
P~OBLEHS Al:ID SOLUTIONS 

A book~·voucher 1-rize 'IF:ill be aldarded to the best 

solution of a starred prohlen. Only solutions from Junior 

"1err.bers .and received before 1 T"1arch 1977 \•Jill b~ considered 

for the :1rizes. If equally good solutions are received; the 

prize or prizes 'l...rill be a1 .. :arded i:o the solution or solutions 

sent vd th the earliest postmark. In the case of identical 

postmarks, the Hinning solution 'l·dll be decided by hallot o 

Problems or solutions should be sent to Dr. Y. !{. Leong, 

Department of Mathematics, University of Singapore, Singapore 

10 o t·Jhenever possible, please submit a problem together 'tvith 

its solution. 

*P9/76. Let P be a probability. Prove that for any two 

events A and B, 

IP(A 1\ B ) - F(A) oF(B) I =:::. 0.25 • 

Give an example to shmv that the upper bound of 0.25 may 

be attained. 

(via Louis H. Y. Chen) 

*Pl0/76. Let a
0

v ... ,a4;b01 ••• ,~4 te distinct ele~ents. 

LetS~ { {ao,al}, {al;a2}u {a2,a3}, fas,a4}, {a4,ao}u {ao,bo}r 

{alvbl}, {a2,b2J, {a3,b3}, {a4,b4}, {bo,b2}, {b2,b4}u {b4,bl}, 

{bl,~3}, {b 3 ,bo} }. Prove that Sis not the disjoint union of 

subsets S1 uS2 1 S3 t·:her<.~ each of the c.i and bi a?pears at rr.ost 

once in each of the subsets G1,S2 and f3 • 

{H. P. Yap) 

Pll/76~ . ·Let 1 ao,alJ,.~,a~~bo,bl,•••,b6 be distinct 

elements. Let~.: = { {ao,al}t {al,a2}, · a2,aal,. {a3,a4}, 
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{bl,b3}, {b3,bs}, {bs,bo} }. Find subsets S1, Sz, S3 such 

that Sis the disjoint union of S1r f 2 , S 3 and each of the ai 

and bi appears at nest once in each of 8 1 ~ S 2 , f 3 • 

(I:. F. Yap) 

*Pl2/76. For any !JOsitive real mm1bers x1 ,xz, ••• ,xn, 

Prove that 

( ~x. )(~x~\ 
i.;.l 1 i=l 1. ) ( -Bx~ i=l 1 ) 

2 

(This is given as a mechanics preble~) • 

(via H. :n. Ng) 

As a supplementary note to P2/75, Dr. H. N. Ng points 

out that there j_s a forr::t of Taylor us theorem 1Hh ich rrobabilists 

claim to be in calculus books but t:;hich turns out to be only 

in very special books~ 

Let f be defined on [a,b] and suppose that the derivatives 

f 1 (x) ,f'; (x), ••• , f (n) (x) exist. Let a~ x
0 

( b;: then for 

all x E[a,h], 

f(x) 

+ ••• + 

vlhere 

f (n) (x ) + t,; (x) 
0 

n! 

E;(x) -+ 0 as x-+ 
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f ~' (X ) 
---,,-:--0.;___ (X - X ) 2 + 

X 
0 

2! 0 



Hee Juay Guan has been a\'!arded the prizes for correct 

solutions to PSJ 7/76: and Lin Boon Tiong the prize for 

a correct solution to PB/76. 

Solutions to PS - PS/76. 

*PS/76. {Archi.medes 1 Theoren) 

Semicircles are dravn on t~E v A.C and CD as diameters, '\.;!here 

C is any point between A and B. C:l is c1_raHn perpendicular 

to 1\B. If t'i.-IO circles are dra\·rn such that each touch the 

larger circle, one of the smaller circles and also CDq prove 

that these tvJO circles are equal Nith diameter C1) 2 /7\.B. 

A R MO 

D 

I I 
/ 

c 

/ 
I 

I 

B 

{via Chan Sing Chun) 

Let 0 and R be the nid·=points of .1\.P and .l'..C respectively e 

Let P be the centre of one of the inscribed circles and M 

the projection of P onto !!.B. nri te AC = 2a, CB = 2b, AB = 2r. 

Let x be the radius of the inscribed circle with centre P. 

Then ::lP = a + X: Rll.i = a - X 1 OP = r ~ X, 0:1 = \2a _, r ~ X'. 

