
L'J ~:~;~:~i~:l ~:!~=:i~:r:lh~:;;,b~~;:ts Jap:eM~~~:;~;i~~~ 
.._ / Olympiad, 1991, Georgian Mathematical Olympiad, May 1997, 

as well as the 40th International Mathematical Olympiad which was 

held in Bucharest, Romcmia, July 1999. Please send your solutions 
of these Olympiads to me at the address given above. All correct 
solutions will be acknowledged. We also present solutions of the 
11th Irish Mathematical Olympiad, March 1998 cmd the XI Asia Pacific 

Mathematical Olympiad, March 1999. These were published in the 
last issue. Finally we also present problems and solutions of the 
Singapore International Mathematical Olympiad National Team 
Selection Test 1999/2000. The readers are urged to try the problems 

first before looking at the solutions. 
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12th Nordic Contest April 1998 

"\""" 
1. Find(all functions f from the rational numbers to the rational 
numbers satisfying 

J(x + y) + f(x- y) = 2f(x) + 2f(y) I 
.~ ' 

for all rational x and y. 

2. Let C1 and C2 be two circles which intersect at points A and B. 
Let M 1 be the centre of C1 and M 2 the centre of C2. Let P be a point 

~ em the line segment AB distinct from A and B so that I API=/= IBPI. 

« I 

~ ~': 

Draw the line through P perpendicular to M 1P and denote by C and 
D its intersections with C1 (see figure). Similarly (not drawn in the 
figure), draw the line through P perperfdicular to M2 P and denote 
by E and /i: its intersections with C2. Prove that C, D, E and F are 
the corners of a rectangle. 

.!k:.' 

3. (a) For which positive integer n does there exist a sequence 
x1 , ... , Xn containing each of the numbers 1, 2, ... , n exactly once and 
such, that k divide~ ,x1 + x 2 + · · · + xk for k = 1; 2, ... , n? 

~' (b) Does there exist an infinite sequence x1 , x 2 , • . • containing 
~very positive in~eger exactly oncE; and such that for any positive 
inMget k, k divides x 1 + x2 + · · · + xk? 

4. - Let n be a positive integer. Count the number of k E {0, 1, ... , n} 
for which (~) is odd. Prove that thisnurhber is a power of 2, i.e., of 
the form 2P for some non-negative integer p. 

1 • r ~ "' 
'Ow r, >t • 

i>"- ..., " \ • J • l " ' .... Fj:g.al Rout;td 11 • , .... ~ \..J ... .., -·" , 
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····,{ .. ~· On a · tdangl~ ABC, let P, Q, R be"'the point~ ~whic)l divide the ' 
segrrlent BC, CA, A$, respectively in the ratio t : 1 - t. Let K be 

) ,,th~ are~ of., ~he . tii~ngle wliose three edges, have the same~ length with 
~~ the segments AP, I;JQ and OR and let L b~ the area of tnangle .&.BC. 

f . Find' K / L in tertns \of t. I 
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2.. Let N be the set of hll positive integers. The maps p, q : N ·~ N 
are defined as follows: 

p(1J '-= )~,p(2) ='3,p(3) = 4,.p(4) =~ 1;·;R(n) ---: 'n if n ·;:::: 5. 
'· , '"" 

q(1) = 3,q(2r= 4,·q(3) = 2,q(4) = 1;q(n) = n if n ,> 5. 

" ., · (~) There e~sts1 a ~ap f :'N-+ N such that f(f(n)) '= P.(n)'+ 2J 
• · for all n EN. JFind an example of such~a map f. 
(<~. ~ " \. . ~ ,Y . 

x, :.. (b) Show that there does not exist a ~ap g : N -..-+ ~ such that 
• g(g(ii)) = q(n) + 2 for all,n EN .• ' 

~ -

3o. Let A be a p~sitive 'integer of 16 digits in the decimal system. - \ . { ......, 
Prove that we can choose some successive digits from •A such that 
their product is a square of an ~nteger. - ) ' ,..... 
4. On a rectangulat: chess board of siz~, 10 x 14, the squares' are 
coloured white and black alternately. · We write 0 or 1 in every sq1,1are 
so that every row and every column contains -ah 'od<i number of 1. "' " 41 

Prove that the total number of 1 in the black squaresc is, even. It ,.. >: ~ '\) 
.,. , ., if 1 , "" .. . II .ilr'! ~f\ 

4
!1\j 

5. Let A be a set . of n(;:::: 2) points on a plane. Prove that there 1':-i'~ . 
exists a closed circular disk with two points 6UA. at the two ends,;Of a -- 1 ~ .. 1 

v diameter and which c9ntaJ..,ns at ·least· ln/3J points pf A .. {Notr:~ _,Fo_r -."""J"::'I 
any real number x, l x J denotes the largest integer ::; x.) 1 

, p 1 , . ' ~~ ~ 
~ • \r ' 
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~: Georgian Mathematical ,Ol:yq1pi~d, 1\(lay 1997 " · _\;~ ]
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Selected proble..ms froiJI the final round · 11 · 
, I '; . . 

"' 1. (9th.Form) Proye that for any positive integer n, the following 
equa1ities hold:, 1 · "' / ' 

' . 
j • 

""' -~ 
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5. (lOth Form) Determine whether or not it is possible to fill an 
n x n table with entries equal to 1,-1 or 0 so that when calculating 
the sums of the entries along the rows and the columns one could get 
20 different numbers. 

6. (lOth Form) Prove that in any triang~e, pR 2:: 28, where p, R, S 
are, respectively, the semiperimeter, circumradius and the area of the 
triangle. 

7. (11th Form) Tw.o positive numbers are written on a board. At 
each step you' must perform one of the following: 

(i) choose one of the numbers, say a, already written on the 
board and write down either a2 or 1/a. 

