


1 GrRoOuUPS MEASURE SYMMETRY

der a square in the xy-plane with its center at the origin and its sides parallel to the x and
Figure 1).
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Figure 1

plane, which leave the square in its original position.
tations and four of which are reflections, are called

nations, four of
nmetries of the square.
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D, is one of an infinite family of so-called dihedral groups denoted by D_which is the group of
symmetries of a regular n-sided polygon. As in the case of D,, there are two kinds of symmetries

in D, half of those are rotations, and the other half are reflections. The rotations are by the
angles 2kt /n, where k = 0, 1, 2, ..., n-1. They themselves form a subgroup, meaning that they'
can be combined among themselves It is called a cyclic group of order e '

2. SYMMETRY HAS GREAT CONSEQUENCES
We shall illustrate that symmetries place great restrictions, and thus severely restrict possibilities.

We consider the transformations of the (three-dimensional Euclidean) space which preserve
distance. Obviously translations are such transformations, and since we can move points in the
space by translations, we shall only consider those which also flx the origin. The totality of such
transformations forms a group, called the orthogonal group in ‘dimension three, denoted by O_
Some of them may change the orientation of the space. ‘Those which preserve the orientation A
form a subgroup, called the special orthogonal group in drmensnon three denoted by SO It
may be identified with the group of rotations of the space.

O, also belongs to an infinite family O . Thisi the:~group of transformaﬁ@hs of the n-dimensional

Euclidean space which preserve the Euclidean distance and fix the origin at the same time.

Now suppose that we have an object positioned in space with its center of gravity at the origin,
then its rotational symmetry group is a subgroup of SO,. Here are the familiar examples. From a
right regular pyramid with an n-sided base we obtain a cyclic group of order n, while a regular
plate with n sides exhibits dihedral symmetry and gives D _. In addition, we have the symmetry
groups of the regular solids. The remarkable thing is that these are the only possibilities, provided
our object has only a finite amount of symmetry.

Here is the precise statement.

Theorem: A finite subgroup of SO, is either a cyclic group, a dihedral group, or the rotational
symmetry group of one of the regular solids.

We offer another example: wallpaper groups.




~this reason, it is easier and much more fruit

The figure below shows a repeating pattern of hexagons, which if continued indefinitely, fills
out the whole plane. The pattern has a certain amount of symmetry, for example, rotation by
21 / 6 (60 degrees) about the origin. This rotation is said to be of order 6, as rotation by 60
degrees 6 times restores the original pattern.

o n general weﬁcaﬂ the symmetry groups of two dimensional repeating patterns wallpaper groups.
‘ er group are quite special.

T heorem. The order of a rotation in a wallpaper group can only be 2, 3, 4 or 6.

It says in particular that a rotation thr@, sle 21t/ 5 (72 degrees) is not allowed for a

wallpaper pattern

example is of course Oz, ’Wlhich‘f‘ so the symmetry group of a circle. The continu 'us nature of
this group is reflected in the fact that the angle of rotation can be arbitrary. Then as we mention
in the previous section, there is the orthogonal group in dimension n, whlch is also the symmetry
“group of a sphere in the n-dimensional Eucltdeank space.

Other contmuous symmetrles are general Imear groups and symplectic groups, which like the
orthogonal groups, arise from classical geometrles Apart from these, there are five exotic
symmetries which do not fit into any pattern.

Mathematicétlly continuous symmetries are represented by Lie groups, and their building blocks
are called simple Lie groups. A really remarkable fact about simple Lie groups is that those
~ mentioned above essent;ally exhaust them. Equally remarkable is the fact that all of them carry

. very uniform structures, which makes it possible to ontinuous symmetries at one go. For
continuous symmetries than to study

 finite symmetries.

~ Now Lie groups enter everywhere in mathematics, notably in geometry, number theory, analysis,
“and quan‘:tum: mechanics' To have a bit understanding of why, consider functions on an object
with symmetrles be it a geomemc object or a quantum mechanical system with a potential.
‘Clearly the most interesting functions on it should reflect the symmetry patterns of the object.
: Indeed, all special functions of mathematical physics are such functions! For example, Bessel
~ functions are associated to Euclidean motion symmetry, Gegenbauer polynomials to spherical
symmetry, Jacobi and Legendre functions to SL(2 R) symmetry, where SL(2,R) is the group of

0y real matrlces thh determmant i
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Let me end by saying that to exploit continuous symmetry patterns, in particular to understand
their consequences, and to solve problems with continuous symmetries built in (either obvious
or hidden), is the great task of representation theory of Lie groups.
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