An “'lementary Probler: Whose -Solution ngﬁiead to Fame:

1 =
~Fermat s Last Theorem

H. N. Ng

University of Singapore

Positive intcgers, also rettubg Yo as the
natural numbers, form the basis of elementéry arithmatic.
Some of‘the deepest and most difficult pr&ﬁiems in
mathematics concern them, and yet surprisingly, some of
these problems are within the corprehensiom of those who
know no more than basic arithmatic. One typical example
is the well-known Fermat's (Last) Theorem:

If n2 3 is a positive integer, then one
cannot find positive integers X, ¥ and
z satisfying | 3

(1) i i ' Xt yn' - zn.

(2) i | x° + y2 = z2,

Readers who have had basic geometry will note that (2)

A .. S i :
is t"s formula for the fundamental theorem of Pythagoras

on the relationship between the three sides of a right—
angled triangle. Now (2) actually has a solution in

integers; for example,
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Qorrespondlnu to the.r1ght-1ngled tm1ang1e w1th s1des :
« sk ABA 55 Thls shows that thc requlrement n'>:3:
is necesgary_ im ﬁ_( ). Although (2) is a spec1a1 case
(1), it islperhapéillnterestlng to knouV the oineumes
tanqeeﬁin_which Fermat'esTheoremrerose from (2)
~ Fermat, born in 1601, was a 71rench Jurlot by
profession until his death in 1665. He dabbled in =
mathematics only as an amateur. Tt is all the more admi-
rable that his achievemeums in pufe mathematics-equal those
of Newtoms Fermat liked to write hlS commento‘omlmetﬁema-
tlcs in tae margins of the books he read. on readihg‘the
problem of solv1ng x2 i y ..? in pos1t1ve intevers; he
vrote down his solutlon.for it and also wrote tbat |
x' + y'-;,zn' has no solutions in pou1t1ve 1ntegers for
n 2 3. He further commented, 3 hqme d1scovered a truly
marvellous demonatrmt1on whichthisnmrgin is 100 narrow
to, contaln.' Althoubh he gave a proof for n = 4 using i
“hig now well-known method of deseent, he d1d not leave
any trace of his. marvellous demonstr1t1on of the gene;al
" theorem. For nearly 340 years, mnny generatlon of .
mathematicians have not been able to glve a proof of 3
Hermat s. Theorem or to show tbat +he theorem 1s not true.
iBven ' the most up-to-—date computers of today are ound
to be lnsufflcient to handle the problem. Howevcr, x
in “the precess of searcnlng for a oroof of uhe theorem,
a tremendous.amountfo?.teennlquee and results were created

a4l

and discovered,
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One may ask why does someone not offer a prize
for a proof (or disproof) of the theorem. This, in fact,
has been done more than once., The French Academy of
Sciences set,Fermat‘s-Theorem‘as its competition problem
for the | C-and Prize' in 1853, In 1857 the award went to

non—competitor Kummer (1810 — 1893) for His incomplete work

‘done on Fermat's Theorem and related sUbjects.' In his

many unsuccessful attempts to solve the prbblem, Kummer
introduced his 'ideal numbers” and proved some of their

fundamental properties,'This-marked the beginning of

‘modern algebraic number theory, a supject“whidh'iﬁfiﬁéﬁded

the development of not only algebra but also the theory
of functions, Kummer'sreérliesf work on the theorem :
dates back to 1835. ' He coantinued his wdpk on'tﬁe same‘w
subject until 1874 when hé was sixty-four, -Although‘hél
failed to give:a complete solution tﬁ‘Ferhat“é Theofeﬁ,“
the publication of his partial solutions established hiﬁ'
as a great algebraist. s | V
Another prizeiion Fermat's Theorem w&s'bfféféd
as recently as 1909. A wealthy German mathematician,
P, Wolfskel, offered 100,000 marks for a published proof
(or disproof) of the theorem. This caused an upsurge of
interest among amateurs, and thousands of erroneous self-
published proofs were submitted. ‘It is known that the
great German number theorist, E. Landau ({877 - 1935) of
the University of_dbttingen, used to have postcards printed
with the following message? "Dear Sir or Madam: Your
proof of Fermat's Last Theorem has been received. The

first mistake is on.page...line.;.", and he gave the cards
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to graduate students to be filled and posted. Due to inf~

lation, the prize money amounted to less than one US cent

after World War . I. o
- There is a minor incident which is perhaps

worth mentioning, »The-ihterest'on~the Wolfskel prize. Vas I

to be used at the discretion .of the-thtingen-Soientific

Society. Hilbert (1862-1943), who was considered the lead-

ing mathematician of his generation, was the chairman of

the subcommittee in charge of the money. When asked why

did he not try for'the big prize bhimsclf, Hilbert answered

wiy should he kill:the :goose that laid the golden egg. It

is also worth noting that Fermat's Theorem was not among

Hilbert's famous list of twenty-three problems which he

 ‘claimed, in his address to thé Second International Congress

of Matheméticians :in 1900, would be most earnestly attemp-—
ted in the twentieth century since their solutions would
contribute greatly to tho advancement of rathenatics,

" %) © Another mathematician who did not think that
Fermat's Theoren was worth his effort was Gauss(1777- it
$855) [3], hailed as. the Prince of mathematicians by
Z, Te Bell [1]. When the Paris Academy offered its prize
for the 1816-1818 competltlon on Fermat S Theorem,ma frlend
of Gmuss askcd h1m to try for tho prlze. He replled that
“Permat 8 Tneo"em was an 1sOlated prop081t10n and as such,
he had very llttle 1nterest in 1t. Moreover, he sald that
1t would be one of the loss 1nterest1ng consequences of a
very deen theory on numbcrs that he Would 11ke “to dovelop
but could not flna tlne to do SO . |

Although Fermat s Theorem has not been proved,

g £ . -ty
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“some partial solutions have been obtained. Dickson recorded
the work of more than 250 people on the théorem in his fam=—
ous book The History of thé Theory of Nuﬁbérs [4]. A shor-—
ter account of the problem '&a*g‘iven in Va.nd'iver's. paper,
"Permat's Last Theorem, its Hiéﬁory and the Nature of the
Known R esults Concerning it."‘.[:G]. We will only give a
brief report.