(ii) choose two numbers, say a, b, already ¥{I'itten on the board 
and write down either a + b or Ia - bl. How should you 
proceed in order that the product of the two initial numbers 
will eventually be written on the board? : 

' f""" 

- t)~. (. .y 
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Nation&} Team Selection Test 1999j200~0. Day 1 

1. In a tnangle )!BC, AB > AC, the external bisector of angle A 
meets the circumcircle of triangle ABC atE, and F is the foot of the 
perpendicular from E onto AB. Prove that 21\F = AB - AC. , 
2. Find all prime numbers p such that 5P + 12P is a perfect square. 
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Bucharest, Romania, Jqly 1999. 

1. Determine all finite sets S 'of at least thre'e poi~ts ~in th~ plane1 

which satisfy the following condition: 

-for any two distinct points A and Rin · S,' the perpenCI.icular 
bisector of the line seg~ent AB is an axis of symmetry , for 
S. 

~ 

-l' 

2. Let n be a fixed integer, with n ~ 2. 

· (a) Determine the least constant ~C such that the inequality 

\,. "~:r 

• "t. L :DiXj(x; + x]) < cC )'; 'x:) 
4 

., ~"" ~ ' l~i<j$n l~i$n' 
, __ { "' 
..,..... " holds for aU real numbers x1, ... , xn> 0~ · 

~ ' r-

" ~ (b) For this consfant .. c;· determine when equality holds. 
t_x * .. . . t ' 

3. ConSider an n x \:n square bo~rd, where n "'is (1 fixed:'even ,positive 
\ integer. T~e board is d,ivided illto ~2 unit".,squa~es. l•We say that tw~ 

,., different squares on the board are adjacent ff they hc:we a comll,lon 
s1de. N unit squares on the bQarc! are marked ip-such a way that 
every square (marked. or unmarked) on the board is adjacentto at 

~· '"'· . ·····. ¥ . ''"·· """" 

least ope marked ~quare. Determine the smallest possible value oj N. 
' "" , I :; :;,, 

Day-2 

4.' Determine all pairs (p, q) of positive integers such tha;t P'iS prime, 
rt::::; 2p, and (p- l)TJ- + 1 is divisible by nP-1 . ' .~ 

. .,..... -r , - , - , ,, , 1'1 · 
5. Two circles f1 ~and f 2 are contained inside the circler, and are 

i ·. .. . . .. ~ 

tangent ,to r . at the uistinet ,points M and N, respectivelY. T 1 passes 
tHrough the centre of .f2 .,, The line pass~ng through tl.re t~o poJiits' 6f 
iptersection of f 1 andr. r 2 meets~r .at· A and:;..,B: -Tne lines M<! an~ 
M B meet f 1 at C'"' and D, respectively. 

f """"' 

·'· Prove that C IJ i~ t<lngeytt to r 2. '~ ,. 
\ I i , 

6. t;,Determine all"functions f : lR-+ lR such th(!t 
/ t t1 ' ~, 

fpr all x~ y E JR. 
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1. Show that if x is a nonzero real number, then 

8 5 1 1 
X -X -- +- > 0. x x4 -

\ 
• 

Similar solutions by Chan Sing Chun, S. Thiagarajah, Lim Chong Jie 
(Temasek Junior College), Kwa Chin Lum (Raffles Junior College) 
and Tan Chee Hau {Raffles Junior College). Also solved by Colin Tan 
Weiyu (Raffles Institution). .. , I . 
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2. P is a poi~t inside an equilateral triangle such that the distances 
>from P to the three vertices are 3, 4 and 5, respectively. Find the 
area o'f the triangle. 

Solution bg Chan Sing Chun. Also solved by K wa Chin Lum, Tan 
Chee Hau(Raffles Junior College) and Colin Tan Weiyu {Raffles In­
stitution). 

Let the length of the side of the equilateral triangle ABC be a. Con­
struct an equilateral triangle BP D with side equal to 4 as shown. 
Since LABC . LPBD = 60°, we have .LPBC = LABD. To­
gether with PB .. = DB, B'C ' . EA., we have t::.PBC = !:::.DBA. 

" Therefore PC,'= DA = 5, whence t::.AP D is right angled at P and 
LAP B = 150°. Apply the cosine rule to f::.AP B we have 

Thus the atea is (36 + 25v'3)/4. 
' 

c 

D 
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3. Show that no integer of the form xyxy in base 10 (where x andy 
are digits) can be the cube of an integer. 

Find the smallest base b > 1 for which there is a perfect cube of the 
form xyxy in base b. 

Similar 'Solutions by Tan Chee Hau (Raffles Junior College), S. Thia­
garajah. Also solved by Kwa Chin Lum (Raffles Junior College) and 
Colin Tan Weiyu (Raffles Institution). 

The integer xyxy in base 10 can be represented by 1010x + lOly = · 
101(10x + y), 0::; x, y::; 9. Since 101 is a prime number, the number 
xyxy is a cube only if lOx + y is divisible by 1012 . But this is not 
possible. So xyxy cannot be a cube. 

In base b, the number is (b + b3 )x + (b2 + l)y = (b2 + l)(bx + y),. 
0 < x, y :S b- 1. If b2 + 1 = P1P2 ... Pn where Pi, i = 1, ... , n are 
distinct primes, then 

r- xyxy == (b2 + l)(bx + y) < (b2 + 1)3 = pfp~ ... p~. 
. 
j 

Thus xyxy cannot be a cube. Therefore for xyxy to be a cube1 b
2 + 1 

must contain a square factor. By an exhaustive search the smallest b 
such that b2 + 1 contains a square factor is b = 7: b2 + 1 = 50 F 2 x 52

. 

We see that 50(7x + y) is a cube when x = 2, y = 6. Thus 2§26 in 
base 7 is a cube and the smallest such b is 7. 

