


On Some
Maximum Area Problems I

1. Introduction

When the lengths of the three sides of a triangle are given as [,,l, and [, then its area A is

uniquely determined, and A= J s(s—=1)s—-1,)(s=1;), where s is the semi-perimeter
%(ll +1, +1,). This formula is usually called the Heron’s formula. It is also well known that
there is a unique circle circumscribing any given triangle.

However, when the number of sides of a plane polygon is more than three, the situation
becomes much more complicated. For instance, consider all quadrilaterals of which the
lengths of the four sides are given as [, 1,, [;, and [,. Since there are infinitely many such
quadrilaterals, rather than considering the area of an individual quadrilateral, it is more
natural to address the following questions: (1) Which of these quadrilaterals is cyclic? What
is the radius of the circumscribing circle? (2) Which of these quadrilaterals achieves the
maximum area? What is the formula of the maximum area? Is such a quadrilateral unique?
In general, for any positive integer n =5, similar questions can also be posed for n-gons with
n side lengths prescribed.

In this paper, we shall present to readers the main results pertaining to these questions in a
more systematic way, and try to provide the solutions to the problems in an easily accessible
way. We shall first answer the questions mentioned above for quadrilaterals, then prove
some results for general n-gons. To understand the discussion, the readers only need to have
basic knowledge of calculus.

2. Conditions For A Quadrilateral To Achieve Maximum Area

Since we are mainly interested in those polygons which achieve maximum area and such
polygons are clearly convex, thus in the following we shall only consider convex polygons.

We shall first consider the quadrilateral which achieves the maximum area. Let ABCD be
any quadrilateral whose four sides have lengths [,,1,,/, and [, (see Figure 1). Join AC and

let ¢ and y denote the angles £ ABC and £ ADC, respectively.
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Thus, the area A of the quadrilateral ABCD is given by:

A=1ll,sing+311siny. 1)
In view of
AC? =1 +1," -2l,],cos¢
2 s or cosp =k, +k,cosy, 2)
=1,"+1," -2l,l,cosy,
A
where
l4 l]
e s M A
1 ’ 2 ’
D qQ o 211, LI,
l3 lz
2 sin g = J1— (k, +k, cosp)’ . 3)
Figure 1 Substituting (3) into (1), we obtain

A=%lxlz\/1"(k1 +kycosy)’ +1L1, siny .

Now A is a continuous function of the variable ¥ and it is differentiable over (0,7). In
order to find out the value of y for which A attains the maximum value, we first find its
stationary point(s) in (0, 7).

Now
d_A_=I_3_l_4_ S E (k, + k, cosy)siny : @)
dy 2 V1-(k, +k, cosp)®
: dA 3
Using (3)and (4), I, #0, [, #0, and d— =0 we obtain
4
singcosy + (k, +k, cosy )siny =0. S
In view of (2), (5) becomes sing@cosy +cos@siny =0, that is,
sin(p+y)=0. 6)




Since
O<¢<zm and O<y<m,

equation (6) implies
P+y=nm. @)

From (2) it follows easily that there is a unique y" satisfying (7), that is A has a unique
stationary point in (0, 7). Furthermore, for this y*

2 .
- . (l+l3l4smwj<0 &

dy*| . 2sing\  Ll,sing

W=y

Thus from elementary calculus, it follows that

D \ LB A attains the absolute maximum value at .
Notice that equation (7) is actually equivalent to
&
Figure 2 the condition that the quadrilateral ABCD is

cyclic, i.e., all its vertices lie on a circle as shown in Figure 2.

In the following, we shall show that when ¢ and y satisfy the equation ¢ + i = 7, the area
of the quadrilateral ABCD is given by

A=(s—1)(s—1,)(s =1,)(s~1,) ©)

where

258 (10)

i=1
To derive (9), we employ (7) in (1) and (2), yielding

A=1(L1, +1,1, )sing, a1
and

cosg = A B S0 (12)
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Hence sin g =/1-cos” ¢ = VL=l 0 PP+ P - =LY} -

2(IIZZ & 1314 ) :

and (9) follows immediately from (11) after the replacement of sin¢ by its expression in
(13).

The above results are summarized in the following proposition:

Proposition 1. A quadrilateral with designated side lengths /,,1,,l; and I, achieves the
maximum area if and only if it is a cyclic quadrilateral, and in this case the maximum area A

is given by
A =,[(s—ll)(s—lz)(s—l3)(s—l4),

5 i=4
: where s = %Zli :
E ‘ : i=1
Remark 1 It is well known (see [1], for example) that if a circle C, circumscribes a triangle

e et ABC whose three sides are of lengths /,,1, and [,, then its radius r, is given by
r, 111213

7 4s(s =L )s=L)(s~1y)

Now suppose a circle C, circumscribes a quadrilateral whose four sides are [,, ,, [, and [,,
then we show that the radius r, of C, is given by

e 'J(IIZZ Ui l3l4 Xlll3 + lzl4 Xlll4 i3 1213) A
4(s=1,)(s —1,)(s = L) (s =1,) '

4

12417 -1, -1

F 12), =1 ’ A
rom (12), cos¢ 2(1112 +1,1,) D B
&

cos@, = —é‘; cos@, = % (see Figure 3).

