PROBLEMS AND SOLUTIONS

A book-voucher prize will be awarded to the best
, sclution of a starred problem. Only soluticns from Junicr
Members and received before 1 November 1976 will be considere’
for the prizes. 1If equally good solutions are received, *tho
prize or prizes will be awarded +to the solution or solutic .
sent with the earliest postmark. In the case of identical

postmarks, the winning solution will be decided by ballot.

Problems or solutions should be sent to Dr. Y.K.Leoﬁ-f5
Department of Mathematics, University of Singapore, Singapcre
10. Whenever possible, please submit a probliem together with

its solufion,

*P5/76. (Arcehimedes' Theorem)
Semicircles are drawn on AB, AC and CB as diameters, where
C is any point between A and B. CD is drawn perpendicular
to AB. If two circles are drawn such that each touch the
larger circle, gne pof the smaller circles and also CD, prove
that these two circles are equal with diameter CD2/AB.

B

(via Chan Sing Chun)
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P6/76. Let zi,'z2,'...; z, Dbe n complex numbers

whose imaginary parts are positive. Put

n n-1

(x - zl) voe kX = zn) = X +(a1+ 1b1) X + ...+(an+ lbn)’
where aqs '7"-an’*bl’ﬂ"” bn' are real numbers. Prove

that the roots of the polynomial equation

are all real.

(Hint. If z ia a complex number, consider the geometrical

meaning of a complex number w such that |w - z| >|lw - Z ;

where z is the conjucate of z.)

(via Ho Soo Thong)

= *P7/76. (Find the maximum area of a quadrilateral
ABCD whose sides AB,BC,CD and DA are 25 cm, 8 cm, 13 cm,
and 26 cm respectively.

(A.D.Villanueva)

%*P3/76. Prove that the real roots of the

polynomial equation

n F i Tk I
RO e B ShE. RS T ] X+ia- =0
: 2 i . n-1 n 2

where Aps e @) are integers, are either irrational or

integers.

(via C.T.Chong)



Hee Juay Guan and Tan Yee Lay have been awarded
the prizes for correct solutions to P1/76 and P4/76

respectively.
Solutions to P1 - P4/76.

*P1/76. Let n be an integer greater than or equal
to 2. Find integers Ags @qs sees @0 4 such that

Bt x2 e xn-l= a, + al(x-l) + az(x-1)2‘+ e

n-1
an_l(xfl) .

£He N, N
Solution by Hee Juay Guan

Multiplying thé ziven equation by x-1, we have
n % -t g R L
x =1 =.a (x-1) + a,(x=1)" + ...+ a, s(x=1) .
Write y = % -1 :

2 : , n-2
- SEEE ST BER TR g (l+y)n - 1= (?) y +‘(g)y e

n=21
, et : *
where the (2) are the binomial coefficients.

Hence aY‘: (Pl‘:l) s s Rl O s l 3 ° s 0y n-l .

Alternative solution by Chan Sing Chun.

Putting x = 1 in the given equation gives &= .

Differentiating with respect to x the given equation, we have

2 -2

1% T+ 3" % ... # tn=l) sa,t 2a,(x=1) + ... +

+ (n—l)an_l(x—l)n-2 :
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Putting x = 1, we obtain a; = %n(n-1).

In general, if we differentiate the given equation r times

and substitute x = 1, we have

rla = 1.2...r % 2.3...(p+1) + 3.4...(p+2) + ... +

+ (n-r) (n-r#l)..;(nrQ)

n(n-1)...(ncr)/(r+l)

i n
Hence T (r+1)

Also solved by Proposer, Tay Yong Chiang, Ong Chai Seng,

Lee Tong Heng, Lim Boon Tiong.

Two incomplete sclutions were received.

P2/76. Taylor's theorem states: if M-y is

continuous for a<{x<a + h, and f(n)

(x) exists for
ad x<a + h, then there is a real number On, O<1Gn<ll,

such that

f(a £-5) = f(a)'+ ﬁf'(a) + %hzf"(é) # i F

: 1=1 ' : n )
Btk (n-1) h" -(n)
+ irterer— £ 4 {a) + =t e (a+@ h) .

