Singapore Mathematical Society
Interschool Mathematical Competition 1990
Part A

Saturday, 23 June 1990 1000-1100

Attempt as many questions as you can.

No calculators are allowed.

Circle your answers on the Answer Sheet provided.
Each question carries 5 marks.

1. Let ABCD be a tetrahedron such that AD is perpendicular to the face
BCD, AC =2, LABC = 45°, LBAC = 15° and cos § = 1/+/3, where
0 is the angle between the faces ABC a.ndADBC'. Then ¢ BDC =

(A) 15°
(B) 20° D
(C) 30°
(D) 45°

(E) None of the preceding - &

2. Let z, y, 2z, a, B be real numbers such that

z+ y+2z=-2
z+2y+3z=«a
z+3y+4z=p
z+4y+5z=p°

where a and f are not integers. Then a =

(A); (B)-F (€)% (D)-% (E) None of the preceding

4 4

3. Let f be a function such that

fle+y?) = f(&) +2(/(4))* and f(1) #0.

Find f(1990).
(A) V1990 (B)995 (C)1990 (D) 2980  (E) (1990)2
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. If 10 students, among whom are Anne and Bob, stand in a row at ran-

dom, what is the most probable number of students standing between
Anne and Bob?

(4) 0 (B) 2 (C) 4 (D) 6 (E) 8

. For each positive integer n, let o(n) be the number of positive divisors
of n. For example o(4) = 3 as 1, 2 and 4 are the positive divisors of
4. Find

100

o {1 & (—1)"")“} ;

(A) 5 (B) 10 (C) 15 (D) 20 (E) 25

. Let u; = 2, and for each integer n > 1, let u,,; = 2*“~. For example,
u; =22 =4, ug = 2* = 16. What is the second last digit of %00 ?

(A) 1 (B) 3 (C) 5 (D) 7 (E) 9

. In the figure below the 2 circles touch externally at A. The chord
BC (extended) of one of the circles touches the other circle at D. If
LCBA =12.5° and £BAC = 67°, then £LCAD =

o i C >
(B) 60.5° E
(©) 56° s—"—"V

(D) 60°
(E) 56.5°

. The disc D is rolled inside the circle C. S is a point on D and the
path it traces is shown. If the circumference of C is 100, what is the
circumference of D?

(A) 45
(B) 50
(C) 55
(D) 60
(E) 65
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9. In the following figure, £ABC = 90° and BP bisects LABC. If
LAPC = 45° and LAPB = 2°, then LAC'BP=

(A) 2°

- vd
(C) #

(D) & B e
(E) None of the preceding

10. Let D be a point outside an equilateral triangle ABC such that
tDBC = tDAC. If BD = /2 and Cc;D = /3, then DA =

(A) vV2+ V3

(B) V6

(C) V5 A B
(D) V&

(E) None of the preceding

—E N D—
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Singapore Mathematical Society
Interschool Mathematical Competition 1990
Part B

Saturday, 23 June 1990 1100-1300

Attempt as many questions as you can.
No calculators are allowed.
Each question carries 25 marks.

1. Let A be the set of all 7-digit numbers formed using the digits 1, 2,
3,4, 5, 6 and 7 without repetition. Prove that

(i) no number in A divides another;

(ii) the sum of all the numbers in A is divisible by 9.

2. For each real number z, let [z] denote the largest integer < z. For
example [2.3] = 2, [3] = 3. Find all real numbers z that satisfy the
equation

[z] + [2z] + [4z] + [8z] + [162z] + [32z] = &k

for (i) k = 89, (ii) k = 90.
3. Let Z, be the maximum number of regions in the plane determined

by n bent lines. For example, Z, = 2, Z; = 7 (see figure below). Prove
that Z, =2n?2 —n + 1.

4. What is the value of Q,100 Where

o =3 (")

k=0
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Note that for any real number r and any integer k

r(r=1)---(r—k+1) .
r k(k.—-l)-n(l.)’. ifk>1
o B 1 ifk=0

0 ifk<O

5. Let P be a point inside AABC. Suppose PA = /2, PB = 2 and
PC = /3 — 1, find the maximum area of AABC.

—E N D—

Part A Solutions

1. Let E be the foot of the perpendicular from A to BC. Then LAED =
0, BE = AE = 25in60° = /3, CE = 1 and DE = AEcosf = 1. So
LBDE = 60°, whence £BDC = LBDE — tCDE = 60° — 45° = 15°.

2. Wehavey+z=a+2=p—a=p?—8. Thus = 2a+2. Substitution
then yields
a+2=(2a+2) - (2a+2),

i.e., 4a® + 5a = 0. This gives @ = —5/4 as «a is not an integer.
5 f(0+0%) = f(0) +2f(0)* = f(0)=0o.
JO+17) = fO)+2f()F = f()=3 (f(1)#0)
417 = f) +270F = fln+1)=f(n) +5

Solving this recurrence relation yields f(n) = in.

4. The number of arrangements in which there are ¢ students between
Anne and Bob is 8! X2 X (9—1) : First we permute the other eight students
(8! ways). Then we place Anne among the first 8 — ¢ students (9 — ¢ ways).
Once this is done, there is a unique position for Bob to the right of Anne.
Finally there are two ways to permute Bob and Anne.
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This can also be calculated as 2(%)i!(9 —4)!: (§)i! ways to choose
and permute the ¢ students between Bob and Anne, 2 ways to permute
Bob and Anne, and (9 — 1)! to permute the remaining students. So the
probability is 2=* which is largest when ¢ = 0. So the answer is (A).