4. Show that a disc of radius 2 can be covered by seven (possibly 
overlapping) discs of radius 1. 

Solution by Lim Chong Jie {Temasek Junior College) and Tan Chee 
Hau (Raffles Junior College). 

First we use 6 discs whose diameters are the sides of an inscribed 
regular hexagon of the disc of radius 2. Then place the seventh disc 
of radius 1 such that its centre coincides with that of the disc of radius 
2. Then tbe seven discs cover the disc of radius 2. 
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5. If xis a real number such that x 2 - xis an integer, and, for some 
n :::=: 3, xn - x is also an integer, prove that x is an integer. 

Solution by Kwa Chin Lum, Tan Chee Hau{Raffles Junior College). 
Let x 2 - x = k E Z. If k = 0, then x = 0 or x = 1 and thus x 
is an integer. So we suppose that k > 0. Then, x 3 - x 2 = xk and 
so x3 = (k + l)x + k. In fact it is easy to prove by induction that 
xm = amx + bm where am, bm E Z and that am> 1 if m :::=: 3. Thus 
xn - x = (an - 1 )x + bn E Z. It then follows that x is rational since 
an - 1 =f:. 0. Let x = r / s where r and s are coprime integers, with 
s =f:. 0. Then x 2

- x = r(r- s)/ s2 E Z. Since r, s are coprime, we have 
s I (r- s) which implies s I r; forcing s = ±1. Thus xis an integer. 
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• " 6. Find all, positive integers n that have exactly 16 positive integral 
divisors d1, d2, ... , d16 such ·that ,. · 
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The second inequality then follows. ' 1 ' +-

(Note: Given n positive real numbers a1, ... , an, their arithmetic 
mean {AM) is (aJ +· · ·+an)/n, their harmonic mean {H!J} is n/(a1 1+ 
· · · a;; 1). It is Wf1ll known that AM 2: H M.) 

! 

8. Let N be the set of 'natural numbers (i.e., the positive integers). 

(a) Prove that N can be written as a union of three mutually disjoint 
sets such that, if m, n E N and lm - nl = 2 or 5, then m and n 
are in different sets. 

(b) Prove that N can be written as a union of four mutually disjoint 
sets such that,)f m, n E N and lm" nl = 2, 3, or 5, theh m and n 
are in different sets. Show however, that it is impossible to write 
N as a union of three mutually disjoint sets with this property. 

Solution by Kwa Chin Lum {Raffles Junior College). Lim Chong Jie 
{Temasek Junior College) and Tan Chee Hau also obtained correct 
solutions to (a) and the first part of {b). (a) For each i = 0, 1, 2, let 
Ai = {3k + i: kEN}. Then A 0 , A1 , A2 have the desired properties. 

(b) For each i ' 0,1,2,3, let Ai = {4k + i: k E W}. Then 
Ao, A1, A2, A3 have the desired properties. For the second part, we 
prove it by contradiction. Suppose P, Q, R are three sets wfth the 
given properties. Then if 1 E P, we have 1 + 2 = 3,1 + 3 = 4,1 + 5 = 
6 ¢ P. Since 4 and 6 are in different sets, we may assume that 4 E Q 
and 6 E R. Also 3 and 6 are in different sets. So 3 E Q. We now 
consider 2, 5 and 7. We know 2 and 5 are in different sets, as are 2 
and 7 as well as 5 and 7. Now 2 ¢ Q since 4 E Q and 5 ¢ Q since 
3 E Q. Thus 7 E Q. But 4 and 7 cannot be in the same set. Thus we 
have a contradiction. 

- ., 
9. A sequence of real numbers Xn is defined recursively as follows: 
xo and x1 are arbitrary positive real numbers, and 
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Find X1998· 

Solution by Kwa Chin Lum (Raffles Junior College), Tan Chee Hau 
{Raffles Junior College), Lim Chortg Jie {Temasek Junior College) . 
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Direc~ computation shows that x2 = (1 + x1)/xo, x3 = (1 + J:o + / · , 
x1)/(xox1). Aft·er a few more terms, we have xs = xo, x 6 . x1 and \{} 1 
so on. This suggest that Xn+5 = Xn for n > 0. This can b~ proved f>·.tf\. 
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directly as follows: J -' ~ ..... 

'~I 
... 1 + Xn+l . 

Xn+2 = 
Xn 

• 1 ' .... } 

1 + Xn+2 
Xn+3 = 

:}. + .Xn + Xn+l 

' 
Xn+l XnXn+l ~ 

1 + Xn+3 1 + Xn 
Xn+4 = = · · · = 

Xn+2 

1 + Xn+4 
Xn+5 = = · · · = Xn 

r ~ 
• 

Xn+3 

' -' 
t 

.... 
l I 

Thus xl998 = X3 = - 1-(1 + xo + x1). 
XQXl ' 

\. 

10. A triangle ABC has positive integer sides, LA ~ 2LB and 
LC > goo. Find the minimum length of the perimeter . 

.. f """ 

Solution by Kwa Chin Lum {Raffies Junior College). Also solved by 
Tan Chee Hau {Raffies Junior OoUege) . 

~ 

I ~ 
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With the usual notation, since LA = 2LB, we have by the sine rule, 
a/sinA = b/sinB. Thus ajb = 2cosB. But LA+ LB <goo. Thus 
LB < 30°. Hence we have 2b > a > J3b or 4b2 > a2 > 3b2

• Using 
, the fact that A+ B + C = 180° and A- B = B, we also have, 

sin( A+ B) sin( A- B) = sin B sin C 

sin2 A- sin2 B = sinBsinC 

af2- b2 =be t 

a2 
e = b- b. 

