Introduction

In this note, we shall describe how various quantities of a triangle
such as the sine or cosine of the three angles, the lengths of the
three sides, or the lengths of the three altitudes etc., can be the
roots of a cubic polynomial equation. By Newton’s formulas, any
symmetric polynomial of the three roots can be expressed in
terms of the coefficients of the cubic polynomial. From this, one
can obtain many interesting identities and inequalities relating
various quantities of a triangle.

Let ABC be a triangle. Denote the length of BC, the length of CA
and the length of AB by a, b and c respectively. Let r be the
inradius, R the circumradius and s the semi-perimeter of ABC.
Then the following results can be proved.

(1) a, b and c are the roots of the equation
X - 25X+ (s"+ r’+ 4Rr) X - 4sRr = 0.

(2) sin A, sin B and sin C are the roots of the equation
4R*X’ - ARsX* + (S + r* + 4Rr) X - 2sr = 0.

(3) cos A, cos B and cos C are the roots of the equation
AR°X*-4RR + X2+ (S + r-4RDX + QR+ r)’- s* = 0.

(4) tan A, tan B and tan C are the roots of the equation
(s* - 2R+ )I)X*- 2sP X% (- r* - 4RnX - 2sr = 0.

(5) The lengths of the three altitudes are the roots of the equation
2RX*- (s + r’ + 4RNX* + 45°rX - 4s'r* = 0.

Let us prove (1). C

s-a s-b

Using the identities

a=2RsinA = 4R sin% cos% and

S~ a= rcot%, we have
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From this, we obtain - +a(s-a) =1,

4R (s - a) 4Rr

which is equivalent to a’ - 2sa’ + (s + r’ + 4Rr)a - 4sRr = 0.

Similarly, b and ¢ can be proved to satisfy the same condition.
Therefore, a, b and ¢ are the roots of the equation in (1).

It follows from (1) that two noncongruent triangles cannot have the
same inradius, circumradius and semi-perimeter. Therefore, the three
quantities r, R and s uniquely determine a triangle.

Using Newton’s formulas which give the relations between roots and
coefficients of polynomial equations, we obtain immediately from the
equation in (1) that

6) a+b+c=2s,ab+ bc+ca=s"+r"+ 4Rrand abc = 4sRr.

From these relations, any symmetric polynomial in a, b and ¢ can be
expressed in terms of r, R and s. For instance, one can easily derive
the identities

a+ b+ =2s(s-3r-6Rr) and

_ S+’ + 4Rr

1 1
T+
b~ ¢ 4sRr

0 =

Equilateral Triangles
Consider the expression (a - b)* + (b - A’ +(c - a)". We have
@-b’+(b-0+(c-a'= 2@ +b +c - ab- bc- ca)
= 2(s*-3r*-12Ry).

Hence for any triangle ABC, s° > 3r(r+4R) and equality holds if and
only if ABC is an equilateral triangle. Furthermore, by Euler’s inequality
(see [2, p.29]), we have R > 2r and equality holds if and only if ABC
is an equilateral triangle. Therefore, s*> 3r(r+8r) = 27r°. Consequently,
s> 3V3rand equality holds if and only if ABC is an equilateral triangle.
Since the area A of ABC is given by rs, this also gives an isoperimetric*
inequality s > 3V3A.
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of another symmetric polynomial of a, b and ¢. We have

(a+b-c)z(a—b)2+(b+c—a)z(b-c)'2+(c+a-b)2(c-a)2

=2la+b+0 - 5(a+ b+ o’(ab + bc + ca)
+ 6(a + b + cabc + 4(ab + bc + ca)Z]

= 8r'((r +4R -35]
Since

@+b-0@-b'+b+c-ab-c +c+a-b (c-a'20,

we have V35 < r + 4R and equality holds if and only if ABC is
an equilateral triangle.

Using Euler’s inequality, we have \3s < —+ 4R = 2K

2 =5
5<3\/'

Consequently, R and equality holds if and only if ABC

is an equilateral trlangle.