5. Suppose n is not a square. If d is a divisor of n, then so is n/d. Thus
o(n) is even. Similarly, o(m) is odd if m is a square. Thus the answer is
20 as there are 10 squares.

6. We have

2lh
Ujo0 = 2

36

for some k. Noting that 36'® = 36 (mod 100), and 2'¢ = 16*
(mod 100), we have

a(k-1)
2241. . (224)2 ol (216)

4(k-3) (k-3
= (36'¢)” = (36)*“"”  (mod 100)

24(&— 1)

= (36)*"""" (mod 100)

=36 (mod 100)
So the answer is 3. In fact the second last digit of u, is 3 for n > 4.

7. Extend BA to meet the other circle at F and draw the common
tangent EA at A (see figure below.) Let ZCBA = z and £¢DFA = y.
Then tEAD = tBDA = y and ¢CAE = z. Thus ¢tCAD = z + y.
Consider ADAB,wehave (DAF = z+y. Thus £CAD = 113° /2 = 56.5°.

E D
B 4‘7
s THR

8. Let d the circumference of D. Since the pattern has 5 points whose
distance from the centre is maximum, gcd(d, 100) = 20, i.e., d = 20, 40,60
or 80. In addition, S reaches its maximum distance from the centre first
at either the second or the third point. Hence d = 60 or 40. But from the
figure, it is obvious that the radius of the small circle is at least half that
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of the large circle. So d = 60. The figure below shows the path traced by
circles with d = 20, 40,60, 80 in that order.

9. The internal bisectors of ZA and 4B meet at a point I on PB. Then

LAIC+LAPC = 135°+45° = 180°. Thus AICP is a cyclic quadrilateral.
Therefore LACI = LAPB = 2°, whence LACB = 4°.

P
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10. First we note that ABCD is a cyclic quadrilateral. So £BCD =
LBAD. If E is the point on AD between A and D so that AE = CD, then
AAEB = ACDB. Since ¢tBDA = (8CA = 60°, ABDE is equilateral,
whence AD = AE + ED = CD + BD = /2 + /3.

—E N D—

Part B Solutions

1 (i) Note that 10 =1 mod 9, so ¢ X 10" =1 mod 9. Therefore for any
nEA,n=14+2+---4+7=1mod 9. Suppose n = km for some positive
integer k and n,m € A. Then clearly k£ = 1 mod 9 also. But it is obvious
that 1 < k < 7. Hence we must have kK = 1 and n = m.

(ii) Altogether, there are 7! numbers in A. Each is congruent to 1 mod
9. Therefore ) ., n=7!=0mod 9.

2 For convenience, we define f(z) = [z] + [2z] + - - - + [32z]. Let a be any
real number and b = @ — [a]. It is clear that f is an increasing function.
It is clear that 0 < b < 1 and f(a) = 63[a] + f(b).

(i) Suppose f(a) = 89. As f(1) = 63 and f(2) = 126, we conclude [a] = 1
and f(b) = 26. Now, since f(1/2) = 31, 0 < b < 1/2. In particular, this
implies that [b] = [2b] = 0, [4b] < 1,(8b] < 3, [16b] < 7 and [32}] < 15.
Hence f(b) < 26. Therefore f(b) = 26 if and only if [32b] = 15. This
means that 47/32 < b < 3/2.

(ii) When k = 90, we can apply similar argument as in (i) to conclude
that 1 < a < 3/2. However, as we have shown above that f(a) < 63+26 =
89, one sees that there is no solution for the equation f(z) = 90.

3 Z.4+: can be obtained from Z, by the addition of one bent line. This
bent line intersects the existing n bent lines in 4n points. These points
divide the additional bent line into 4n + 1 segments. Each segment divides
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an existing region into 2. Thus Z,,,; = Z,+4n+1. Hence Z, = 2n%> —n+1
by mathematical induction.

4 Observe the equality (:) = (n ; 1) + (: : i) is still true. So,

(e &
—Z[(n k—1)(_1),, +"Z‘:‘ (n—z—k)](_l)k“

s Qn—l +( )2n ok Qu e ( )2(n 1) o= Qn ? 4 Qn—Z
=(Q"-3 Q"-s) Q"—2 =_Qn—3 "’Qn—e-

Since Q, =1,1,0,—1,—1,0 whenn =0,1,2,3,4,5 and 2'°° =4 mod
6,Q2mo = —1.

5 Label the given point P and the vertices A, B,C with PA =2,PB =
V2 and PC = /3—1. Let z denote the length of the perpendicular from P
to AB. First note that if A, P, B are fixed, then for the maximum triangle,
we must have PC perpendicular to AB. Such consideration assures us
that P is the orthocenter of triangle ABC. Denote PA, PB, PC by p,q,r
respectively. Then

tan?. ABC = (r + z)?/(¢* — z%) and cot? . BAP = (p* — 2?)/2°.
But tan ZABC = cot. BAP,whence (r+z)?/(¢*>—2z?) = (p* —2?) /2.
This implies 2(v/3 — 1)z° + (10 — 24/3)z? — 8 = 0. Note that 1 is the only

positive root since the polynomial function is increasing for 0 < z. Thus,
the area is (3 + v/3)/2.
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