1976 INTER-SCHOOL MATHEMATICAL COMPETITION

The problems of the 1976 Inter-school Mathematical

Competition are reproduced below. In Paper 1, each correct
answer is marked with an asterisk. In Paper 2, outlines cf
the solutions to the problems are given.:

PAPER 1.

Saturday, 19 June 1976 ' 9.00 a.um. - 11.00 a.m.

ro

The hean of the test scores of a group of 10 pupils'was
62. Another group consisting of 40 pupils toock the same
test and the mean of the scores was 66. What is the mean
of the scores of the two groups combined?

{a) 62.83 (hHh} B£d.5; (af 683 "(d) 85,23 (e} ™™ IB.5

ia R i
Find.dy/dx for y = e€

X X X

- X N
X, (b) e 5 (o) *®7; (d) %87 ey wiglxte ? 52

(a) e

The sum of the anzles A,B,C,D,E,F,G, is equal to

(a)ye; (b) 378/2; (e) %271 5 (d) B7/2: (&) nToTe-of-the above .




Let S be a set éohsiéting'of m elements. If f is a
function from S onto S, then

(a) * f must be one-to-one; (b) f can never be one-to-one;
(c) f may or may not be one-to-one, depending on S;
(d) m> 2.

A rope cf 7 cm. is used four times tc form the perimeters

of the following figures: a circle, a square, an equilateral
triangle, and é.fectangle of 1 em. by 2.5 ecm. Which

figure gives the'smallést area?

(a) circle; (b) square; (c¢) * equilateral triangle;
(d) rectangle of 1 cm. by 2.5 cm.

A bag contains seven apples of which three are bad. - If
two apples are drawn randomly from the bag, what is the
probability that one of them is gocod and the other is bad?

@3/14; (b) 2/7; (c) 4/21; (d) 3/7; (e) % none of the above.

If the random variable X is uniformly distributed on the
set of integers {1,3,5,..., (2n-1)} » then the expected
value of X is equal to

(a) n*l 3 (D) * n§ (e) n-l; . (d) n¥¥; (e) no e of the above.

Ly ]
: X X 5
The equation e“” + be” + ¢ = 0 has two real roots. We

can conclude that one of the following is true:

(a) I only; (b) 1II only; (c) I and II only;
(d) I and III only; (e) * I,II and III; where I;Jbzm 4e >0,
I B 40, “IT1: "o Wi

S N



9 Let x,y be real numbers such that (x+iy)2 = =21,

Then one of the following holds.

(a) W svoys - CB) BB sl 28 1V -5214,-~(d) x2 = =13
{3 252 3,0y sitin

10. ‘Let n = 101 and
' 2R ix/ i
S = {ax: Bls EL = n’ X = 1,2,3,4,...} :

where i = 4-1 is the imaginary unit. The sum of all the
(distinct) elements of S is

(a) #0; (b) 1y (e) -1l;., {d) yndefinedq - fe) ' 101,

i Let A,B,C,D, be subsets of a set E. Assume that the number
of elements of A,B,C,D,ANB,ANC,AND,BAC,5AD,CMAD,ANBNE,
ABD, ACD, BCDand ABCD are 20, 25, 30, 35, 10,
11, 12,13,14,15,5,8,7,8,4 respectively. The number of
elemmnts of ABCD is

(299 AD)F™ Ti¢ o) " 825" Xd) 605 Xe) S1.

&) L.~ sum Sinf + Sin 36 + ... + Sin (2n-1)P is equal *

(a) Sin 2nh. (b) * Sin’nf; (c) n SinB _; (d) 5in"@ ;
2 Cos® Sin O

(e) §in3n9

Slnze .
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14

15

Let A,B be points on two circles with centres P,Q,
respectively. Assume that AB is a common tangent and the
tiwol eircles touch at Tt IE [1ATP = 0, then B@Q is
equal to

A cyeclindrical bucket of uniform crossection is left out
in the rain (falling vertically into it with uniform speed}
The wind starts blowing uniformly across the falling rain.
The rate at which the bucket is filled will

(a) increase; (b) * not be changed; (c) decrease;
(d) increase if the wind is light and decrease if the wind
is strong; (e) increase if the rain is light and

decrease if the rain is heavy.