Suppdse that f"(x) 1is continuous for‘a—h<th<-a+h

and f"(a) # 0. If @ 1is the number (which depends on h)
such that

f(a*h) = f(a) + hf'(a + 6h),

where 0« 6 < 1, prove that 8 = ¥ as h—0.
Generalize the result.

(via lLouis H.Y.Chen and Y.K.Lecn)
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Solution by Proposers.

Applying Taylor's theorem to the function’

f'(a ++ 6h), we have
£'(a + 8h) = f'la) + 6hf"(a *+ ¢ Oh).
for ssome ¢ such that 0 <o g P

Hencere given equation becomes a

2

f(a+h) = f(a) + hf'(a) Oh“f"(a + @ oh).

“zainn by Taylor's theorem, we have

Fla+h) = £(a) + hf'(a) + %h’f"(a + Yh)

where 0 < g < 1o
Thus of"(a + Oh) = %f"(a + ~fh)
Lettinc h - 0, and since f"(a) # 0, we obtain that o6 —%,

Tha result may be generallzed oz - if I(n 1)(x) is

contiinuous for a - h £x < a + h,: f(n+1)( a) # 0 and 9

is tte number in the Taylor expansion of f(a + h), then &—1/(n+l
ag th =0,

This problem occurs as an exercise in G.H.';}iar'dy,
A cowrse of pure mathematice, = Cambridge, 1960, p. 288;

howewer, the condition that f(n+1)(a) # 0 seems to have
been left out. .
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*P3/76. Let ne Oy a; = 1, and for every interer

n, apn+2 = @41 * 3 Prove that for integers m,.n,
{i) + a8 =

i ¥y a@a +a y38h47 A +n+l °

o 2 5 n+l

(ii) 2nn+2 Bgg S (-1) 3

(Y. K. Leong)
Solution by Proposer.

(1) Let m be a fixed integer. The statement is obviously
true for n = 0 and 1. Assume that the-statement is true.
for integers n £ k, where k 2 2. Then:

a1t qne1kan T A (acta _q) F a1 (@t )

(amak +.am+1ak—1):f“(amak—1'+'am+lak)

é + = - 5
3'm+k+1 am+k am+k+2

Thus statement is also true for n=k+l, and hence for

e e O e s

On the other hand, suppose that k €0 and that the

statement is true for integers n.2 k. Then

‘amak;l f-am+lak'= am‘akfl-_ak) 3 am+l(ak+2' ak+1/
= KApdr ey YAt s A 3% )
= Baake2” Cmakel T Tmex
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Thus statement is also true for n = k=1 and hence for
n = O, —l, -2, N0 .

(ii) The statement is clearly true for n =0. So suppose
that it is true for n = k where k 2 0. Then

a a - a2 = (a + a ) - a2
k+1 k+3 k+2 k+1 b= le+] 2
= (a - a ) a + a2
§ o k+7 k+2 k+1
¢ 2 s K
e N L o T

Thus statement is also true for n = k+1 and hence for n=0,1,2,

Finzlly, let k £ 0 and suppose that statement is true for
n = k. Then

A i WY s A - a.5 a, - a’
K=1"kt+l k k+1 k k+1 k
= a 2 a, (a + 5 y-
k+1 k>"k+l k
= 2 = (—'1)k .

Sx+1 T FFk+2

Thus statement is also true for n = k-1 and hence for n=0,-1L,-7,

Two incomplete solutions were received.

%P4/76. Find the radius of the circle tangential t-
the three given circles with centres B,E and diameter AF
respectively, wheré AB = 1, EF = 2, BE'= 3.

<. 1%8:=



 (A.P. Villanueva’

Solution by Tan Yee lay.

Let C be the centre of the largest circle and
D that of the required circle. Let r be the racdius of
the latter circle and 8 = CED. Applying the cosine
rul zritossceCED 2 BED réSpeétively, we have

1 + (2+r) - 2(2+r)cos@}f
g

REEIE

ol [

(l+r) 3° .4 (2+r) - 6(2+r)cos8.
Solv1n" for v, we 4 A 6/7. iy
ﬁ S0 solved by Proposer, Chan €1ﬁ* Chun?
Chang Yew Kong, Tay Yong Chlang, Lim Boon Tlong,'_'

One incorrect solution was received.
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