Napoleon Triangles

Suppose that on each of the three sides of a triangle ABC, an
equilateral triangle is erected outside ABC. Then the centroids
of these equilateral triangles form a triangle, called the outer
Napoleon triangle. If the equilateral triangles are erected inside
ABC, then the resulting triangle formed by the three centroids is
called the inner Napoleon triangle. It is well known (see [2,
p.63]) that for any triangle ABC, both its outer and inner Napoleon
triangles are equilateral triangles. In our context, the length of
a side of the Napoleon triangle can be expressed as a symmetric
polynomial of a, b and ¢, giving a simple proof of this result.
Consider the case of the outer Napoleon triangle. Let A, B,, and
C, be the centroids of the equilateral triangles erected on the
side BC, AC and AB of triangle ABC respectively. By cosine rule,

A

2 _ i]" [L]Z g .
A]C'_ {\/3 4 NG \/— NG cos(B + 60°). Hence

A Cf = (@> + ¢? - ac cos B + V3 acsin B)

Wl—= W= W=

2

{a-’+c3-l(a~ + -
2

b?) + Vgac[ﬁbRH

{15 a’ + b? + ¢ +%abc}
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(s> -r*-4Rr + 2\/§sr)

[(s2 + \3r) - 4r (r + R),

Wl— wl=

which is a constant. Similarly, B, Cf and A1B]z equal to this constant.
Consequently, A1BIC] is an equilateral triangle of side

@ 5+\/—r -4rr+R)]

For the case of the inner Napoleon triangle, one can similarly
show that it is an equilateral triangle of side

v !
% (s - \/§r)2 -4r(r+ R))%.

The Brocard Angle

The Brocard angle of a triangle (see [1]) is the angle ® defined by
cot ® = cot A + cot B + cot C. Since it is a symmetric function
of the three angles, it can be expressed easily in terms of s, R and
r. From (4),

2 2
1 I 1 1 _s—r-4Rr‘

cot o = + =
tan A tan B tan C 2sr

Since §*2 3r(r + 4R), we have

3r(r+4R) -r*-4Rr _r+ 4R
2sr =i i

cot o 2

Using the inequality V35 < r + 4R, we deduce that coto =3 .
Consequently, the Brocard angle of any triangle is less than or
equal to 30°-

Geometric Inequalities

Any symmetric polynomial expression of the lengths of the three
sides, sine, cosine or tangent of the three angles etc., can be
expressed in terms of R, rand s. Using Gerretsen’s inequalities
and others, many interesting geometric inequalities can be obtained.
In this section, we give some examples in this respect.
1
(@) cosAcosBcosC< g,
To prove this, we first have
Ty 2
cosAcosBcosC=—— [s - (2R + 1] by (3)
4R"

Using Gerretsen’s inequality, s* < 4R" + 4Rr + 3r* and then
Euler’s inequality, we have

cos A cos B cos C

LR OR v e MR AR 3R OR

4R? 4R’
Tl 1
= [R] =38

Moveover, equality holds if and only if ABC is an equilateral
triangle.




b+c c+a a+b
(b)a+b+c26'

This can be proved by using the other Gerretsen’s inequality,

s* > 16Rr - 5r* and also Euler’s inequality.

b+c+c+a+a+b
a b c

_la+ b + d(ab + bc + ca) - 3abc
abc

= SZ'PI'Z—-ZRI'> (]GRI' -5 + r2 - 2Rr
2Rr - 2Rr

_ IR T2
R

2 6.
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R el :
(s-a(s-b (s-bs-¢) (s-c)s-a) r

This can be proved as follows. By the inequality V3s < r + 4R,
we have
e oo Tagey 1 B 2 ) 28]

(s=als=- b (s=bls-.0. (5= 0fs= a sr r

Interested readers can derive their own geometric inequalites based on
the same principle. v
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