Let A and B be two ports in two countries. Journey from
A to B takes 12 days. Every mid-day a ship starts from A
to B and another from B to A and they follow more or less
the same course. The number of ships that each meets in

the open sea is
(ayacle gLl 231 Mo ia FeRYSERa s te) 2%,

If a fast-moving car breaks suddenly, the front part of the
crr dips maihly because

.‘

the friction on the front and rear wheels are different:

ol
()

the front part of the car is heavier than the rear par:;
F ;

of the impulsive nature of the friction;

fan

TN N e e
( ( 0 2
N | Nl g g | NG

®

* the centre of gravity of the car is above the road;

of both (a) and (b).
i
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With what force must a man pull the rope to hold the board
in position if the man weighs 60 kg?

(Neglect the weight
of the board, rope and pulley).

(a) #* 15 kg3 : §bd 20 kg; ") B0 Eg;*“Ad) V17.5 kg;
fta) 17 kg.
[LLLLLLLE

o _board

The shortest distance between the parabola y2 = =bax

where 0<a<1, and the straight line xf‘y =.1° is

(@) # (1-a)/ 2; © (b)Y 1 +d; (o) 1-a; (d) (1+a)/w2 »

On the square wire lattice shown below,

1 B

A

an ant goes from A to B, always crawling to the right or
upwards. If all paths are equally likely, what is the
chance that the ant passes through C

Uit

(a): < Wl 255 A) addd 5loa %) % sd ) W25 fe) P’ none
of the above.
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21

e

23

" straicht lines have?

The first three prime numbers are

(BY  ©,1,2: (B} 1,058 (o3 #5p2. 0,52 €4).153,7; (e) =1,0,1.

Let y = f(x) be a polynomial funcfion of degree 5, that is,

Tiz) =2 & x5 + a xu + a x3 + a

2
% 1 2 3x + a x + a

U 85.°
Then its curve has
(a) 2 maxima and 2 minima; (b) at least one maximum and

one minimum; (c¢) no maximum or minimum; (d) 3 points

of inflection; (e) * at least one point of inflection.

How may zerog are there at the end of the number 20! ?

(a) 2; (b)) 243 (ec).bi . (d) 10 ..{e) ; none of the above.

Max . no
v

How many points of intersection can three circles and three

AR 5 T % e il L AN (d) ® 273 (e) none of the above.

A fracticn from a set A to a set B is a tule which assigns

to each element of A a unique element of B, What is the

number of functions from A to B if A has m elements and B

“hag n elements, where m and n are positive integers ?

(a) m{ (b)Y nj ()~ mY;  (d) % n™ «/ \(e)? Aone 'Of "the ‘ak.ve

%
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26

27

28

How many pairs of positive integers m, n are there such
that m?- n® is positive and a divisor (factor) of

g I R

(a) 1; (b) 33 C(c) * ¥; (d) 65 (e) none of the above.

Jind the number o.f solutions of (0 € PL27t) of the
equation tan @ = 2 tan %§

ta) ¥ 03 tb) 1l; (c) 25 [%8) 3; (e) none of the above.

A hill whose base is a circle of radius 1 km ties between
two towns A and B such that AB passes through the centre
of the base and AB = 2,/ 2 km. Find the length of the
shortest path from A to B.

(a) 4 km; (b) 2 (4/2-1)+70 km; (c) * 2 + %7V km;
(d) 2 JE km; (e) none of the above.

‘7ind the number of even integers n for which 2+ 1ds

divisible by 3.
(=% O3 (b)) 13 Cec) 7:. .£4) 3Infinite; (e) none of the.above,
Let S be a sample space and A and B be two independent

events with probabilities P(A) and P(B) which are both

equal to %. Which of the following statements is correct?

(a) A and B are mutually exclusive; (b) AUB =8; (c) A = D
(d) * P(ANB) = P(A°NB®) where A and B® are the complements
of A and B respectively; (e) P(AUB) = %,

= B -
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31

32

33

The value of

is

(a) 03 (b) 00 3 (o) C1/8)° 5° (4} JT 3 (e) ® mone of
the above.

