PROBLEMS. AND SOLUTIONS

A book=voucher prize will be awarded to the best solution

of a starred prcblem. Only solutions from Junior Members
and receivcd before 1 March 1976 will be considered for the
orizes. if equally good solutions are received, the prize

>r prizes '"ill be awarded to the solution or solutions sent
with the ecrliegt postmafk. In the case of identical post-
marks, thewinning solution will be decided by ballot.

Problems or solutions should be sent to Dr. Y.K. Leong,
Department of Mathematics, University of Singapore, Singapore
10. Whenever possible, please submit a problem together
with its solution.

®P7/75. If 0<x<¥, find the sum of the infinite series
2 L 2 6 3 2P Y
15+ (1)x + (2)x + (3)x R | (P i e
where (ir) is the binomial coefficient (2r)!/(r!)2.

(Chan Sing Chun)
*P8/75. If the equation %% - ax? + bx - ¢ = 0 has

3 rea! rocts, show that

6u4b® < 27(ab - ¢)2.

{via Y.K. Leong)

P9/ 75, “how that the following system of equations
cannct havz real solutions in w, X, y, 2

x2 ¥iyz =505

w2 * vz

1]
o
“w

Xy + yw p 2

Ra -t ozw =1
(H.N. Ng)
*P10/75. Find all non-negative integers a, b, ¢ such
that
a® + 2b% + 4e? - Babe = 1.
(H.N. Ng)

132



v

Miss Hooi Lai Ngoh has been awarded the prizes for

submitting correct solutions to P5/75 and P6/75.
Solutions to P4 - P8/75.

*PY/75. Let A and B'Be two points inside a circle such
that they are equidiatant from the centre of the circle.
Find a point P on the circumference of the circle such that
AP + BP is minimum. Is the point P unique? Calculate the

minimum value of AP + BP.
(Louis H. Y. Chen)
Solution by Louis H.Y. Chen, C.T. Chong and H.N. Ng.
See "A shortest path problem", This Medley, Vol.3, No.3,
P 1263 :
WROLIS N Y F o and B are real numbers, prove that

2(sin%a+sin?B) > 51n?(a+8)

(Stephen T.L. Choy)
Solution by Hooi Lai Ngoh.
4\' b
Now 2(sin?a+sin?B)=(sin?a+cos a+eln B+cos” B)(51n a+31
-51n a+51n acos 2y+sin?asin?B+sin? QaCcos. 22
+sxn asin B+51n Bcos a+51n B+81ﬂ acos 84

Y

But sin“a+sin?acos?a+sin*g+sin?Rcos? B = Sln a+s1n B
. 2 . 2 . . SRl AR e X8
and sin aﬁs;nﬁﬁ & 2|s;nq||s;n8|_
2 2|sina| |sing||cosa||cosB|
.2 2¢ino sinp cosa cosB .
Hence 2(sin?a+sin?g)=2sin?asin?g+sin?acos?B+sin?Becos?a
+sin2a+51n28
‘>281n a51n 2p+sin?acos?B+sin?Recos?a

+251na 81n8 coso cosfB
”féﬁéinzdSih B + sin?(a+8)

>sin?(a+B).

133



Alternative solution by Chan Sing Chun.
Since sin“a= sin?(m - a) = sin?(a - ®) = sin?(27 ~ a),

we only need to prove the inequality for 0O<a, B<%mw.

Draw 2 cirecle with éentre O and unit diameter. Let
AB be a diameter and C, D points on the circumference and
on opposite sides of AB7siich’ that DAB =‘d,%BﬁC = 8.
Then it is easily seen that T LA TR
DB = sin @, BC = sin @, CD = sin(a + 8).
In ABCD, DB + BC > CD,
i.e. sin o + sin B > sin(a + B).
Since the numbers are non-negative, we get, on squaring,
sin®a + sin?B + 2 sin a sin B > sin (o + B).
But Sihzy + sin?g - 2 sin o sin 8 > 0.
Adding the inequalities gives the result.
Alternative solution. Consider the complex number
(cos a + i cos B)(sin a + 1 sin B)
= (sin o cos a - sin B cos B) + i sin(a + B).
Taking the modulus on each side, we have
(cos?a + cos?B)(sin?a + sin?g)’
= %(sin 20 - sin 28)% + sin?(a + B).
The inequality then follows since cos?a + cos?B ¢ 2 and
%(sin 20 - sin 28)% > 0. :

