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. So how could we do that? What do we know about p that we could use? What do we
- know about the whole Qwerty problem that we haven't used yet?

When you think about it, we've only concentrated on p, the probability of escaping. We've

- given no thought to ¢, the probability of being enslaved for a small period of 10 millennia.

~ Maybe ¢ is actually easier to find than p. If it isithen, as they say, we're laughing. Clearly

~ p+q=1. Youcan only escape or be a slave. You may be able to stave off the exit hour by several

million throws of the dice but they'll eﬂ;h r get you eventually or you'll escape. (Of course, we're
assuming you won't die first. But who wants to worry about that possibility?)

Naturally we can find using a systém of equations as we did with p. That will clearly

 giveus ¢ = -2— but that doesn't give us any new insight into the problem (It might be a useful

~ exercise though to check that ¢ = £ and so practice the process shown in the last article.) How
. ] 9

;V‘We know thns doesn't help much but ¢ = Z gn(—l) (—) we mean it's certain

n=0

| Zg(-*) En

So what is g 2 Now that's the wrong question. If we could find g, directly, we'd be able
to find f directly and we wouldn't be in this pickle in the first place. OK, think. How can we
find g_ withaot finding g,? Is there some link between g _and f (like the link between p and
4, p +4 = 1), that we can explmt? What is g? \X/hat is f ? What?

~ The tree d:agram was useful ) Maybe we can use it again. Now f could

be thought of as the number of way good” node, having "lost” the toss n times.

In the same way, g_ is the number of ways of getting to a "bad” node, having "won" the toss #

times. Hey Surely not ... Could g be equal to f? Is that possible? If it is, then there is a
good reason for it. ~

Symmetry!? Isn't it all symmetric? Suppose we've got to a good node using n minuses.
What happens if we change all the pluses to minuses and all the minuses to pluses? Surely that
shows us how to get to a bad node. And vice-versa. For every way of getting to a bad node,
there's a mirror-image way of getting to a good one.

_ Fantastic! So f = g 1 So what? It's nice to know, but how can we use it> What is it that
we've actually got? ' : ‘ A
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Let's go back and look at some examples. This is always a good way to start. With n =2
we have the following nine cases

Throw
Ist 2nd 3rd 4th 5th 6th 7th
- — + ¥ + + +
— - — + + +
— - - - + - +
- -+ - - - + +
+ — - + + + -
+ - + - + + +
+ — + + - + -
+ + - - + + +
+ + - + - + +

Can we tell anything from that> Probably not. Why don't you go and work out f,> The
rules are that there are three minuses, that the sum of all pluses and minuses is +3, and that never
before the end do we get a partial sum of +3 or -3. So we can't include any of the following in
our tally for f,:

Throw
Ist 2nd 3rd 4th 5th 6th 7th 8th 9th
+ + + - - - + + +
- + + - + + + - +
- - — + + + + + +

So whatisf,> We've predicted thatf, = 3° =27 andf, = 3* = 81. Is that what you've found>
If not, spend a little time and effort and see what you get. (For the lazy ones amongst you we'll
move right along. For the others, we'll still be here when you get back.)

So how did you go? Turn out the way we expected? Did you learn anything? (You
probably learned that being systematic was a great idea.) Have you done enough to work out
what f might be?

One thing that seems to be happening is that we always end with a + + . Does that have
to be the case? If so, why? If not, why not?

OK but suppose we stick to the conjecture that f = 3". How could we prove something
like this> How does 3" come up? It seems to us that there are at least two ways. You can get 3"
because there are three objects, any of which can go into n places. You can also get 3" by
showing thatf = 3f . This is because

f=3f =303 ) =343 " J= .- o[

Which one of these is worth trying? How can we put three objects into # places? What
would the three objects be? We only seem to have worked with two things - pluses and minuses.
Fair enough. So how can we show that f = 3f 2 That’s of course, assuming that it is.
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It's always worth trying things out on an example first. All the nine arrangementsikabbyé”
that make up f, endin + +. That has to be the case. If they ended in anything else the partial
sum would have been +3 earlier on in the sequence. Just before the last + + there seem to be

three other paired possibilities. They are + — — + and + +. Why no——> We think it's clear thatﬁ .

if a sequence ended in —— + +, then +3 would have happened earlier.

So let's pull out the + — and see whé{‘

- + + (+-) + - + + + +
+ - + {+ —) o+ + - + + +
+ + - (+-) + + + - + +

the interesting thing here is that removing + — leads to the three pOSSIbIIlthS for f,. Does thc;
same thing happen for — +2 P

- + + (=+) + + —
+ - + (= +) + +  — o+ = 4
+ e T —ob sty - + — o+ 4

though Deleting + + isn't going to take us down a step To go from f to f we
a minus sign. Let's do it anyway and see what we get -

- - + (+ +) + + —s =
— + - (+ +) + + — -
¥ = = (+ +) + 4 m— 4

though, if we interchanged pluses and minuses in the first three term

That all sounds a bit loopy. Will it always work? First will inserting L B or —+ intoa
proper arrangement with # - 1 minuses always gwe usa proper u rrangemenﬂ Let's start with
the + — and see what happens. - o

Suppose we have a proper sequence of n—1 minuses and # + 2 pluses. . We know that at

no stage do the partial sums add to +3 or -3, except at the end ’when they are +3. Wealso A A

know that the sequence finishes with ++. S
insert + — before the end + +, then the final
a proper arrangement with # minuses.

proper sequence with . insert(+ -) proper sequence with

#n — 1 minuses ~' ., # minuses

So for every (1 — 1)-minuses sequence we can get an # —minuses sequence. Oh and vice
versa. The arrow in the above diagram can go back the other way. Hence we have an equivalence
between n —1 sequences and n sequences with + — next to the end + +. This means therev

must be f | sequences with '’ minuses whichend ... + — + +.




But exactly the same argument can be applied to sequences with » minuses which end ...
—+ + +. Sothereare f  of them too.

Now all we need to be able to do is to master the dodgy argument of the ... + + + +
sequences. We're a bit wary about interchanging the — and + signs. Let's take a deep breath
and give it a go.

[ le® — | *++ —_— 4+ +4+
sequence with Swap + # - 1 pluses and n + 3 pluses

n - 1 minuses and — and # minuses in altogether;

and # pluses in in the square n minuses

the square bracket bracket altogether

The diagram above tells us what we have to do. It also shows that we can go via this fiddle,
from an (n — 1)—minuses sequence to an #n —minuses sequence, so that part of the book-keeping
is OK. Does everything else work out? Do we ever get +3 or —3 before the end of the
n—minuses sequence?

Look at the square bracket. No partial sums in that reach +3 or —3 and it ends with a sum
of +1 so that the final + + give a total of +3. So in the square bracket with an asterisk, the
partial sums nowhere reach -3 or +3 and the final sum is —1. (By interchanging + and — we
just interchange the sign of the sums.) When we finally add + + + + to the end we have no +3
or -—3 in the asterisked square bracket and the final five sums are —1, 0, 1, 2, 3. So we do
produce a good arrangement with »n minuses.

We hope it's now clear that for every (n— 1)-minuses sequence, interchanging appropriate
pluses and minuses and inserting + + gives us an n—minuses sequence, and vice versa. So there
are as many n -minuses sequences ending + + + + as there are (n— 1)-minuses sequences. And

that'sf

Putting + —, — + and + + together we've proved our conjecture. It's clear that f really
does equal 3f . Sof = 3" Atlast we've justified it. But is there an easier way?

Footnote
This whole
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