X if w.is wvational
Let (¥} = 2
- x if x is irrational.

Then

(a) £ is not a function; (b) f is continuous everywhere;
(¢) f is discontinucus everywhere; (d) * f is differentiable
at exactly one point; (e) none of the above.

Mr A and Mr B each tosses 5 fair coins. What is the

probability that they obtain the same number of heads?

(a) 16/32; (b) 126/322 s o) =m 252/322 s (d) 152/3223

(e) none of the above.

The minimum number of multiplications and divisions
involved in s-lving a general system of 5 linear equaticons

with 5 unknowns by elimination method is approximately

{(a) 553 HAbI-2-Bby--la) 7535 Cd)-BSy—La) -85,

Pl 1 ar”
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o

Let n and t be two positive integers such that t is

not a multiple of n. If w = cos (2;t /n) + i sin (27v/n),
(n-1)t

then the value of 1+ wt + w2t + W

to

O s i is equal

R SR SRS 4 - e SRS -wnt ;(d)* 05 (e) none of the abov:

(a) 303 (b) 0: (c) 503 (4) 8u4j; (e) ®* none of the above.

A

A die iz loaded in such a way that the probability of one
side shcwing up is 1/5 and the probabilities of the other
five sides showing up are equal. Suppcse the die is rolle:
“hpee times and two 5's and one 6 are obtained. Using the
naximum likelihood method, which side would you infer to

have probability 1/5 of showing up?

{a) the side with face value 2; (b) the side with face
value 3; (c) the side with face value 4; (d)%the sidc

with face value 5; (2) the side with face value 6.

Let @1 and G? be *the angles "atween the positive x-axis
and the lines 6&x + 3y + 7. 0 and 6x .= 10y = 7 prespectiva’
The angler 811~ usDs is

(a¥ 45 TR £ D S € BE RV i S 8 M A

~ Y e = +he o SR
(\?) none orf the ahove.

o
(@3}
H

» integer which has 12 distinet positive.
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40

A and B together can do a piece of work in 24 days.
If A can do only two-thirds as much as B, how long will
it take A to do the work alone?

(a) * 60 days; (b) 36 days; (c) 28.8 days;. {(4) ncne

of the above.

Mr A informed his friends cone morning that a neighbour
told him that he had been offered a piece of ground for
a garden. He said it was triangular in shape, with the
dimensicns as shown in the diagram. As the price proposed

was cne decllar per square meter, what will the cost Le?

15 dollars; .(b) 4182 dollars;. (c)

* none of the above.

r
N

deollars;

A man had a board measuring 10 feet in length, 6 inches
wide at one end, one 12 inches wide at the other, as shown
in the illustration. How far from B must the straight

cut at A be made in order to divide it intc two pieces of

ejqual area?

|
[ 6N~
Al ¢
< 0 £t A
() 5 A %3 - 5; (h) # 5 JEE = 105..(e) 63 (d) none-of

the above.

=B =




PATER 2

Saturday, 19 June 1976 2.00'pum.~-5.00 p.m.

Let ABC be an equilateral triangle and let P,Q,R,
points on BC, CA,AB respectively such that /\ PQR' is

equilateral.

(a) Prove that P,Q,R divide the sides BC, CA, AB

in the same proportion. (b) Find the minimum area of APQR.

(a) Show that if x>0 and y20, then

Xty

2 ;Z XY

(1) Use (a) or otherwise to show that if x,y,z and w
are nonnegative, that is,= 0, then

S VB TR R R | R/‘—*“
. XY ZW
; y

i v

(c) Does the inequality

< A S T 3
Xyz
=

3

hold? Do we have to assume that X,y and z are nonnegative’

Make any general observation you can.
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Puring an archaelogical find, a huge prehistoric diction

D was unearthed. All words in the dictionary were found

to be juxtapositions of the two alphabets z and b (e.g. aaa’
abbbha, etec). Words were ordered as is done in an ordinar:
English diectionary. Further investigaticns revealed that
there was no end to the number of words in D. It is un':=
stood that a method was known to makers of the diction=v /.
whereby for a given set & of words in D, cne could scan
through all the words in S without miSéing out any. What
do you think was the methed? '

Evaluate the following integrals, giving your answers to

=

three significant figures in each case.

