MAGIC SQUARES AND DOODLING*

' Lee Peng-Yee
Nanyéng University

Mathemdtical research is not something mysterious.
Fveryone can do it. To prove my point, I shall give two
examples. The first one concerns magic squares, and the
second one doodling. ' :

Our problem is how %o coﬁstruct a magic;square of size
100 by 100. For those who are interested in the history of
the subject, there is a éhort but.nonetheleséhéémprehensive
account of it in {17 . Recently, this has bécome an active
research topic. For some new results, see, for example,[z].
Here we try to show how we may procesd from special to
general and hence devise a way of constructing the magic

square.

"Let us begin with 3 by 3 magic squares. It is well-

known that there is only one, namely the following

&

For 4 by 4, we simply write down 1 to 16 in the order shown
on the left hand side below. Then we reflect the diagonals

and the result is a 4 by 4 magic square as shown on the

right below. : 3
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#*This is the text of a public lecture delivered on
28 August 1975.
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Note that any row, ény column or any of the two diagonals
all add up to 34. Ve sometimes call 3% the magic number
for the magic square. It is very easy to find the magic
number for a magic square. We'simbly-fill up the square
as we did on the left abovejthen add up the diagohal. For
example, the magic number for a 5 by 5 magic square is
147+ 13 + 19 + 25 = 65. |
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Further note that all the row, column and diagonals having
13 add up to the same sum 65. WhenHWe"reafrange the
numbers we shall keep them together. Téke out the arrays
of numbers (1), (2), (3) and (&) and re@lace them as

follows.
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Hence we have obtained a 5 by § magié square.

We may carry on, and it seems to get harder each time.
Write down a 6 by 6 square and reverse its two diagonals.

We have the following:
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We note that the maglc number is 111. Let us find the sum
of each, rov or column and 1ts dlfference from the magic
number. Jn bee that all we need to do is to 1nterchance a
number in the flrst row with a number in the last row
(except those on the dlagonals), and similarly for the

second r*o'7 and flfth row, third row and fourth row. We

Qhould alqo do the same for the oolumns. This can be done

by 1nterchang1np the follow1ng

5§ — 35 7 — 12 .
9 =27 20 — 23

13 — 19 33 —sigly

The result is a 6 by 6 magic square.
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Before we go fd}thér;~1et us pausé and étudy the 6 by

€ magic square more carefully. First, we wriﬁe‘
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Supnose we work out the sum for each row and column and

find its difference from the magic number. Obviously, all
we need to do is to interchange three numbers between
corresponding rows and columns. In fact, this was what we
did before. Note that we interchanged 8 with 29, and 11
witn 26. The effect is equivalent to interchanging two
numbers betwéen two corresponding rows and two corresponding

columns.

Now we have a procedure of constructing any even magic
square. First we write down the square as we did before.
Work out the magic number and the difference from it for
the sum of each row and each column. Decide on the number
of entries we need to interchange and finally devise a
scheme to interchange them. The reader may wish to try
this himself for a 10 by 16ﬂmagic square. To construct a
100 by 100 magic square, we proceed as before and find that
72 need to interchange 50 numbers between the corresponding
ows =nd columns. This may be done by dividing the square

intce the following blocks:
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Then interchange diagonally block I with bloeck VIII, II with

VIT, "ITI with VI, and IV with V. For eXéhﬁle, we 1nterchanze
1 with 10000, 2 with 9999 and etc. In fact, this scheme »

works for any 4n by 4n'magic eQuafes.u Hence we have solved

the first problem in a surprlslngly easy way. -

We all doodle. The questlon is what mathematlcs, if
any, we can get out.ofwdoodllngm -Let us assume that we
draw only vertical and horizontal lines. We always make
full turns and come back'to the-original point. For
example, the following are two different designs of making

two turns.

N
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T€ wo koep dnod11ng, we flnd that the above are the only
~ two de51gns we can have for two turns.‘ The flrst .one has
four enclosed areas (3 blacks and x. whlte) and the second
one two only (1 black and 1 whlte)

If we make three turns, either we keep crossing when-
ever we can or we try to avoid it whenever we can. The
former gives 1 + 2 + 3 + 4 = 10 crossings, whereas the
latter;only 2. Whenever we cross once, we obtain an.
enclosed area. When we complete the doodling we add an
extra area. So we have the following so-called doodling
theorem: ; ¥ : .i ; :

The number of enclosed areas is equal to the

number of crossingsplus one. ' .

Therefore,if we make three turﬁs; tﬁe maximum number of

enclosed areas we can have is 11 -and the minimum is 3.
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We can generalize this'to any nﬁmber of:turnsf’ The '
minimum case is easy. ~Let the number of turns be n. ‘THen
the minimum number of areas is also_n.' For the maximum
case, let us Study therfoiloﬁing table: :

euenw AR ypagimn,
85 e
% 1+ 2 3
3 142434y 11
4 142434445+ 22
5 1424, 4748 37

Therefore the maximum number of areas is

[1 + 2 +13e 2 L, 4 2(n-\1.")] !

o 26n-1)

= > 2(n-1) + i] S

=" 3HEL -+ 2

Another questlon we may ask is how many different
de51gns there are for three turns. I have found 16 of them
(see Appendlx). A research problem is the following. . Can
you find another one which is different from the sixteen
or can yoi ‘show ‘that you cannot?

o
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