'· ··' -~ 

(Chan Sing Chun observed that this argument is reversible and in fact 
we have LA =2LB if and only'if a 2 - b2 = be.) Hence b I a 2 . If b 
is a product of distinct primes, then b I a2 implies that b I a. Thus 
a> 2b, a contradiction. Sob is not a product of distinct primes. The 
perimeter isp =a+ b + e = (a2 + abJfb. Thus we want to minimize 
p with integers a, b satisfying 4b2 ::> a > 3b2 and b I a2 • The first few 
integers which are not products of distinct primes are 

"' , h l r\' I , ' " 
F ~ \ ~-1, y r'.. !>X 4, 8, g, l12, 1?, 181 20,., ·,. .t 

:P· 1 ' 
The first that satisfies the required conditions is b = 16; a = 28 and 
c = 33 which ·give'p = 77. This is th~ minimum siQce 

,, . . -
i f \ t/ 

' . AI ", 
I 

.-:P ' \. • . . . 

for b > 18. 
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XI Asian Pacific Mathematical Olympiad, March 1999 

. 1. Find the smallest positive integer n with the following property: 
There does not exist an arithmetic progression of 1999 terms of real 
numbers containing exactly n integers. 

Solution by Lim Yin (Victoria Junior Cotlege). Also solved by Christo­
pher Tan Jun. Yuan (Raffles Junior College). First note that integers 
occur at regular intervals in an arithmetic progression. Suppose in 
an arithmetic progression of 1999 terms, there are n integers, and 
between two successive integers there are d nonintegers. Suppose fur­
ther that there is a total of e noninteger terms at both ends of the 
progression. Then we haven+ (n-1)d+e = 1999 where 0:::; e:::; 2d. 
Therefore 

~ 
\. t ~ ·~ 

le-d J l1999 J . " N 
..,, n+ -- -

" \... ~. d+l d+1 I t ... " .., ..... ; l #> I' . \ Thus ' .f'(! 
.... f ~"l 

•· #. \.,.. .. "'"'\~· J. ' { ll999 J + 1 ife-d<O , .. 
~ . ..,. ""'1\ ' d+1 
t• 

\ ' n= 
'\ "' l \., l ~ ' I r' 1999 

'\! l d+1 J ' ife-d;:::O '(• , ', ;.p-~l " \ ,. ,.. .,1 • {,;~ 

' - .. 
Thus we conclude that if L 19} 9 J is a possible value of n then so is 
L 19

}
9 J + 1. Hence the answer is l 19

}
9 J + 2, where d is the largest 

number such that l ~~i J -l 19
}

9 J = 3. If l1999/dJ = q and l1999/(d+ 
1)J = q + 3, then 1999 = dq + r = (d- 1)(q + 3) + s, which in turn -' ~ • 
implies that q = 3(d- 1) + s- r ;::: 2(d- 1). Thus 1999 > 2d(d- 1) ,._ 
and hence d:::; 32. The sequence of values of l 19} 9 J ford= 32, 31,... 

1 
is 62, 64, 66, 68, 71, .... Thus the answer is 70. ~ 

2. Let a1, _ a2 , .•. be a sequence of real numbers satisfyi,ng ai+j < 
ai + aj for all j = 1, 2, .... Prove that 

for each positive integer n. 

Official solution. Let bi = adi for i = 1, 2, ... , we shall prove that 
• "'!..' /f' V' t~ . ~.,. 

.f 

b1 + · · · + bn 2: an, for n = 1, 2 ... r "'• <"" ~ ~t' {fv. , 
~'\I .... It I • ~ ·( • 
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Then· .... 
--, -~ 

.r Tf. t • 

'nbt i; ... -t,~bn:~l '· '' . . . ~~ r*,.; • {; "'""' { ~ ..... 
" bt + (bt + b2)'+ · · · + {bt + V • + bn·.::_ i) " . ' """ / 

' •' ~ 

" :f- {bl + 2b2 + · · ·'(n- l)bnYt) "' " \ 
~ '· . .. . 

~"6i +\(bt -tb2) + · ·,· t (bt'+ · · "'+ bn~ t) + (~1 +.-.·+an-d t 
' ' . • '17--1 .._ 

> .~{q1 + ... + a.n-d' = I:Cai +an-i) > en··_ l)an. " : _,. --
• i=} I ~ t· /' 

' ( "*"' ~ ... 

This imp~~ b1 + "'" ~ + bn > an and the proof is ;omplete. 
• . . 7 ,; ' - . ' 

'~,3~,- · Let r 1 aqd, r 2 be-tw~" circles intersecting~ at P anq Q. The 
~'- ' . ,::: "~. . . . . ' . I " '. . """''·• 

,q,mmon ~~g~t clos~r .to P, off't",andr2 t~u~es.rt !lt A ana f'z at 
· B·. The ~aqgent of f't at P . meets· r 2 ..at C, which 1s different fro!ll P 
ana the extension 'of AP meets BC, at R. Prove that the circumcircle 
o~;~riang~~ PQ~l;~is tang~I~Q 'B~,aqd' Jlfi) . 

*:~.~~' '''"" ~- . :. ""4 •' '~ ; ~-l '"" I. ~ 
' Sqlutwn":hy He_ R~i:rn~n-lRaffles :··'lunior Dolleg·e). Since 

,:.QPB,C 1~ cyclip oil r.2\ ·L_QfC ""• LQij,C~ Si~ee ,CP is~ 
, t¥lg~llt,to I\, L(}PC = LQA,P.1 Thus LQAP == LQBC u. -· " 

antl~we . ce,!lclude that A, IfJ, I!-,_Yi are conoyclie": ..t _ 

'· , Le~ .. e.fAB~ d 1~d LflJA \ /3. Since· AB is a com- "' . -
... _ zpon .tangent to ~t " and. f' 2, w~ h~ve LAQ P = a and 

LPQ~ ~. /3. Therefore, sin~AJ . ~ ,' Q, ~R -a.re . concyclic; 
~·- L::Afi,B" .. · LAQBr, a + /3 ·and LBQJl ::::;;_ Z.BAR = a. 