£ 7 2
L+ x" .}
dx
1 B xL{L
(ii) 3/? “Ll\)v\
2 3 b 3 /7J&A"%L\
ax

A bieyele running without slipping along a level road
with velocity v, throws off particles of mud from the
rims of its wheels. If a is the radius of the wheel,
show that the greatest height to which any of the mud
particles will rise is

¥ 2 5
5 where Vv~ > ag,

ng2

beinz the acceleration due to gravity.



Prove that
Y o#.% o 243 £ ittt Siniy

where n 2> 2, 1is not an integer.

Let V( éL ) denot the volume obtained by revelving about
the x-axis the area bounded by the curve

g = XG - x5 + x“ - x3 Rt SE -0 , the x-axis, the .
y-axis and the line x = 1. Find the number &, such
that V(&) 55 V(o) for all ¢ . (Note that you are
not requi;ed to find the value of V('¢{_ ), but you must

show that V(&) < V(o) for all o .)

(a) A spider crawls randomly along the sides cf a square
ABCD in the following way. At any vertex, it moves
to an adjacent vertex with propasility %. . If it
starts from A, show that the expected number of steps
it takes to reach C is 4.

(b) DNow suppose the spider crawls randomly along the
edges of a cube, and at any vertex it moves to an
adjacent vertex with prokability 1/3. What is the
expected numhber of steps it takes to move from a

vertex to the furthest vertex?

With what part of a sabre should a stick be slashed in
crder not tc feel the impact on the hand? (The sabre
may De assumed to be a uniform rod cof length 7 and the

handle 1s at one end of the rod).

o



10 Let Pl’ Pz, S Pr be r distinct primes. Let Ar

be the cset of all rational numbers of the form

a

1 a 3
--+-—-—2—-,+...+ i L
# P 2

il 2 r

where 815 @gs eres A are integers. Find the smallest

positive rational number in.Ar.

If P1 B 5 P2 Ty P 5 135 find integers a1 A5,8,
such that
aq a, a,
S +
5 ' 7 43
is the smallest positive rational number in A3.
11 Show that ol + @ + ¥z a8 ( n a positive integer)

if and only-if -tan o ~+ tanﬂ + tan?¥ = tan OLtanptan’X -

Hence, or otherwise, prove that
x(l—yz) (1—z2) + y(l-zz) (l-xz) + z(1-x%) (1-y°) = uxyz

Iy e Ty BRI

12 Let E be the set of all even integcers, that is

-
A [o,,:tz, +u 06, ey <. }
An integer p in E, greater than 1, is called a simple

number in E if there is no ¢ in E, 1<d<p, such that
r of : ;

4

in E) unique? (The different orderings of the

et

Is the factorisation of every integer in E into simple
(
mp

DS Tne g 7 . 13} - 3

same simpie numbers are considered as the same factor-
isatict.) If not, give an integer which can he factorcd
in two different ways in E.



Solutions to Paper 2

A A
(a) Let BRP = O, ORA =<p. Then . + ¢ = 1200
A
In ABRP, BPR = ¢, Similarly for As PCQ and AQR.

Since RP =z PQ =0R, sz RBF, PCQ, QAR are congruent.

Hence the result.

(b) Let AB = a, AP

Area

9}
h
>
rJ
2
5

H

i

Therefore, Z& is minimum when x = % a,

and minimum area is 34 3

16

(a) Starting from (x - y)zlz 0, deduce

iz
X +.y ;(Axy)‘ for X}O, YZD.