We first observe that we need only show that
Fermat's Theorem holds if (1) camot have solutions in
positive integers for any odd prime n. Aésume that (1)
" is not solvable in positive integers whencver n is an odd
prime. We will show that (1) isJagain not solvable for
any integer n 2 3. For supﬁose Ko yof and z, are

positive integers and n 1is a composite (i;e. ﬁot a prime)
integer greater than 3 such that xon +‘yon = zon. Now
either n has an odd prime factor or n is ‘a power of 2.
In the first case, n = pm for some odd prime p and a
positive integer m. ATHQS‘ (égm)p +'(yom)p z:(zom)f
contrary to the assumption tﬁat (1) has no solutions in
positive integers if n is a prime. In the secotnd case,

n=2% for some integer k 2 2, and so-

k—2 k-2 k=2 <
(x - )4 + (y02 )1+ - T 2 )4, contrary to the result

© fo
4of Fermat for the case when n = 4. Both cases are impos~
sible and hehce (1) has no' solutions for any integer
n> 3. s
_ | However, this secmingly weaker form ofAFermat's
Theoremj(for n a prime) is not much easier. One of

Kummer ' s major rcsults proved that Fermat's Theorem holds

for the class of so—calied regular primes. In his theory
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of "ideal numbers' < which marked the beginning of the .. -
theér& offideq15 ~ he has an ideal ‘class number for each .-
prime intéeger, and a prime p is called regular if p is £ ke
hot a féétbﬁ”of‘fhé i&éal‘cldﬂs.number corresponding to p.
Aithough he also proved fermat's‘Theorem for some primes . |
which are not réguléﬁ'(iéé;*fortsome irregulaf-jprimes)z
he could not solve the problem for all irregular primes,
and to date, no one has., Unfortunately, it was subse-
quently praved by Jensen (1915) that there.are infinitely
many irrcgular primes. ,Aiihough*it is not“yetqkhownis_#;
whether +he number of'reghlar“primes is infinite, there
is ample:evidenbe~among number theorists that three primes
out of five are pegular,

One way to dispose of Fermat's Theorem is, |
of course, to find a solution of (1) for some n by trial
and error. This method is humanly impossible for .n 2 5.
However, with the high-spced computers at our disposal,
oneﬂﬁbﬁJE“tﬁink that we now have a better:ichance for
success, The fact -just does not turn out that way. .In . . W
1967, somc mathematicians used computers to prove Fermat's -
Theorvent for all primes less than 25000, It-is perhaps -
intéfesting to note that in 1955, when computers. were not
as Sophisticated‘and as fast as those of today, the use
of computers cpuld only prove Fefmat's Théorem for primes -
iless than 4002,

Fermat's Theorem has attracted many mathe-
mabicians for the past 340 years. It is not an exagge-
ration to say that every well-known mathematician, not

only number theorists, has given some thoughts to the
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theorem, even though he may admit that its sclution will-
not affect the development of mathemat1cs as a whole, Ty-
pical examples were Gauss and H11bert. The former proved
the theorem for n.::5 and the letter s;mpllfied Kurmer' s
pfoof fon regular primes?  "

: ?he ettegptslto prove_Ferma;'s Theorem have.
connected it ;ﬁth_men& deep concepts and techniques, some
Uf which were invented with the intention of solving the
theorem, In [6], Vinddver ptiotad:at least twenty—five.
diffefen@ topics which he fuuno to be related to the
theor~ ., For such a epeo;el and isolated problem to have
this amount of inspiring effect upon mathematics is cer—
tainly very surprising though this is not uncommon in the
development of seience.

ﬂ Today most methematiclans believe that the
proof by Fermat was probably'wrong. In the 1972 Ritt
Leciure Serles dellvered at Columbia University, Professor.
André Weil of the Institute of Advanced Study at Princeton,
one of‘the world s leadlng mathematielans,'gave 8. Ver¥..y
interesting justification of this belief based on his ma- .
thematioal knowledge. Perhaps Fermat would be amazed, if
he were allve today, to flnd out how ‘much his Last Theorem .

has generated mwthematloal research and influenced the de-

velopment of modern mathematics,
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7 mhe 1975 Inter—ach0u1 Mathematlcal Cumpet1t1on
problems are reproduced belox. In Paper 1, an asterisk is
.arked after each.correct answer. In Pmper 2, solut1ons af”

. S

some nf the problems or parts thereof are g1ven.

_ e, Eengg_i : : p
Menday; June 2, 1975 | @ : ITime 9,00 asits = 11,00 a,me

1. The number,/i 0. |
(a) a ratlonal fractlon, (b) a finite declmal' (c) 1414213

W

(d) an 1nf1n1te repeatlng declmwlf (e) an 1nf1n1te non-

¢ &%
.l... . ;

repeatlng declmal.

2. If n is a p051t1ve 1nteger greater thqn or equal to 2,
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