7 (0

‘yA) = MB(yB ya) = 7(zhyp — 5ya). As
YA "
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A = Tp, wWe may write it as 1r(vayB rhya) — 27r/ zydzx = I;(R(AB,y)),
T

where the value of the second integral is zero. i

ype ,II - regmn whose boundary is oriented in the clockwise sense.

sider now arc BA, with arc AB as described above.

R(BA, y) be the region which is bounded by arc BA the line y = yA, the y-axis

e sohd of revolution generated by revolvmg 'R(BA y)
ute value equals V(R(AB,y)). Also
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For convenience, we define ‘
V(R(BA,y)) = -V(R(AB,y)),

Id(R(BAa y)) = —Id(R(AB7 y))

and
I(R(BA,y)) = —Is(R(AB: Y))s

V(R(BA,y)) = ~V(R(AB,y)) = ~La(R(AB,y)) = ~I,(R(AB,y)).

This last statement can also be a general statement noﬁr, as long as the path along
the arc AB is either non-descending or non-ascending.

We now look into any region in the first quadrant.

Let a region be R(ApA; ... An—14p), bounded by a closed but non-self-intersecting
curve AgAj Ay ... A, 1A, described in an anticlockwise sense, Ay being the lowest
point, in such a way that, AgpA;, A1As,... A,_1Ag are arcs either of the type I or
type II as discussed above. (See diagram, R(HKLMN PQH) serves as an example)

Taking A,, to be Ag, if the arc A;A; 1 is of the type I, R(A4;Ai+1,y) is a sweeping-in
region for R(AgA; ... Ap_14p) and V(R(A;Ait1,y)) is positive.

If the arc AjAj41 is of type II, then R(AjAji1,y) is a sweeping-off region for

Thus, for V('R.(A()Al o ,An_lAq)). "V Ath

n—l

[a(R(Aody .. An140) = Y Lu(R(AiAir1,9))

=0

n—1
= Y IL(R(AiAi+1,9))
i=0

- Is(R(AOAl s e An_lA.O))-
Thus the two integrals are derivable from each other.

Applying some skill employed in the above discussion, perhaps, we might say that
disk-method is quite sufficient for finding volume of solid of revolution of a region
bounded by straight lines and continuous arcs, classified as above, if differentiation,
integration are all possible whenever it requires.
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Facing an mtegral such as 7 [** zzdy, we can proceed in the following way:

- 2%
™ / dy=mn / . ) dz, (_]ust be sure that = and y are one-to-one)
Wit S dz s

The mtegratmn ‘with respaetgto T may prove to be easy.

If not, we can apply integration by pm:ts.

Shell-method is aetuslly enbedded it uacess:

For a less well-conditioned case where the arcs and straight lines are just continuous,
as such obtained by usual act of drawmg, yet existence of derivatives inside the
integrals not assured as when we need, we can still show that disk-method and
shell-method are derivable from each other by using the Riemann sums.
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