Tllus LPQ R = a rt' /3. Sine~ LB PR is·an exter.ior angle ~ 
o£,:D.ABP, LBPRt~, .7a :P /3. ·Thus LPQR = LBPR = 

y LJ}~P~ ·': so th~~qircu~circl~ ~f- PQR' js t,angent to }:JP· t· 

~~d BR.fT? ' ~~ / . " ' - . ' ~ 

4: .. D~ernp~e ~1\a}rs '(a, b]'~o(!nt~gers wi,tq the property -that the 
,numb?rs 1a2;i' 11~ ~d' b2 +4,a are"'l?oth pe,rfect squares. - . " \ ,. ~-

tLl ) ' ' ' : !"-

Offjcial~ Soluti9'fll· Without loss generiility, assume~ that lbl < lal. H 
If.= O,J;hep. a1uus'1 be·~ perfect square. So ea, b)'= {k2 ,_0) is a solution 
fore~~~ e~. NoW: cpnsra~~ -~h~ c~e b .. =A o'. Since_fL2 t4b is a per fect .. ' 
ssu~e-\ t~~~u~drat~e ~q~atlo~ ~ .,., ~ .• ~ t ~- ;- A 

'l' ), . ~-/" \ l ,_ 

·-s~. , .. · • , x~~+ a~- .... b ~- Q? ·~- _ 
1 

~ ·~ ,1 i .... ~ 1 ~) ) 
~, f>'~ .. ·~~~ _t _,;z,~ .. ·--. ~- ~.,..,. ,J -" 

·'-· . , .. ,, ,n~fiz~ro)nt~gr~( solptid~ ~~r, -~,7! with lx) l .< · j'x~J· We hav; '" 
x 1...,;+\ x~ .;- -~and x,rx2' --:- ,t-b• •From ~hese we have ·. 

&'l';,_·fi"#'"'-, _,_ '-- ~* -~- .kJ- i -_""( >- f \-,~- ' ,.-..r '""ll ~ ¥ !J- ~ 
,, . . .7 ;<: >,' ,, .... "' ' 

\- .l ,• ' . . ·~.- ' 

k" 1 11 1. ~- .. .. 1 1· ·lal · 
,~.{\t_~~~(il> ' ';; 7 ;;- :·.' lb~ ~ - 1. 

{, ' '.~.1· •·!.;, 
"''' -~-, 

c 

A B 



t ' , x , I, ~' 

(1) x1 = 2: Substituting q;i = 2 into(*), we have b.:__ 2a+.4. ~ So ' 
b2 + 4a = (2a + 4)2 +'4a = (Za + 5)2. - .. 9., If is east to see that the 

F solution in nQnnegative integers of the equation x2 - .9. -;- y:2 is ... (3, 0). 
H~nce 2a+5 = ±3. From this "'we get (,...4,-4~'and (-1,2) with the 

· latter discarded'becp.use of the . ~ondition lal 6 :lbl. '' 
1
' , 

~·· ... i "":"\, ' ·'\. " ' ~. .~> 
· (2) x1 = -2: Sub~tituti<>l). gives b = 4- 2a. Henc'C, b2 + 4a .,-:-
' "(2a·- 3)2 + 7. The no9Jlegat!ve"integer 'solution o; x2 + 7 = y 2 is (3, 4). 

Thus 2a- 3 = ±3. From this we get the solution (3, .-2)."' - . ~ - . . ~ 

(3) x1 = 1: Sul;>stitution .. yiel& b ' a + 1. lten~e b2 't '4a = 
(a + 3)2 - 8. Proceedfng as ~~fore, we get the solutipn ( -6,(-5}. 

(4) x1 = -1: Substitution yields b = 1- a. Thtis 112 + '4b = 
(a - .2)2 and ,b2 +~ 4a J' (a+ 1)2. 'r Co~equently,. w~. get't}J:~ soluti2_ns 
(k, 1- k), k E.Z. , 

Solution by Tat Kah ,Kef.ig .~Raffles Junior Colleqe}~with~gap,s filled bY, 
the editor. Suppose that a + 4b ·= m2 and b2·+ 4a . '· n2 where m 
and n ~e no~egatiy~ ~nt~gers. We have a = tn and b' = n ' (inod 2). 
Thus we can 'write m = a + 2x· and n = b + 2yJor som~ integers x, Y: 
We also have a = lYp 4- y2 al}d b = ax + x2 • · · ', 

" . \ . . . l ' . '1 ) 

v • (1) a, b > 0: Here~., y ~are both po~itive integers. S~c~ a2 ±4b= 
m2 = (a+ 2i )2 , we h~ve b.'= i( a+ x)"> a~ Similatly, a '" y(b + y) >, b 
and we have contr~~ti0n. ..r 

..: .. ... .. ·~. \.. '····· 
' (2) a= O·or b = 0: When a== o, ·b i~ ,a~erfec\,square ,·andwhen 

b = 0, a must be perfect square.~ Thus (a, b)- (O,~),(~,O),d~' Z1 
are botli solutions. ~ 

' 
· (3) a, b < 0: -We' assume Without los§ ,of genex;hlity\l;hat ,a .>d' b. 

t~..Then~a2 + 4b > O.imJ?lies a;;a > ,-4b > -4a. ThlJS! a < :4. When 
a~ -4n b = :::...4;, .. When ·a , ', -'5, b = "'::..:.p, -6. ' 'When . ~ = -6, . 
-6 >Ji> _,-9. Of ~hese"onlr\a, b)-.. (-~, -4), (:-&, :-6) .are, so~utiol).S. 