Applying Pythagoras a theore!TI to L'.sP:::u-1, POH, He have 

{a + x) 2 
- (a - x) 2 = {r - x'2 

I - {2a - r - x)~ 

Solving ~of X~· we gee 
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X 
a(r~a) ab = = --r r 

i.e. 2x (2a) (2b} AC.CB CD 2 

= = = 2r AB AB 

A similar calculation for the radius of the other inscribed 

circle gives the same result. 

Also solved by Proposer. 

P6/76. Let z
1

: z 21 ... , zn ben complex numbers 

whose imaginary parts are positiv€. Put 

(x - z 1 ) ... (x - zn) = xn + (a
1 

+ ib1 ) xn-l+ ••. +(an + ibn) v 

where a 1 u ••• 6 a , b~ u ••• , b are real numbers. Prove n J. n 
that the roots of the polynomial equation 

are all real. 

{Hint. If z is a complex number 9 consiC'er the ')eometrical 

meaning of a complex number .,., such that I w - z I > I w - z I 
l,'lhere z is ·the conjugate of z.) 

( • ~· C' ,..,h ) v~a 1::0 ... oo .i.). ong 

Solution by Proposer. 

It is easily seen that if i~, ... ,in are the conjugates 

of~ , ••• ,zn respectively, then 

(x- i
1

) ... (x- in) = xn + (a 1 ib1 )xn-l + ..• + (an- ibn) 

\fYhere the a. and b. are as given in the problem. Hence if 
~ ~ 

x = w is a root of the •Jiven polynomial equationu then 

(w - z ) 
n 

= 178 -
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It follows that 

To shovJ that this implies that w must be real 1 we first make 

the following observation ~ if the imaginary part of z is 

positive, then lw- zl is less than or greater than lw- zl 

according as the imaginary part of w is positive or negative. 

For if z = x + iy; y > O, and w = u + iv, then 

lw- zl 2 
- lw- il 2 = -2vy . . 

To complete the proof 1 suppose that the inaginary part of 

"lil is positive. Then by the above remark, 'l'.Te have 

lw- zil ~ -,w- zil 

and so lw- zll •.. lw- znl < lw- zll 

"\vhich i.s a contradiction. Or: the other hand, if the Lr:1aginary 

part of w is negative then lw- z1 1 

This is agair ir:tpossible, and hence ~" <nust be :':'eal. 

*P7 /76. Find the maxinuin area of a s:uadrilateral 

!'.BCD \~rhose sides .r~B,BC,CD and DA are 25 co, 8 em, 13 cm 7 

and 26 em respectively. 

(A.D. Villanueva) 

Soluti.on by Chan Sing Chun 

c 

\ b 
c 

\ 
\ B 
\ 
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\ a 

A 
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Let S be the area of tho quadrilateral ABCD. Then 

S =lab sin B + l ~d sinD ••• (1) 

Moreover , 

or 

a 2 + b 2 
- 2ab cos B = c 2 + d 2 - 2cd cos D, 

l 1 2 ab cos B ~ 2 cd cos D = 1 ( 2 - a 4 

Squaring (1) and (2) r and addir.g the resulting e~uationsu we 

have 

- 2abcd cos (B+D) • 

Hence S is ;naxir.mm if B+D == 180°. For the given valucG 

of a,h,c u d ~ ,.,e find that the maximum area is 2~17710 cm 2 
• 

Alternatively 1 from a Hcll·-k.nm-rn formula for the area 

of a quadrilateral, 

5 2 = (s-a) (s-b) (s-c) (s-d) - abed cos 2 a 

-v,rhere 2s = a+h+c+d arid a :::: % (B+D), we see that S is maximum 

\:Jhen a = 90° • 

Also solved by Proposer and Hee Juay Guan. 

*PB/76. Prove that the real roots of the polynomial 

equation 

\o'Ihere a
1 1 

intecJers. 
0 Cl 0 ' a are integers, are either irrational or n 

(via C. T. Chong) 
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Solution by Lim Boon Tiong 

A real root of the given polynomial equation is either 

irrational or rational. Suppose that it is rational 1 and let 

it be p/q where p and q are coprime integers. Thus 

n-1 Multirlying by q gives 

+ 000 + 

a = 0 . n 

a lpan-2 + a qn-1 = 0. 
n- ':! n 

This irn9lies that pn/q is an integer and so q = 1 or -1. 

Hence a rational root of the given equation must be an 

integer. 

- 131 ·~ 