(L) Mriting u = x + e and repeated use
v') . “

of 2(a) yield +the result,



w

{c) In 2(B) let wz=% %3y %+ 2

o

then P . % %
(xyz) - B ¥z
P LT v
which gives the result by taking B Al - to the' l.h.n.

e}

ie

Yes, %x,y,z must be nonr-negative otherwise the inequality

will not hold. For example set x =y = -1, z =1,

Given a set S, let Sn be the subset of S consisting of

worde of length n. One can then enumerate all the words

in 81 (there can at most be two wcrdsia or b), and then
enumerate the words in 5, ( there can at most be four words=-
in general Sn can have at most 2" ‘words) and so on.

In this manner no word in S 'will be missed aut.

(i) Use the substitution y = x - 1/x. (Ans: 0.576)

(i1) Lat  £ix) = x3tan X

2R -2%
e T~ e

then £(=x) = - f(x). Hence the value of the intzfralis zcrc,




o

Let w be the angular velocity of the wheel. *"Since the

bicycle is running without slipping, the speed of M,

the point of contact, is zero. Hence v = aw . N

Then the velocity of P relatlve ‘to the ground = B
I\.NAP

Let B(O) be the 'maximum height above the ground

attained by a particle thrown off from P. Then

(v sin @ )2
oy

h( B )

a( 1 +cosh) +

= a + a cos + X— (1 - coszg)

2 2 2 2
s(ar )+ 22 +V_(oose - 22 )
2g (AN 2g v
= (ag + v*)° 2 !3 ( cos B - 2& 5
ng2 2g v2 :

Thus the maximum height reached by one of the particles

thrown from the rim

= (ag + v2)2

ng2

Let 2 (k 1) be the highest power of 2 not greater than
n, and let N be the product of all the odd integers from

1 to n inclusive. Consider the product

2k-1 v ¢ 1‘;'1/23+ e e 3, e T T

Expanding this product, we see that each term is an inta-er

except for the tePrm 2k—»lN e s Hence the result.
; k
2



Let f(x) = xs— xs + xur - x3 Ay X2 — K
fii 2
Then V(o/) = n& (f(x)-oc) dx
0
1 2 e
vy =@y £ dx - 21
0 °
1) av :
(1) AV o U g ax + 27t
dol 0
{ ~ '2
(2). av_ &
it A
d oL
From 141\ av : o
NS Ay = 0 if-and only if. O( =
Aol 0
o
7
From (2) o= Ko is a minimum.
Thus v 0oy & V(o)  for all o
vhere o » SRn. T anamEse (e N T I 1
7 6 o I 3 2
£ S
420

£lx) dx ¥ AU

%l f(x) dx

(7 0 3 ool

= |+




2(a)

A —D
Let EA, FEF ED ‘be the expected number of steps

spider takes to readr C starting from A,B,D, respectivelv.

Then

REY e Eg = ED‘ hy symmetry.

(2) ... E %) Qi+ E) * (%) (1 + BRI

Eor T e B k1) ¥ B A 0% FA).

In obtaining (2) and (3) we have used the fact that -
it take one step to go from A to B or A to D or B to C
or B to A.from (1).,-€2), (3) we get Ey = 4,

Alternatively : Let Pﬁ be the probakility that it takes

"= 2n steps-to reach C starting from A. (Note that the

number cof steps must be even)

"
"

-Then P

n-1

A n(%



8(b)

Let E

Then

(1)

(2)
(3)

(4)

Solving (1), (2), (3), (4) we get EA = 10,
F
0 L T Pl
wﬁr—/-
i

A)

E

G

C2

"

=
1]
l.’J

~
w|
~r

(

w| =
~r

hy symmetry.

By
(E 8 3% il % #7B3 )
A 5 Cl
1 0 ¥
(l)+§(l+EBl)+§-

= Ao



10

Let C be the centre of the sabre and let it strike at

P where (P = r (away from 0). Let v be the velocity of
C and w be the angular velocity of the sabre immediately
after the impulse Flat P.

Then -

using Impulse = chamte of linear momentum,

5 % D NP -

mv

~

using moment of the Impulse = change of &ngular’ momentum,

(95, .0 07 Ted ™

w| =

Now if the impact at 0 is to be zero, the velocity of O

must be zero, thus

(3 van e D &3 -rXl-9 &

From (1), (2) and (3) we get r = 1/6.

