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problems on shortest pathe are Interestlng and very
easy to state. "0f course in euclidean geOﬂetry one always
has the straightline as the shortest distance joining two
given points. On a:sphere, the shortesf path to travel
from one point to another would be the shorter of the two
arcs which lie on the great circle containingrthe two

points, and which have these two points as their endpoints.

o s)

A shoftest béth“problem_whiCh evolved from Questibh 2,
Paper 2 of the 1975 ‘Interschool Mathemati051ACQmpetition
f1] and which later appeared under Pu/75 [J ielthe
followings ; |

Let P be a point on the circumference
of a eircle and let A and B be two points
inside the eircle such that they are
equidistant from the centre. Find a

position of ‘P such that AP+BP is minimum.

One can further ask whether this position of P is

unique and that the minimum value of AP+BP be computed.
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A first reaction would be to conclude immediately that
the position of P is that point on the circumference which
together with A and B form an isosceles triangle. It turns
out that this is not always the case. In fact the position
of P depends on the 'curvature' of the circle (i.e. how
it fcurves') and therefore the radius of the circle, and
alsc on the angle intercepted by AOB. A solution is

provided in this note.

It is easy to see that if EO is an.ellipse, with A and
D as foci, which lies ingside and touches the given circle
at P_, then P_ is a position of P for whcih AP+BP is minimum.
Furthermore, APO+BPO igigqual to the major axis of E,-
Thus the problem reduces to finding such an ellipse (if it
exists) and locating P_. We shall do the problem by
analytic&geometry} g

For simplicity, we assume the circle to have unit
radius. Let the distance of A and B from the centre O be

r and let £ ABC 2¢ . Without loss of generality, we

3 - il
may assume that 0. < a g 2 .



cacuee the x and y axes as indicated.

A

Then A = (-rsina,0) and B £ (rsina,0).

The equation of the giVen circle - {f 3

(1) ' x> % (¥ # roogsa)s =1

and that of an ellipse with A and B as foci and b as the

semi-minor axis is’

| S i :
(2) & & ey
b2+r?sina b? '

-Note that a = vV b2%+r2?sin?c is the semi-major axis.

Since we shall be interested in only those ellipses
which lie within the circle (1), we shall first determine
those values of b for which the ellipse (2) lies in the



circle (1). These values of b must be such that the square
~of the x-coordinate ‘of the circle is no less than that of;
the ellipse. That is |

(4) r2sin’e y? = 2bircosa iyt b? - .b* - bir?3 0

for those values of y on the ellipse.

£

Thig is true if the discriminant D of the left hand side of
(4) is less than or equal to zero. That is

o
i

= 4b*r?cosfa -~ Ur?sin?o B2 (1 = b% - pr?)

4b?p? [ b%? -~ (1 - r?)sin?a ] €9

Hence the ellipse (1) lies in the circle (2) if
(5) b* £:(1 ~>x%)sinta ;.

We need to consider two cases.

Cage 1) | R e W ke

For this case, we take b? = (1 - r?)sin?a .
Then (2) becomes
2

(6) S + y — e ) .
sinZa (1-r?)sin?a

We shall show that (6) is the equation of E . By (5), the
ellipse (8) lies in the circle (1). Solving (1) and (6),
we obtain the following real roots

oo
n
| +
'._J
1
¢
o
P ®
N
Q

(7)

(L-r?)cosu

b e
&

129



Hence (6) is the equationvof E, which touches the circle at
two distinet points whose coordinates are‘given by (7) and

AP % BP ‘= .23 = Zsind.
o o

Case (2) " % "pY% cosa (This is possible only if

- m
L < <5 o= %
a 3 )

consider the ellipse with foci A and B which passes through

Q. Then it has the equation

~

2 2
(8) . Y] . - + y = R
1-2rcosa + r? (l-rcosa)?
Since b? = (l-rcosa)?

= (r-cosa)? + (1-r?)sin?a

\v

(1-r?)sin?e ;

we cannot make use of (5).

Hovever, the left hand side of (4) has two real roots,

namelv,

(2) y = l-rcos [

cosa - rcos?a + (cosa - r)]
2

rsin‘o

(53]

of which the smaller foofiis l-rcosa which correspondSto 0.
Therefore, (4) is satisfied for those values of y on the
gllipse and this shows that the ellipse (8) lies in the
circle (1). Furthermore, (9) implies that (1) and (8) have

only one root, namely,

(10)
V1= L~ QO8O 7.
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'Hence, (8) is the equation of E whlch ‘touches the given

circle (1) at -only one p01nt (namely Q) whose coordinates
are glven by (10) and AP_ + PP -8 AQ + BQ

= 2a

‘That every physicist must fear.

2 / l Zrcosaﬂo2
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Are is of course a fever chill

&2

PFe's better. dead than, living still,

Then once he's past his thirtiéth yeart

ik attributed to F.A.M. Dirac

THE OMNLY SOLUTIOY

W2 shall havé to. evolve .

problem-solveis, galore - .
since each nroblem they solve

creates ten problems more.
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