~Now con&l~er the case a< ·-r., From :Q2 ' f
1
4a = n2 ·= (b,lf- 2y)~, we 1 

' have y '_> .1. lf y -:- ·~~:hen'~ +. a -1 < : .8. Tlil!$ a2 4, 4b ~ - 6I71J t 1 
an4 this 1s not a ,sq98fe smce (lbl•- '4)2 .,< b2 - 61b1 f 1 < ,(lbl - «3)2 • 

Tl},us y > 2 or b <a :::. 2. But '"' ~ 
4 

j ' ,A.) ) .. 

f' ... ~- . •. l ,; ' 

' b2 + 4b < b2 + 4a .. · (b .+~2y? <: (~ .+ 4}2 ,~ or q., > - ,.4 
! \ "' :R ' 

r: 
which is impossible. i • .,... . 

'.!" \_ ?' 
1 

(4) J>.O, b < '0:· ,From b2f+-4a , -:- ' (b+2y)2 ~t' and.~2+46' . 1(a+2i)2, 
,f'e .. h .. ave4 x,y < -'1. , If 'It , ·-1 or~, ~ ~,, . ..:..:~, · Then '' ~;~. l tl, ~.~d , ::.~" 
,mdeedAa, b) = ([£, l- k~ §_atrsfies ~oth equat10 . . If X';JJ < '::-.2, th~n1J~' 
'a= IYI(IYI *fbi) >2Jbl and, lbl F lxl(~~ -lxl) > lq;l~ r~~-, ' I' • ~ 
1
• \ ., 1;, I 

" \ ~. \., a ·> 2lxl ~.:lbl > l~t =>a~ 2lx!
2 => lblw,>, 1~t. · · 

. ,.. •¥ 

Since lxl > 2, we s~that there is ~o>solut~on. 
"'l ~ 
. ' ... _. t ~~ !"' 

:t:.• j 
,,~. -, 
~ ,. 

Jl{< .•• \., 
... " ( l f "'), 

i "' ) 
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Combining the four cases, we have the following solutions: 

( -4, -4), ( -5, -6), ( -6, -5), (0, k2), (k2, 0), {k, 1- k) where k E Z. 

5. Let S be a set of 2n + 1 points in the plane such that no three 
are collineat and no four concyclic. A circle will be called good if it 
has 3 points of S on its circumference, n - 1 points in its interior and 
n - 1 in its exterior. Prove that the number of good circles has the 
same parity as n. 

Solution by the editor. For any two points A and B, let Pt, P2, ... , Pk 
be points on one side of the line AB and Pk+l, ... , P2n-l be points 
on the other side. We shall prove that the number of good circles 
passing through A and B is odd. Let 

fh = { LA~iB ~f~ = 1, ... ,k 
180 - LAPiB if~= k + 1, ... , 2n- 1 

' _,' 

It is easy to see that Pj is in the interior of the circle ABPi, if and 
only if . \ 

{ 
8j > (}i for 1 < j < k 
Bj < (}i for k + 1 < j < 2n - 1 · 

Arrange the points Pi in increasing order of their corresponding angles 
(}i· Colour the points Pi, i = 1, ... , k, black and the points Pi, i = 
k + 1, ... , 2n - 1, white. For any point X (different from A and 
B), let Bx be the number of black points less than X minus the 
number of black points greater than X and W x be the corresponding 
difference for white points. (Note that black points which are greater 
than X are interior points of the circle ABX while the white points 
greater than ' X are exterior points.) Define D x = B x - W x. From 
the forgoing discussion we know that D.AB X is good if and only if 
Dx = 0. We call such a point good. If X< Yare consecutive points, 
then D x = Dy if X and Y are of different colours. (It is easy to show 
that Dy- Dx = -2 if X andY are both white and Dy- Dx = 2 if 
X and Y are both black. But we do not need these.) 

l., If all the points are of the same colour, there is only one good 
· point, namely the middle point among the Pi's. 

Now we suppose that there ate points of either colour. Then 
there is a pair of adjacent points, say ·x, Y, with different colour. 
Since D x = Dy, either both are good or both are not good. Their 
removal also does not change the value of Dz for any other point 
Z. Thus the removal of a pair of adjacent points of different colour 
does not change the parity of the number of good points. Continue to 
remove such pairs until only points of the same colour are left. When 

" this happenS there is only one good point. Thus the number of good 
circles through A ·an.d B is odd. 
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Now let 9AB be the number of good circles through A and B. 
Since each good circle contains exactly three points, i.e., three pairs 
of points. Then E 9AB = 3g where 9 is total. ,number of good circles. 
Since there are .~ totaLof n(2n + 1) terms in the sum, and each term 
is odd, we have ,g ~= n (~od 2). 

" ' l . ., ,, " " J; : . ( 

National Team"'Selection Test 1999/2000 "'"~, ·, 
' ~ l 

1. In a triangl~ ABC, AB > AC, the external bisector of angle A 
meets the circumcircle of triangle ABC atE, and F is the foot of the 
perpendicular-fForil E onto AB. Pro~e that '2AF = AB- AC. 

t 

Official solution. Let A' be the point on AB such 'that 
A' F = FA. Then .6AEA' is isosceles. Extend EA' 
meeting the ~ircuzncjrcle of ~ABC at E'. Join BE' 
and BE. Since LABC = LEBC-LABE = 'LAA' E-

·LABE = LE'EB, we have BE'= AC .. Also, ~~EA' 
is similar to ,~E'BA' implies t}Jat A'B.= BE'= AC; 
Hence, 2AF = AB ~A'.B = AB·~- 'AC . . 

~ ~ . 

"'' . 
~ ~~ 

..... 

' ' (< 
t 

-I (Remark: Let P A be the tangent a:t A with P inside [ · >" ' 
the sector of LQAE. As AB > AO, we-have L.C > • I 

LB. Hence, LP AB = LC > LB = LQAP. This R;~ 
implies that E is

1
_on the arc AB not containing C. -:.1' ~· _,. 