(1) The solution depends on the following result: if
a and b are positvie integers with greatest common divisor

1

7 then there exist integfers s and t such that

d = sa + th.

1 e B (R 5 =D.
et nv= Py F2 Cops Pr and let mi ﬁi

The greatest common divisor (g.c.d.) of m, and m, is

such that

1

PP, AF tael To 'Ier. exi integers s, and
3+ ” ) tli e ”st o 51 n #1



\ ] : ” A = y 5
The‘g.czd. of P3Fu...Pr and m,is P,4 R

there exist integers S, and t2' such that

P S0

P,

PHPS"'PP = 82(P3Pu"'Pr) iy P 1

2 3

"
)
2l

520 (ml) + Sztl(mz) + t2(m3)

Repeating the above argument we can find integers Ay98p 50 nedy

such that

e alml + a2m2 e Ly et EE

i 2l

With these integers al,.}.,ar we have

a a a ¢y
LR Py : n
= ._1_. = 1
n P1P2"'Pr
Then the smallest positive rational number in Ar is 2
P P .. -~
B ot T

16(ii) By trial (or using the Euclidean algorthm) we get

5 -3 10 gmaATe T Ky

e i e R e

9 7 13 5.7.13

The answer is not uniquej for example)we also have

ol e s 1
B 7,13

Ui
[
w



ta) If o¢+ﬁ+7=nn g R A
then tan(0¢+(3 gre SLeanPesbneita) |
If follows that tan & + tan 2 BLE- Il Pl ray
1 - tan® tanﬁ 3

or tanoé’rtanﬁ:-'(l—tanu tanF)tan'X ceo (B)
and so  tan (L+ 'tan(S + tan? = tano(,tan@t_an?) ens L5)

To prove the converse, it suffices to observe that the ste
(1) - (5) can be retraced. Note that in (4),1 - tan tan(

cannot be zero, otherwise we would have

tan (xtanﬁ e

o ‘tan o + tan(ﬁ = 0

They would then “imply. . sinzo(/i- COSQ{M = 0, which is absur”

s = e, SR ey
(b) Let x 3———r , ¥y = ~—=—, 2 = —=—— . Then sin =,
' taldte - . tanﬁ tan Y a

cos 24‘.>«:~=l—-x2

. and similar expressions for sin Zp, gin 22

cos 28 , cos S e

The condition "y2 .+ z'x'% xy 21 ig equivalent to
tan@ + tan@ + tan?® = tan o tan(5 'tamg7

From (a). 06+ﬂ+9’__' 2RIt

or 200+ 2 + 2% = 2nyp |

By expanding sin(2e + 26 + 29 ) .= 8in 2ap .= 0, we get

sin 2 & cos 28 cos 27 + cos 2 & sin Zp cos 27

+ cos 2€X ¢ /

@]

v

s 2F) sin 29 = sin 2 o¢ sin ’Zp gin 2

7 5 - 2
Hence (L = ) (1 % 2" 31 FL0 ) 22y U 1= 2%}

]
+ L =23 L 3 =322 Nnys
3
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-u

No. For example, 60,z 6 x 10
(B0 ®22:0 o

and 2, 6, 10, 30 are simpie sumbers in E.

2 4. % % K B &£ K f

"When a student makes really silly blunders or is
exasperatingiy slow, the trouble 1s almost always the
same; he has no desire at all to solve the preblem, even
no desire to understand it properly, and so he has not
understood it. Therefore, a teacher wishing seriously
to help the student should, first of all, stir up his
curtosity, give him some desire to solve the problem.

The teacher should also allow some time to the student to
make up his mind, to settle down to his task.

'Téaching to solve problems is-education of the will.
Solving problems which are not too easy for him, the
student learns to persevere through unsuccess, to .
appreciate small advances, to wait for the essential idea,
to concentrate with all his might when it appears. If
the student had no opportuntty im school to familiarize
himself with the varying emotions of the struggle for the
solution his'mathematical eduecation failéd in the most
vital po{nt.‘ 13

George Polya (1887 - )





