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In this lecture I want to speak about a very special 

diophantine equa-tion, which is actually a special case of 

a wide class of diophantine equations, namely those which 

are related to elliptic curves. 

The equation is 

2 3 2 y : X p x, 

where p is a prime number. We can immediately see three 

(rational) solutions of the equation, namely 

(x,y) = (0,0), (O,p), (0,-p) 

Le t me draw a picture of the graph of this equation. 

* This is the text of a talk organised jointly by the 
Singapore Mathematical Society and the Department of Mathe­
ma tics, University of Singapore, on 26 February 1976. The 
t a lk was aimed at a gener~l audience, and the topic 
represents one o f Frofessor Harder's interests although he 
,~: id not do anv research in this field. Those who wish to 
study the sub]ect are referred to the articles in the 
bibliography. - Editor 
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This is the picture given by the real solutions of our 

equation, but we are mainly interested in rational solutions. 

I want to start by explaining some general features 

of this equation which arise from the fact that this equation 

defines an elliptic curve. 

We enlarge our affine plane with coordinates (x,y) to 

the projective plane by adding the line at infinity. As 

LLtnJ, .,c introduce homogeneous coordinates. 

(x ,x1 ,y2 ) ~ (0,0,0), 
0 

f I I 

~· 1 , ··• .. two ordered triples (x
0

,x
1

,x
2
); (x

0
,x

1
,x

2
) define 

same 

that 

point in the vrojective plane if there exists a ~ 

X :: 
0 

the 

such 

Our original affine plane corresponds to the part where x ~ 0: 
0 

- 107 -



r~7e introduce x= x
1

/ x
0

, y = x
2 
/x

0
, i.e. we normalize the 

coordina te x to be one. We can make our equation homogeneous: 
0 

it b.::comes 

2 
X,.., X 

L. 0 

3 = X -1 
2 

X 
0 

Now we find another rational solution: x = 0 
0 

l ine of infinity, namely 

(0,0,1) - g • 

i.e. on the 

This is the only point of our curve of infinity, therefore 

this point is an inflection point. 

l.e. 

Now I look at the set of rational points of my curve 

f (x,y) E g_ X g_ L . 

I am golng to construct a structure of an abelian group on 

r Th0 neutral e lement shall be 9, and I say: The sum 'JQ . 

r ·:hY'CC points is g. if they lie on a line. With reference 

tc >lw figure, 

' P + Q + S = g and S = P + Q . 

If P E. CQ. then 2P is obtained by drawing a tangent at P. 
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c·; 

If P, Q E CQ then the third point on the line 

and on c is also in cg_, i.e. has rational 

'C.Jl.~ci 1.1a·tes . 

The above composition defines the structure of an 

10 ~~~n group on c0 . (Associativity is equivalent to the 
..:... 

so-called Riemann-Roch theorem). 

Theorem ( 'vro,.,a'·cll) 'T'l-1·" crr'-'' 1 ·p 0 l. co f1.'n1.'tely g"neratod 1 i ·• '- o ·'-' t;:; )_c,. (, '-L _ '-' .Q_ '-' . ~ C \0. • 

A finitely generated abelian group is always of the form 

tors 
CiJ Zl '~ 71 .. f) .. , (f) 7l 

L .. -----y----~ 
r 

•-vher•e ( C.Q_) tors lS the subgroup of torsion elements~ and 7l 
is the group of integers. It· is always easy to compute (C,) t , 

~ · ors 

In this case it consists of exactly the four points constructed 

above. Unfortunately, so far there is no effective way of 

computing t:he nu.mber r (called the rank of CQ.), or to compute 

effectively solutions P1 , P2 , ... , Pr which generate the torsion­

fP2e paT't. There is a general method which gives an estimate 

fo=:• the number r and a student of mine (E. ~vachendorff) carried 

out the computations and found that 

r ·::; 2 if p 1 (mod 8), 

r• = 0 it P ~· 3 (mod 8) , 

r~l 
I ~ 

l!" p 5, 7 (mod 8). 

en.- exists a deep conjecture of 'I'a te-Shafarewi<S which~ 

::ombined with some results of Cassels, implies that 

estimated rank .. ___,. .. r 0 (:mod 2). 
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Thc:refore ~ ir the case when P ::;:. 5, 7 (mod 8), there should 

~x~ 3t - ;c~rt of infinite order on C~ and we asked a computer 

Jcc fin:J. this solution for small values of the prime p. 

Our equation is 
2 3 2 y : X p X 

a b 
y = n , x = where a,n and b,m are coprime respectiveJ.y. 

Jft 

equation become.s 

? '=l 
a"-rn'"' = "' 

n L • b ( b - mp) ( b + mp) • 

It follows thc:.t there exists a natural number M such that 
2 M3 m=M,n=L, and then we have to solve in integers 

E·or.' some T'easons which I shall not explain here, we try to find 

a solu~icn that satisfies, in addition, b < 0 _and p~ b. 

Then it ~~ clear that 

.. 2 2 b -~ n p = -Y , 

2 2 2, b ~ M p = 

~--2~e X,Y,Z are positive integers. This follows since the left 

r.::tnd side is a square and the factors on the right hand side 

We obtain the equations 

.... -~ i~com this, 

2 2 
X + . pM 

2'''2 = (Y 2 - z2 ) = (Y ·-Z) (Y + Z) • 
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,\n argument similar to that giving Fyth~~orean numbers yields 

y Z = 4U
2 

.J ' 

X= 2UV, 

('r 

y - '7 = 2U 2 
L, 

' 
y + z = 4V 2 

' 
X -· 2UV, 

v.~he·P~ U, V are positive integers. But then we find 

or 

Henc2 

2 ') 
x + z"" = 

4 or U 

') 2" 2 2 
~1nce Z = VL - 2U . or Z = 2V - U 1s positive, we find 

U i V. ~ Therefore t'-le. can write a programme. We vary 

Then we check V from 1 ·to 100 and U from 1 to V .J2. 
whether one of the express1ons 

4U 4 + V4 or u4 + 4V 4 

is divisible by p and whether the result of this division 

1s a square. If this is so we find the solution by go1ng 

backwards. 

I have some solutions for p ~ 5(mod 8) up to 101 but 

so far we did not find a solution for p = 157. 

-4---+------+---a b M 

. 5 I 6 -4 1 

13 1938 -36 5 

29 6930 -4900 13 

37 32672766 -1764 14 5 
1 3 s .Ol018762x1o-· -115833156 5945 5 ') 

~) 

2 ~ 5 5 6 7 5 35 9 4 -10227204 445 

101 No solution found on WANG 2200 
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********* 
1We aZZ belie ve that mathematics ~s an art. The 

author of a book~ the lecturer in a classroom tries to 

convey the structural beauty of mathematics to his 

readers~ to his listeners. In this attempt he must 

always fail. Mathematics is Zogical to be sure; each 

conclusion is drawn from previously derived statements. 

Yet the whole of it 3 the real piece of art~ is not linear~ 

worse than that its perception should be instantaneous. 

We all have exp~rienced on some rare occasions the fee lin ~ 

of elation in realizing that we have enabled our listeners 

to see at a moment 's glance the whole architect ure and 

How can this be achieved? 

· -~ J~ubbornZy to the logical sequence inhibits the 

v · ~ualizction of the whoZe~ and yet this logical structuPG 

:rz~-!::::; ~-:>edomin0:tr:: or' chaos wouZ.d result. r 

Emil Artin (1898 - 1962) 
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