GROUP OBJECTS IN A CATEGORY WITH FINITE PRODUCTS*

S.K. Tan
Nanyang University

A group is commonly defined as a system consisting of a set together with a binary
operation satisfying certain axioms. This definition of a group can also be presented by
means of diagrams and arrows in the category of sets. With this 'diagrammatic' presen-
tation, the notion of 'group objects'in a category with finite products was generated. Further-
more, since no explicit mention of the group elements is made in the definition of a group
object, it can be applied to other circumstances. Thus, a 'group object' can represent a
group, a topological group, or a Lie group depending on whether the category concerned
is a category of sets, of topological spaces, or of differentiable manifolds. The main pur-
pose of this note is to introduce the definition of a group object and to give a concrete
example of such an object with no group elements involved, namely, a group object in the
category of matrices.

A category ¢ is said to have finite products if for any finite number of objects Cys

p,
CoreeeesCpy the product diagram Cy X Cy Xeuw X cn——1>ci, i=1,2,..,n, exists inC. In

2
particular, if & has finite products, then & has a terminal object 1, i.e. the product
of no objects in ¢ . If Cis a category with finite products, then an object A in & is said
to be a group object in ¢ if A is equipped with the following arrows:
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such that the following diagrams are commutative:

*Abstract of paper presented on 2 September 1978 at the Seminar on Group Theory and

Related Topics.
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Where a, A and p are canonical isomorphisms in & , idp the identity arrow of A, A the
diagonal arrow, and 1! denotes the unique arrow to the terminal object 1 from an object A
in ¢. To illustrate such a notion, we consider the category Ma.l:rR of matrices over the
field of real numbers R. The objects of Matry are non-negative integers [0], [1], [2],
... and for each pair of objects [n] and [m], the set of arrows Hom ([m], [n]) is the
set of all n X m- matrices with entries from R. The composition of arrows is defined to
be the usual multiplication of matrices.. Here, we define the set Hom ([0], [n]) to be the
set consisting of the unique n x 0-matrix [ | ,. o+ and similarly, Hom ([m], [0]) to be the
set of the unique 0 x m - matrix [ | Oxm” Multiplication of such matrices are defined as

follows. The product of the n x 0 - matrix with the 0 X m - matrix is the n x m - matrix

with only zero's as its entries, whereas the product of the 0 X n - matrixand ann x m -
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matrix is the unique 0 x m - matrix, and similarly, the product of an n x m - matrix and
the m x 0 - matrix is the unique n x 0 - matrix. Then Matrp is a category with finite
products and its terminal object is [0]. Indeed, the product-diagram of any two objects
[n] and [m] in Matr, is given by
P Py
[n]+— [p+m]—[m] :

where p, and p, are the respective n x(n+m) and m x (n+m) matrices defined as follows:
1 2

h Qe 0 0.0 20
02 -2ssot 0~ 0sus 0
Py =[Inxn Onxm] = n rows
L0 Qsan, bl 1 Ossis OJ
n m
columns columns
[0y ‘199, 206
] U5t 0 100
and Py = 0 =
2 [ mxn I‘mxm = s

. . ° . .

105 00500, T

n m
columns columns

One can readily verify that for any object [m], m # 0, in Matrp, the following arrows:
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115



-1...0
Pilyi= _Imxm = : : ] : [m] — [m]
0 -1

will make [m] into a group object in Matrg.
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