Also, LEBF = LP AE < LEAB so that BF > AF. ( ,.,;- y ~ ' ~ 
Hence, A'' is between F aqd B.) -~,., .t 

• I "!"' 'l 

2. Find all prim~ . integers p s~cb that 5P + l2P is a perfect ~qulill'e. 
; , 'I 

Official solution. The problem can be changed to find All. integers m 
such that 5m +12m is a perfect square. Again the only ahswer is m = 
2. We shall give the solution in this more general case.-- '(The sol,ution ~: 
of the original problem is easy by considering mod 5 or mod 10.) 



. ' H n is odd, then 3 I sn + 1 and. 3 f 5n - 1.' Thus sn + 1 = 2 . 3n 
and sn' _ 1,' 4n which cannot .. hold for n > 1. If n is ·even, then 
.s.n- 1.. 2. 3~ and sn + 1 = 4n ,_whiQ_,h again cannot hold for n > 2. 
Thus t)lere is p.o splution for p . 2n, · n ·~ 2: ~ 

. w .... -

-3. There are n blue points
1
and n red1poil!ts on a .straight line. Prove 

that the ~urn of all .distances between pairs df points of the same colour 
is 'less-than o\ equai to the sum of all '<!ista,nces beh~een pairs ?f points 
of different colours. " · 

~ . . , 
Solution by· Tan Chee Hau (Raffles Junior College). We shall prove the 

~ ~J:tion using 'induction on n. Let' x1 ~ x2 , ••• , Xn be the coordinates 
of the, n reda)oints Jn the real line. Similarly, let ~Yb Y2, ... , Yn be the 
coordinates~of the' n blue points ~n the real line. Let Sn be the sum 

~"of distances of .. points of-the 'same colour, J!Jn the stki of distances of 
.~ ' ~>Pints <;>f d,iff'eF..Ient coJours. if n '' t~ :tlien 81 = 0 and D1 ~ lx1- 911· 
c ~ Oil 1 D' > "'8 . N I ' D t . s " "' 

~J ;'"": , ~ y, , ,_ 1 -, ow suppose _ -~=~ > n-1· ~- ;'" ~ •' >r ~z; 
,l~J""" J/.Y '< . ' n ' n .. l ... ., - ' ...... . 

'\ 't_v,.;,~: - 8n-~ ~~-:1 ;- f)xn -- Xi)+ (yl.._ ~ Yi) = L)xn- Yi) + (Yn- Xi) 
,»i< \, "-.. I • - ' ""'i; ,... .I • -t ~ 

\..: ~ II. ..... t=l .. ' ( ' t=l ... ,, ... l '!( ' .,., • .,, ...,. - '·:5_ -- \. «._ (; .... ..... ,... 
t· · {" - -n - ~ ... • n - ' .; r , 
·,..~·""\\, ~ .,~ .• - .,... ' ~ '\' ' 7 ' -- f~, 

~~ '.. pn ~ ~n1-J. __ · l.:n- Ynl +.~If~- ~il ,+ lY~ ,..., Xi· l · ~)§~::_r8~-1· 
1·. • t=1· .,. -I./ ' ~ ' ·' \ 
l ,, ' j., t\. ~ ..... t "" . . · t : · I 7':i "- ''I( ' y ·.' 'l - - , !t 
r~~ ~~ .. ~ ' . i ---. -"~ __ --- - .t\ - l "'- ~,; -. • '" 

r~·~ .:. . It {QllPwsfr~ni this .and tlie induction hypothesis that Pn > 8n. y 
kl\. I'! "'' "'· • - 1 ' <-

~' (<~:· Solution by'-Lirri Yin. Take_2-cp_ns"ecutive -points A and B with the. 
'jj:-~· cqordina~e bf A~ less than the sooJt~lil!ate of B. Suppose that there 
r 'l,\ ,X are k blue pointS ,ahd l red pOintS with 'their COOrdinates less than 
l ·, 1 ~·- ,or\equal}o,t~"'e co-o!di~ate of A._ Th~n t~e segm~nt AB is covered 
f q; (n_.~ ~)k 7. (n.;-rf)l t1m~s by ~~ents ~hos,e endpomts have the same 

p~~orlr, ~4-• (1l¢ 1C)l + ( n ~ ll& ti91es by ·segments whose ~ndpoints have 
· dtffere,nt. cQlours., ~~nc~ (n :-~f)_k _~ (~ .b. l)l < (ri- k)l + (":--l)k, the 

.. as~ert~~n~ fo~o~s~~ by. sumt~mg t~ .leiJ.~hs of all 'these segm;ents over 
• • <,. 't "_,all p~~ of 'eonsecutlve pmnts. ~· 1 ~ " 

i\ ·; · ~ ·~ Solutio~ by . .{~lits Poh. Let 8 ~ be· th; total iength of the segments 
.~ .:_: , whose endpoints are of the same colour and D be the total length 
~ -~·'J.. _ rof the\segm/nts whoS.e endpoints ·are of different colour. Move the 
· ' • leftmost . p~i~t tq the right by a distance x. 'l'hen 8 ·decreases by 

. ,, (n, ...... 1)x~-whUe .. D : dec~eases by n,x. · Thus .!2 decr~ases more than S. 
' ' Cpnttx!Ue jtO tn0\1'(\.;thiS ~ofut}mtitit1 ~ts the next;. point. H these two 
,'-points · a.r~ <!-AUferent c9.lo~, then deleting them cailses 8 and D te-

t Q.ecrease. by the same amount. H they ate of the same .colour, then 
continue to, mpye tli~ p~r to the right and in the process D decreases 

".~;..~ • mote ,~han Sdoes. We '~ontinui~g this process, wlien the block that 
· ~ . · ·~ we are moving (all points .in the ,block ~e of the_ same colour) hits a 

. :''-" •·. poiht 'Yhic4.')s -of different colout, remove a pair of points of different 
~-}; c9lp~.~ If i~ hits a point 

1
of the satp.e ~o1bur, then add the point to 

. ·the:. block apq. continue · thoving.tQ tlie ;right: .. Eventually: all the. points· 
.\- ' ' . . JI ,, r , I •\· ""'' t "'r • 