*P6/75. If n is a positive intégér, prove that
. < ;S L R
}: (n + kK)!'(n - k)! 2(n!)?
k=0 ; ; oo
Solution by Hooi Lai Ngoh. Putting x = 1 in the
expansion | .
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= e 2n Z s 2ny. 2n
we have ' ;
Dy 2n 2n n-1,2n

N, 20 n+l. 70 2n 2n 2n
("1) (n ) + (-1) ( ) % . e + ( ) - (2n-1) e (2n)¢

n+l 2n-2
Since (Sn) = (32), (in) = (Zéfl), etc.,_we“hav§ ‘
s PF 5 T n 2n 2n . 2n ’ n,2n
e e s e e fm 1 v § s - & el SR R < kml) (5] -
But the given sum is equal to : gy
] ( 2n 2n 2n n,2n % 1
v A R e BN 3 ¢ ) - v+ (FD)HEDY 2 —
( iy WA iasy el B2 - 2(n1)?

Alternative soiﬁfibn by:Chan Sing Chun. We make use of
the operators A and E (see, for example, Aitken and Milne-.
Thomson, Finite differeﬁces; or Freeman, Mathematiés for
acturial students). Write :

nt7) . S et
(hTF TR # 2¥sAn+ v)
Then it is easily checked that

e ol A '
(=r) [ 4=1)7"7 p=-1 (-1)
n e e W A5 R

and . bl e By wemt B3 2 premy,

The given series may be rewritten as

Teal,.

X (il s aultRE Ve - YIRS U
EED LA e (p+1)(n+2) (n+1)(n+2)(n+3) Sy
Now - o P, it g0
) n(n+‘1""'(n+1)(n+2) _+ f") :
= 3o n(ﬁ(;l)Jf tnfl)ﬁ('z) R - S
% Sae n(n(~1) 3 (n—l)n(°l)‘ = (nflgsn-Z) 2n(—1) 2% .4
Ve s n (1) 1001
N TN C. DI
] - n dAen) 2%, : i
Alternative solution. ‘Consideb the identity
ysb 8 2150 3 3
1 = é7%eX iz (1~“'§T + %T - %T SEBE D S %T + %T % %T_+' -

Write the series on the right-hand side as a series in x,

and loock at the coefficient of x2n Ca>1).

135



3 ‘ =1 o !

Then . 0 2 T = A Gas DT 3T 0R=0yr ~ -4
\n-1 1 % o 3
AR ES v prEernpl MRy e
n-1 3
(1) (h+1)'(n-17‘ ey
1 1 et o

(Zn-2972 1% {2n=l)dal. - (2n)0 )
Regrouping the terms gives i L e
1 P - e

1
T - IT0n-DT T 3TGne) T

te ot GO ey

-~

) G e
(-1) —THTTT S 00 1 ) : ‘
Multlpljlng By Ll and adding 1/(n')2 ylelds the
required sum of the given series.

% * % % $ &€ % W % * % % ®

A LETTER TO THE EDITOR

I have a few suggestions to make:

(a) a mathematics workshop be opened whereby members

can hold discussions, 1nstruct1ve sessions, problem evalua-
tions, etc., at least once a week. = Otherwise: dlSlnterest

and mental asthenia in the mathematical field may develop

due to lack of exercise in active problem solv1ng and’

exposure to interesting aspects of mathematics known: as
"mathematical recreations“,'which'is_a very wide field that
encompasses all branches of" knowledge.x‘ A lecture once a sl
month. is too static w1th very llttle fember: partlclpatlon.

A lecture voom may be a381gned exclusively for the use of

thz Soclety at apprpved hours of the day or night and for
members to congregaté and discuss subjects of common

interest. In this connection, adequate'means of communi-
caticn between members is vital. The telephone and the
surface mail are two of the best ways of doing it. There
should be more intimate relations between mehbers as far as
mathematical discussions are concerned, because some day

mathematical discoveries ‘may result from these discussions.
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