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Ch'igﬁgnlu—ahgo
Ch in Chlu-shao was born about 1202 in Szechuan

province and his work the hu-ghu ohig—onggg (Ma&_ggﬂiigg_

Treatise in Nine §gg§ion§), was,publlshed in 1247. The
thirteenth century'was-a per1od which marked the culminating
point in the development of mathematics in China. It was
also a period of’ polltlcal strife and decline when China was
fighting for her very survivsl agalnst the Mongols. Agalnst
this background of polltlcal unreat, mathematics flourlshed
and Ch' in stood out as the first of four great mathematicians,
all living in the same half—century. The other three were
Chu Shih-chieh® (& wand ering teacher), Ymng Hui(a civil
servant).and Li th (a recluse scholar)

What @gs a maihematlcian in those times? 1In
the first, plaoe, the stmrtlng point of mathematics was at
a very high 1eve1 Slnce the compllatlon of the Chiu-chang

suan—-shuf (Nine Chmpt ,_on the Mat hemgtlcgl Art) in the

first century, this work had sign1fioant influence on

Chinese mathematicéJuo'to,ahdsbéyoﬁd the thirteenth century.
A Chinese mathematician was primarily‘a ieoﬁnologist who

was able to solve a variety of practical problems in the
fields of ohfonology and astronomy, or in the fields of
financial affairs, taiation, architecture, military problems

and. so forth, and this determined his social role. On the

L"’l"hi's‘ié'mw text ofa public lecture delivered on

25 April 1975.
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other hand, mathematics of a very simple kind was one of the
essential accomplishmengs of the post—Confucian gentleman

on the game level as propriety, mu31c, arohery, charioteering
and calligraphy.

Ch'in Chiu-shao studied at the Board of Astro -

nomy in. Ehngphow., Thls was rather exceptional, and perhaps

explained why he deqlt w1th alendrlcal problems and why the

. remal i "s» problem was preserved. In relatlon to astronomv

and calendrical scicnce, mathematlcs, at that time, was
considered the serV1nt to the more important sclences of" the
heaven. Ch'in was. never an offlolal mathematioiun, though

it was said- that someone recommended hlm to the emperor on

hetount . of .his knowledge of the calendrlcal s,m.enee._."“vE

i -

Ch in, 1n George Sarton 8 Judgement was "one

ey

- ‘of "the greatest mathematlclmns of hls race ; of ‘his time -

i,and indeed of all tlmes . In his youth, Ch in wms an army

officer and was noted both for a{hletio and 1iterary achieve—

ments. e later. rose to the rnnk of Governo* in two cities.

.- He has often been descrlbed as of an intrlgulng ‘and unprin-

cipled cha;gqper¢ In 1ove affmlrs ‘he had a reputation
L L A , T

gimilar to-Avieenna. L1u K e-chuangg; in a’petition to the

""" "emperor, described. him ws v1olent as a tlger or a wolf, and

. .,.@8 poisonnus as a viper or a scorpion .

5 S

The Shu-shu chiu-chang .
1o
* The Shu-shu chlg-chagg GOHSIStu of nine sectlons,

RS

¥

LN e

the first bei  : the. 1ndeterm1nate ana1y31s, where the remain-

Wi gat, pﬁoolem,lles, the . aecond section inwolves astronomicwl

calendrleal and meteoroloblcal leculations and the third is

-v‘h"‘—_‘-’4,=4-, ol =

on land»measurement. ‘The fourth'sectlon;refers.to.surveying

' by the rwethod of triangulationfLwhileFtheififth is on land
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“4dw amd-state servica, and the sixth concerns problems on
money and grains., The séventh and eighth sections deal with
structﬁral works and military matters respectively, and the
1ast section is on barter and purchase.

‘ | Ch'in répresentéd algebraic equations by
placing calculating rods on the counting board so that the
absolute term appeared on the top in a vertical column;
immediately below it was the coefficient-of the unknown
quantity, followed by the coefficients of the increasing
powers of the unknown quantity. For example, the equation
~x* + 763,200x% - 40,642,560,000 = 0 is represented by
calculating rods placed on'a counting board as follows:

- MWoT=léToooo
38 ) T
i T=leo .
A A et o P o
Originally, Ch'in used red and black counting rods to .
represéﬁiﬁpésitive and negative gquantities respectively, .
but in the text, negative quantities are denoted by an
oxtra rod placed Gbliguely over the Lirst:Tigure of. the
nunber concerned.