Figure 3
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But cos¢ = cos(¢, +¢,) =cos@, cosg, —sin @, sing,, so

©

5

@5) AL -1 -1 1L, @t =10t -1}
O: 201, +1,1,) 4r? 4r*




It follows that

L, +11,) =220 +1;7 -1, -1,%) :

!
4r:-1>)@r*-1>) =
J 1 * (1112 +l314)

(14)

On squaring both sides of (14) and rearranging terms, we obtain

Al +L -1 -1 -4, + 1L )
= lllz (lllz + lsl4 )(llz + 122 —132 G l42) i (ll2 % lzz)(lllz +F: lal4 )2’

and hence

e 'J(ZIIZ + 1314 )(lll3 o lll4 )(lll4 + lzls) :
4 (s =1)(s —1,)(s = L)(s—1,)

r,=r
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3. Conditions For An 7+Gon To Achieve The Maximum Area

In this section, we consider the set of n-gons whose sides have fixed lengths 1,,1,,...,[, .

Using the results obtained in Section 2, we shall prove that:(1) An n-gon achieves maximum s
area if and only if its vertices lie on a circle; (2) The value of the maximum area is s A ®
independent of the order in which the 7 sides of the polygon are arranged. ;

Proposition 2. An n-gon, with given side lengths /,,1,,...,], , achieves maximum area if and
only if it is cyclic.

Proof For the necessary part, consider a polygon A/A, - A, (see Figure 4) whose sides
AA,,AA,,-, A A have lengths [,],,...,1, respectively, and suppose that it achieves the

maximum area. Assume that in this shape, A;A, has length /. " %
1

i A
Consider the quadrilateral A A,A;A,. If the n-gon AA, ----- A A3
has achieved maximum area, then so has the quadrilateral
AAAA, with AA, =1. From Section 2, it follows that
vertices A;, A,, A, and A, must lie on the circumference of a
circle, say C. Similarly, the vertices 4,, A,, A,,and A of the
quadrilateral A,A;A, A, must also lie on the circumference of a

circle, say D. However, as every three points determine a
circle, C and D must be the same since they both contain the

points A,, A,, and A,. Inductively, it follows that every vertex

Ay

Ap
As

Figure 4

A, of the n-gon must lie on C.
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To prove the sufficiency, let Q be an n-gon with side lengths [,,l,,...,I, whose vertices

A, A,,...,A, lieonacircle C with centre O and radius r. Intuitively, there exists an n-gon
that achieves the maximum area. Let P be such a polygon whose n vertices are B,,B,,...,B, .
o : Then, by the necessity part, P is circumscribed by a circle C'. Suppose the radius of C is
L r,and the centre is O’(see Figure 5). If we can show that r, =r, then the n-gon Q is
congruent to the n-gon P , thus it also achieves the maximum area.

Bi+2

livi
... .l Bi
® E
Figure 5

Suppose r, # r, with no loss of generality, we assume that r, > r. Then it follows that for
each i (i=1,2, ---,n), ZAA_A,, <<BB,B,,, using the convention that n+1=1,
n+2=2.

Thus

zéAiAmAm = zéBiBmBm : 15)
i=1 i=1

However, both P and Q are n-gons, so

> LA A A, =(n-2)7 and 3 ZB,B,,B,, = (n-2)7
i=1

i=1

hold, which contradicts the inequality (15).
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Remark 2 From Proposition 2, one can also observe that the maximum area achieved by an
n-gon with all its side lengths specified is independent of the order in which its n sides are
arranged. As a matter of fact, from Proposition 2, if an n-gon with given side lengths
achieves the maximum area, then it must be cyclic and hence can be thought of as the sum of
n isosceles triangles with the centre of the circle as one common vertex. It is then obvious
that the area of the n-gon remains unchanged regardless of how the n sides are arranged.




4. Summary And Remarks

In this paper, we derived the formula of the maximum area achieved by a quadrilateral whose
four sides are prescribed by using elementary calculus techniques. We also proved that an n-
gon achieves the maximum area if and only if it is cyclic. The maximum area of a
quadrilateral with its four sides prescribed can also be obtained using Brahmagupta’s
formula, which states that the area of a quadrilateral equals

J(s —a)(s = b)(s —¢)(s —d) — abcd cos® (—A;—B)

where a,b,c,and d are the side lengths of the quadrilateral, s=1(a+b+c+d), and A, B

are the angles between sides aand d, and sides band c, respectively. The interested
readers may like to derive this formula from first principle. For n>5, we do not know of
any closed form formula for the maximum area achievable by an n-gon with prescribed side

lengths. Interested readers my like to read more about areas of cyclic polygons in Robbins
(1995).
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