- l I '0 ' . . '4:. . t _,,-..If :~ .. , ·•l, A". ' I' ~ , 

• "'""'. ;::''0 ,. ' • ' \ \. ); • - .... ) ' t~ . • ''""'- •, 
~ · 1 'r 'e ; l ' 1 ·- ·""'· r 1 

\; • , .,... l-
~~., J.-~\:)- '"' l~·.\.. .•· .>' ~ ....... ,,\ .. . '• ' : \, ~ .. .a..:~<'i' ' ..; 

~. • ~ ,. 'I; '' y '• \ ' ':/: ' ' ' ..< f I\ .I\\ C ,, -'n•1·"" .. ~-,. , • .·.,T • t· • ~ < '11l • "' .... • . • · ~ 4 r 
• ,;;- ,.·• • .),i / ' r~ ·~.~- '\ ~ \\ :( • : , L { . "~ t'' ' . I ' • ' • I ~ • tC"1 ' Jt ,t t ( r. ~ t . r;.t·p. ·~.._ \'" 1 .. ! . W• -~ I ~ , -- • (- ... , ". ". ·?x . '1.\i"', ' 1- .'.~ ' '•. • . :_ •• ,"U • . • - ' ... • • " • i~'r . - r' -; l \_ _ t ...,...I. ._ ~ ~ .tL1,, '- t """" ' , 

~,.,. .•- ..;_ 1!' ~ L • l' ', .K•; ,., ,t ,. ·""· I • \. ' j !l • ' ... 4 ' .-, ~. 
'{ . ..... f ~ ::." l . .,. - [' 4 .... " ' . . {'_;"!", • "" .... 

, J;~ ' ', t l j i1 ljr: ~ 
1 

:• -,~ · - ' rt'; ~ ( • t ~(' • ~ '-"';1 pt f-_, -.>- ~ 1 I 
i; b. ;,4 " ~ i -~ '\ ) ' -..l: • - ~"' - ~: r ,. -. 

x--..·-r·~ .... •'f,..: 
11o I ,;,., ,.. -. 
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/ . t 
will be removed aild both S and D have decreased to 0. ~ Thus at the 
beginning D >. S. ' ~ 

4. Find all fW1d;lo~, f : 1R .....--¥ 1R such for any~,x; y E' lR, 

Official sol~t.ion. ~Let X = y . " l· We :qa\re f(O) cl . 0. ~etr a = X+ y 
and b ~-:- X~ y: Then tpe given functiona~ equat1on,is equivalent tb 
bf(a)- af(b) •·· Ca2 - ,b2 )ab. This holds for all real numbers a and b . . . 
For nonzero a, and1J~ this can be rewritten as · ·~ ' '. · 

' -/1," II' '"' 

l ' 

Hence, for ~Y:~ n'onzero real number''i, .'~;) """"~x2 • .z- r((1) '-- '1.. Let., 
a = rf(l) .-= 1. We• have f(x) = x3 +ax, for ~U x ¥ 0. 'As f(O) = 0, 
we thus'.:fiave: ,f(x) ' 'x3 -Pax for all x E JR. Glearly f(x) = x3 +ax 
sati~dies thergiyen relation. ~. 

! 

· 5. In a tfiangle ABO,'· LQ ·· 1 60° ,.~D,J}, F are pqjnts ~n~lthe~sjdes 
BC, AB, AC, respectively, and M .is the intersection point of AD and 
BF. Supp~se that CDEF is a' rholll:bps. Prove that DP.2 = .DM·DA. 

{Officifal ~qlut~pn. Set up a~ coordinate sr,~tetn ~with QA oz{ .the. ·x- . 
,aXis and·. c .. = '(9, 0) . . Let A ··= ,(li, Q),.with' a > Qt;: F & (1, 0), D = 
t1/2, v'3{2);··~aild, E = '(3./2·, .J3/2). Then, 

.. J ~ 

t'f , , , a' yja ) 

B ~ .~ 2(a-" 1)' 2Ja~d} · 1 

,.M _ ( . a(1 +'a) ···J3a(a-: 1) ) 
.' ~ - \~~(1- a-t- a2) ' ' ~(1 ~. a+ a2) . ' 

1 . ""' 

H~nce, DF ~ 1: nA_2< •· (r:- <1) 2 + i:.. 1- a+ a~,, ~j 

i. • 
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(). Let n be any integer > 2. Rrove ~'that :L 1/pq = 1/2, where the 
summation , is over all integers p, q which satisfy 0 < p· < q < n, 
"p + q > n, (p, q) ;= 1. "~ " , 

."% , . \· • .l f . ,. lj, 

Ojjicictl solution. Let f ( n) be the given sum. The summands that 
appear in f ( n) but not in J ( n - 1) '8{e~ thqse of the form ap = 1/ pn 
where 1 =< p < n, (p, n) = 1; tne summands in f(n- 1) but not in 
f(n) ·are ~tho~e of the form gp = 1/p(n- p) where 1 < p < n- p, 
(p, n - p) =~~: 1, equivalently (p, n) = 1. (For example, if n = 10, 
those s~ands in !(10) but not in l(9),, a,e 1 ; 10 , 3 ; 10 , 7 ; 10 , 9 ; 10 , 

'whil~ those which are in f(9) but not in !(10) are 1! 9 , 3! 7 .) Hence 
1 ~. , sum.mlng bnly over values of p such that (p, n) = .1, we have 

p ' 
t f(n) - f(n- J) = Lap- 'L bp = ~L' (ap + an-p- bp)· "; .~ 

' p<n 2p<n_ 2p<n 
!!$; ... 

I 
~ :Sut ap + an-p- bp' = 0; ,hence f(n) = f(~- 1) for all n > 3, and the 
result follows. 
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