The Shu-shu chiu-~chang is the oldest existing

' Chinese mathematical text to cuntain the zero symbul.
?here afé mére than twenty problems. in the bosk involving
' *he ‘setting up’bfinumericalpeQuations which include one of
the tenth degree, namely,. 3 ERRE VG R G

x10 + 15X8 + 76x6 - 8643(4 e 11,6643(2 .-'- 34,?92 = 0..
The method.empluyed for solving these equations is idept;cal

to that rediscovered by Paoio Ruffini.about 1805 and W,G,

Horner in 1819.
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, Frrmulae- grving the areas of‘vnr1ous types ~f
geometr1cal flgures-are mentloned in the. §gu—shu chiu-chang,
althqygh some uf them are not very accurate, Problems
invslving sefies and prbgressiqns greialso dealt with.
Linea® simultaneous eqquion$ are.discussed with the numbers

set up in vertical columns; for example, the system of

Qquatiqps_ _ e Feit o
(1) 2 140x‘+ Ssy + 15z = 58,800
(2) | | 792x + 568y + 815z = 392,000
(3) . bhx + 30y + 75z = 29,400
is set up on the counting board as follows.
29400 392000 58800
64 792 140
30 568 88
75 | 30 15 -—

‘The-equationg-are solved by firsy eliminating z in equations

(1) ana (3), and then in (2) and (3).  From these, x and y

are obfained,,andifinally z is found by substituting the

values of x and y:in”(3). In a recent work, Ulrich

Libbrecht shuws that one of Ch'in's methods vf solving a

set of linear equations resembles Cramerrs rule_(eighteenth
century)

The Ch1nese Regganer heorgm

The Chlnese remainder theorem gstates that the

system of linear congruences x = r, (mod m1), xEr

27 +ees Mg

are coprime in pairs, has integral solutions x, and the

(mod m,, ), ceey XE T (mod mk) such that m , m

1!

...8olution is unique modulo m m ...mk

12

This theorem may be illustrated by a simple
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problem, whimh is the oldest existing remainder problem,

.. from Sun Tzu suan-ching” (Sun Tzu's Mathematical Manual)
(fourth century). The problem states: what is the number
which when divided by 3 gives 2 as remainder, when divided
by 5 gives 3 as remainder and when divided by 7 gives 2 as
" remainder? In modern notations,
xE EF(mod 3), x=-3 (mbd 5), = 2 (mod-7).
- The Sun Tzu suan-ching gives the solution as

x = 2x70 + 3x21 + 2x15 - 2x10% = 23,

~This problem became known in Europe through
Aléxander .Wylie's article 'Jottings on the science of.
Chinese arithmetic' in 1852. Sun Tzu's rule was pointed out
by Matthiessen to be identical to Gauss"_s statement (1_,801):

If m = mMy...m Where m,, My, .,s, My are coprime in
pairs and if & @, 80 (mwd w/my) and a; = 1. (med m;),
i=1, Qoeey Ky then x = L P + Ty, +asee B0

is a selutivn of x E r, (mod m1), x=r, (mod m2),

aasy X S 1y (moa mk). » :

The remainder problen r.ea.ches its zenith in
the work of Ch'#n Chiu-Shao, _There are 't.en‘: rema:inder pro—
blems .in his Shu-Shu Chiu-Chang. The text vig largely obs-
cure and no explanations are given ‘fo_r the stepé_ taken.
Below is one of ch'in's problems, the stadement and working

of which are simplified by the use cf modern potati.ms.

o x v, (modm) . - x= 10 (mod 12) .
=r, (mod m,) = 0 (mod 11)
=rg (mod m3) egopaa . g 0 (mod \1‘0)_.‘
=r, (mod m4) = 4 (mod 9)
= 1y (mod mS) = (_qu 8)
=1y (mod mg) = 0 (moa ;.7) F
= rT(.mod(.;,mT-) = 4 (mod 6) :
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[Note that 12, 11, 10, 9, 8, 7, 6 are not coprime in pairs. ]

i == 22?<3 -t p.1 =9 i xS 10 (mod 1)
sb v oy ! | By = 1 = o"(mod 11)
fo=2¢5 S e = 0 (mod 5)
mws T e tsbom ul Zodpo(emnd-9)

g = 23 s hg = 8 ‘ = 6 (mod 8)

7 :7 pe. g conply aaliiveid: "= 0 (mod 7)
T e )

-;..{Note that 1, 11, 5, 9, 8, 7,4 are coprime’ in pairs and
T.e.m. (12, 11, 10, 9, 8, 7, 6) = Licka: ' (+,11}5,9,8,7,4).
This is a necessa.ry conditionsfor: ‘411 ofF Ch in' s problems.

Thel T:e.et of congruences. in (2): is? equlva“lent tb the set of

"Ncongruences in (1) ] ol v G- T SR

KB SN u1u2 saby T 1IX5X9X8XT =127, 720,
.4_'._"""6/u1 g M,___’ HSE 405 ek = AAXGXOXBX X = 27 790_"
: "‘""'e/pz = My = Hglighy ety = 1.;x'5x9>é18>é?7".>"c’1""":‘ 2, 520

/iy = My = Byl ety = 1X11X9XBXTX] “:"":‘5 544

= ‘..
N

O/, =M, = o o wie o o = IXTIX5XBXTXY = 3,080
O/p's = MS\: s 00 o e = 1X11x5x9x7xt1 i 3’465 3
6/“'6 :MG = e ss 0 e = 1X11x5%9x8%1 = 3,960

0/p,7 — M7 = .m0 e oo e 1x11x5x9x8x7 = é7_9720 :

=

i

ol -
s
—N

i

5. N, =M, 27,720 - 27,720x1 = O
N, =M, = poil, = 2,520'% J99xff =

N3 = M3 = P3lig = 5,544 = 1,108x5 = 4

N4 — M4 - p4p.4 = 3,080 = 342x9 =2

Ny = Mg = poiis = 3,465 - 433x8 =1

Ng = Mg = peite i 3,960 - 565%7 =5
7 = M7f- ‘p7p.7 = 27,720 - 27,7201 =0

[Notﬂ"thatapiui is the largest possiblé nultiple of By such

that N; is the smallest non-negative integer. ]
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6. ax0 1 (mod 1),
bxi 1 (mod 11), b =1
ox4 1 (mod 5, .

“ax2 1 (mod 9),

a o
gk

ex{ 1 (mod 8),

(v}
[l
-

£x5 1 (mod 7), -

]
I
w

gx0 1 (med 1), g2=0
Te d1 = aM = 0"
®, = bM, = 2,520
ay = 0M3 = 22‘;176
‘@, = dM, = 15,400
“ag = eM = 3,465
o= tM, = 11,880
gM7*": )

8. 51 (X.11'1 =0

0
I

0

™
N
Il

AL, =
a3r3 = 0

* ,645-‘:.5-' a4r4-;:_~6’1;600 Lz

By =Ty = 2047900

XD
w
[

ﬁ6 = 0ere = 0
| B :"a714f7.’-?:'-.o, e e e, e o
9. x = 61,600 + 20,790 .: 82,390 , or

x=82,390 = 2x27,720 = 26,950 .

In EBurope, the first treatment of the remainder
problem in which the moduli aré not coprime in pairs was
given by Lebeéill.le-l'-Ain.-18‘59:.1‘ T.J., Stieltjes published a pro-
found article on it in 1890. In order to establisiithe
va,lidi’t,y~ of'Ch"in'»s“method of solving the remainder problem,
Kurt Mahler wrotc a paper inh {957 in which he ' proved the

general form of the Chinesé remainder theorem based on ch'in'
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method. This result states that the system of 11near

congruences Xx = ry (mod mi), i=1, 2, «ouy. K, has 1ntegra1

solutions x if and only if g.c.d. (ml, m, ) d1v1des (r - r o)

? lt.

for all pairs i, j (i # j).

In India, Brahmagupta (seventh century) and

)

Bhaskara (twelfth century) employed the kuttagg method to

investigate the remainder problem. In the Islamic world,

Ibn al-Haitham also investigated this type of.probiem and he

might have influenced Leonardo Pisano of Italy. After the

thirteenth century, there was not much further development

on the subject in China, India and the Islam;c world, but

from the fifteenth century onwards, there was a marked

increase in Buropean research, which reached its apogee in
. -

the studies of Lagrange, Euler and Gauss.

2.

SN

_‘Mahler, K. "on the Chlnese Remainder Theorem .'
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The advance of science is not comparable to
the change of a city, where old edifices: are pitilessly
torn duwn to give place to new, but to the continuous
evolution of zoologic types which develap ceaselessly
and end by becoming unrecognizable to the common sight,
but where an expert eye finds always traces of the prior

work of past centuries.

- Henri Poincaré.
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